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Preface

This resource document consists of twenty-two papers prepared by authors from all regions and
presented at the Fifth International Congress on Mathematical Education (ICME 5). Over 2000
mathematics educators from sixty-nine countries gathered in Adelaide, Australia, in August 1984,
to discuss problems in their field. This document is one outcome. Its purpose is to continue the
dialogue to assist nations in their search for a mathematics programme for all students.

Mathematics for All is the first document in mathematics education in Unesco’s Science and
Technology Education Document Series. This, coupled with Unesco’s publications Studies in
Mathematics Education and New Trends in Mathematics Teaching, was initiated to encourage an
international exchange of ideas and information.

Unesco expresses its appreciation to the editors, Peter Damerow, Mervyn Dunkley, Bienvenido
Nebres and Bevan Werry for their work, to the Max Planck Institute for Human Development and

Education for preparing the manuscript, and to the ICME 5 Programme Committee for permitting
Unesco to produce this report.

The views expressed in the text are those of the authors and not necessarily those of Unesco,
the editors, or of ICME 5.

We welcome comments on the contents of this document. Please send them to: Mathematics
Education Programme Specialist, Division of Science, Technical and Environmental Education,
Unesco, Place de Fontenoy, 75700 Paris, France.
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Introduction:
Report on the Work of Theme Group |
«Mathematics for All» at ICME 5



1. Introduction

Many factors have brought about a change in the overall
situation of mathematics education. These include the
move to universal elementary education in developing
countries, the move to universal secondary education in
industrialised countries (where there have also been gro-
wing demands for mathematical competence in an increa-
singly technologically and scientifically oriented world) and
from the experience gained with worldwide curriculum
developments such as the new mathematics movement.
The tacit assumption, that what can be gained from mathe-
matics can be gained equally in every culture and
independently of the character of the school institution and
the individual dispositions and the social situations of the
learner, turned out to be invalid. New and urgent questions
have been raised. Probably the most important ones are:

- What kind of mathematics curriculum is adequate to the
needs of the maijority?

- What modifications to the curriculum or alternative curri-
cula are needed for special groups of learners?

- How should these curricula be structured?

- How could they be implemented?

A lot of work has already been done all over the world in
attempts to answer these questions or to contribute to spe-
cial aspects of the problem.

- ICME 4 yielded several presentations of results concer-
ning universal basic education, the relationship of
mathematics to its applications, the relation between
mathematics and language, women and mathematics,
and the problems of teaching mathematics to special
groups of students whose needs and whose situations
do not fit into the general framework of traditional
mathematics education.

-The Second International Mathematics Study of the
International Association for the Evaluation of
Educational Achievement (IEA) dealt much more than
the first one with the similarities and differences of the
mathematics curriculum in different countries, and the
different conditions which determine the overall outco-
me in mathematical achievement. The IEA collected
data on both the selectivity of mathematics and the dif-
ferences between countries in the way they produce
yield levels of mathematical qualification. Although final
reports on the Second International Mathematics Study
are not yet available, preliminary analyses of the data
have already produced useful results.

- In several countries national studies have been con-
cerned with the evaluation of the mathematics education
system. An important recent example is the Report of
the Committee of Enquiry into the Teaching of
Mathematics in Schools in England and Wales (com-
monly known as the Cockcroft Report) in 1982.

- Last, but not least, there are many detailed studies, pro-
jects and proposals from different countries dealing with
special aspects such as:

- teaching the disadvantaged;

- teaching the talented;

- teaching mathematics to non-mathematicians;

- teaching mathematics in the context of real life situa-

tions;

- teaching mathematics under atypical conditions, etc.

At ICME 5, papers were presented on a variety of topics
related to the theme Mathematics for All. Taken as a whole,
these contribute to a better understanding of the problems
of teaching mathematics successfully, not only to very able
students, but teaching worthwhile mathematics successful-
ly to all in a range of diverse cultures and circumstances.

2. Summary of Papers Presented to the Theme Group

The first group of papers dealt with general aspects of the
theme Mathematics for All.

Jean-Claude Martin, Rector of the Academy of Bordeaux
in France, analysed in his paper, A Necessary Renewal of
Mathematics Education, the special selectivity of mathema-
tical education as a result of symbolism and mathematical
language. The teaching of mathematics seems to have
been designed to produce future mathematicians despite
the fact that only a very small percentage of students reach
university level. This general character of mathematical
education causes avoidable, system-related failures in
mathematical learning and often results in a strong aver-
sion to mathematics. Martin proposed a general reorienta-
tion of mathematical education aiming at a mathematics
which is a useful tool for the majority of students. The tea-
ching of mathematics as a means of solving multidiscipli-
nary problems by using modelling methods should restore
student interest, show mathematics as being useful, enrich
students knowledge of related subjects and so enable
them better to memorise mathematical formulas and
methods, encourage logical reasoning and allow more stu-
dents access to a higher level of mathematics.

Bienvenido F. Nebres in his paper, The Problem of
Universal Mathematics Education in Developing Countries,
discussed the same problem of the lack of fit between the
goals of mathematical education and the needs of the majo-
rity in the special circumstances of the situation in develo-
ping countries. He offered a conceptual framework for dis-
cussing the specific cultural dimensions of the problem in
these countries by using the distinction between vertical
and horizontal relationships, i.e. the relationships between
corresponding institutions in different societies and the re-
lationships between social or cultural institutions within the
same country. The history of social and cultural institutions
in developing countries is that their establishment and grow-
th has been guided more by vertical relationships, i.e. an
adaption of a similar type of institution from the mother colo-
nial country, rather than by horizontal relationships. The re-
sult is a special lack of fit between mathematical education
and the needs of the majority of the people.
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There is a tremendous need for researchers in mathe-
matics education in developing countries to look at the
actual life of urban workers, rural farmers and merchants
and to identify the mathematics in daily life that is needed
and used by people. Then it is necessary to compare this
needed mathematics with what is provided in the curricu-
lum and to search for a better fit between the two. A cultu-
ral shift must be brought about in these countries.
Mathematical educators, together with other educators and
other leaders of society, should take up the need for the
social and cultural institutions to be better integrated with
one another and to develop together in a more organic
manner than in the past.

In a joint paper Mathematics for All: Conclusions Drawn
from the Experiences of the New Mathematics Movement,
Peter Damerow of the Max Planck Institute for Human
Development and Education in Berlin, West Germany, and
lan Westbury of the University of Illlinois at
Urbana-Champaign, United States, examined the problem
of designing a mathematics curriculum which genuinely
meets the diverse needs of all students in a country. They
argue that, by continuing to ignore the needs of all except
a small minority of students, the curricula developed within
the new mathematics movement proved to be no more
satisfactory than their predecessors. Traditionally, mathe-
matics curricula were developed for an elite group of stu-
dents who were expected to specialise in the subject, and
to study mathematics subsequently at higher levels in a
tertiary institution. As education has become increasingly
universal, however, students of lesser ability, and with
more modest vocational aspirations and daily life require-
ments, have entered the school system in greater num-
bers. A major problem results when these students are
exposed to a curriculum designed for potential specialists.
This same type of traditional curriculum has frequently
been transferred to developing and third world countries,
where, because of different cultural and social conditions,
its inappropriateness for general mathematical education
has only been compounded. So called reforms such as
new mathematics did little to resolve the major problems in
that they merely attempted to replace one specialist curri-
culum by another.

The question addressed by Damerow and Westbury is
how to cater both for the elite and also for the wider group
of students for whom mathematics should be grounded in
real world problem solving and daily life applications. One
suggestion is that the majority would achieve a mathema-
tical «Literacy» through the use of mathematics in other
subjects such as science, economics, while school mathe-
matics would remain essentially and deliberately for spe-
cialists. This is effectively to retain the status quo.
Alternatively, mathematics must be kept as a fundamental
part of the school curriculum, but ways of teaching it effec-
tively to the majority must be found. The majority of stu-
dents will be users of mathematics. Damerow and
Westbury concluded that a mathematics program which is
truly for all must seek to overcome the subordination of ele-
mentary mathematics to higher mathematics, to overcome
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its preliminary, preparatory character, and to overcome its
irrelevance to real life situations.

The findings of the Second International Mathematics
Study (SIMS) were used by Howard Russell, Ontario
Institute for Studies in Education, Canada, in his paper
Mathematics for All: SIMS Data, to argue that mathematics
is already taught to all pupils at the elementary level in
many countries. At the senior secondary level, however,
the prevailing pattern in most countries is for mathematics
to be taught only to an elite. At the lower level, the SIMS
data suggest that promotion by age, rather than by perfor-
mance, does not violate the concept of mathematics for all.
The SIMS data also appear to provide support for the
Cockcroft hypothesis that the pace of mathematics educa-
tion must be slowed if sufficient students are to be retained
in mathematics courses at the higher levels for it to be
accurately labelled mathematics for all. Alternatively, the
content of the curriculum could be trimmed down as sug-
gested by Damerow. Russell proposed a market-oriented
rationale to construct such a core of material, particularly to
meet the needs of the middle level students who will be
required to use mathematics in their chosen work in the
market place.

Afzal Ahmed was a member of the Committee of Inquiry
into the Teaching of Mathematics in Schools in England
and Wales (Cockcroft Committee), and is now the director
of the Curriculum Development Project for Low Attaining
Pupils in Secondary School Mathematics. In his paper, The
Foundations of Mathematics Education for All, he discussed
implications of the Cockcroft Report, published in January
1982, concerning the major issues of the theme group. He
pointed out that a suitable mathematics curriculum for the
majority assumes greater importance as societies in the
world become more technological and sophisticated. But at
the same time, the evidence of failure at learning and
applying mathematics by a large proportion of the popula-
tion is also growing. The Cockcroft Report proposes a
Foundation List of Mathematical Topics that should form
part of the mathematics syllabus for all pupils. In his dis-
cussion of the Cockcroft Report, Ahmed focussed
particularly on the classroom conditions which facilitate, or
inhibit the mastery of these fundamental topics.

In a paper on Universal Mathematics Education,
Achmad Arifin from the Bandung Institute of Technology
in Indonesia, described how community participation
should be raised in carrying out universal mathematics
education through looking at the aspect of interaction
within and between social and cultural institutions. He
asked the questions which parts of mathematics can
function as a developer of an individual’s intelligence and
how should those parts that have been chosen be pre-
sented? Any program to answer these questions has to
take into account three components of interaction. Firstly,
depending on its quality, social structure through interac-
tion can contribute to the improvement of peoples’ abili-
ties, especially by making them appreciate mathematics.
Secondly, a special form of social interaction, which he
called positive interaction, can motivate mathematics



learning and create opportunities to learn. Thirdly, school
interaction itself can inspire, stimulate, and direct learning
activities. In developing countries, local mathematicians in
particular are able to understand their cultural conditions,
the needs, the challenges and the wishes of their develo-
ping nation. Taking into account the three components of
interaction, they have the ability and the opportunity to
spread and share their knowledge and to translate and uti-
lise the development of mathematics in universal
mathematics education for their nation.

In many countries, there is one mathematics syllabus for
each year of the education system. Andrew J. C. Begg, in
his paper, Alternative Mathematics Programs, questioned
this practice and argued for the introduction of alternative
mathematics programs which will meet the varied needs of
all students in a range of circumstances and with a range
of individual aspirations. All such courses should contribu-
te towards general educational aims such as the develop-
ment of self-respect, concern for others, and the urge to
enquire. Thus, mathematics courses should provide an
opportunity to develop skills of communication, responsibi-
lity, criticism, and cooperation. Such an approach has
implications for the way in which students are organised in
mathematics classes; for the scheduling of mathematics
classes; for the choice of teaching and learning methods;
for the extent to which emphasis is placed on cooperation
as against competition; for the use of group methods of
teaching; and for the provision that should be made for stu-
dents from diverse cultural groups. In this way, mathema-
tics programs for all students should assist not only the
achievement of mathematical objectives, but also the
attainment of personal, vocational and humanistic aims in
education. By matching mathematics programs to the
needs of students, the development of the self-esteem of
every student becomes central in the mathematics curricu-
lum.

The second group of papers was concerned with parti-
cular concerns related to Mathematics for All in industriali-
sed countries.

In their paper, Arithmetic Pedagogy at the Beginning of the
School System in Japan, Genichi Matsubara and
Zennosuke Kusumoto traced the introduction of the tea-
ching of western arithmetic to Japan in the late nineteenth
century. At a time when universal elementary education
was only just approaching reality in Japan, the government
declared a policy of adopting western-style arithmetic in
order to enable the country to compete more successfully
internationally. This move faced obstacles in its implemen-
tation because of the traditional use of the abacus and the
widespread lack of familiarity with the Hindu-Arabic nota-
tion. Further, in a developing national system of education,
teachers were in short supply and little attention could be
given to teaching methods in the training courses. The
paper emphasised the need to make such changes slowly
and to take into account the situation of those closely invol-
ved with the changes if they are to be successful in modi-
fying the curriculum for mathematics for all.

The extent to which the mathematics learnt at school is
retained and used in later life is the subject of research
reported in a paper by Takashi Izushi and Akira Yamashita
of Fukuoka University, Japan, entitled On the Value of
Mathematical Education Retained by the Social Members of
Japan in General. A study in 1955 was concerned with
people who had learnt their mathematics before the period
in Japan in which mathematics teaching was focussed on
daily life experience and before compulsory education was
extended to secondary schools. Although it was found that
most people retained the mathematics skills and knowled-
ge well, rather fewer claimed that this material was useful
in their work. A second more limited study in 1982 confir-
med these general findings in relation to geometry. It sho-
wed, broadly speaking, that younger people tended to use
their school mathematics more directly while older people
relied more on common sense. The study covered a further
aspect, the application of the attitudes of deductive thinking
derived from the learning of geometry. The thinking and
reasoning powers inculcated by this approach were not for-
gotten and were claimed to be useful in daily life, but not in
work. l1zushi and Yamashita conclude that the inclusion of
an element of formal mathematical discipline in the curri-
culum is supported by Japanese society.

Another attempt to create a modern course in advanced
mathematics which is also worthwhile for those students
who don't intend to proceed to university was reported by
Ulla Kirstein Jensen from Denmark in her paper titled
Upper Secondary Mathematics for All? An Evolution and a
Draft. The increase from about 5% in former years to about
4080 in 1983 of an age cohort completing upper seconda-
ry education with at least some mathematics brought about
an evolution toward a curriculum concentrating on useful
mathematics and applications in daily life and mathemati-
cal modelling. This evolution led to the draft of a new curri-
culum which will be tested under school conditions, begin-
ning in autumn 1984. The origin of this development is
based on new regulations for mathematical education for
the upper secondary school in the year 1961. It was
influenced by the new mathematics ideas and designed to
serve the needs of the small proportion of the students
passing through upper secondary education at that time,
but soon had to be modified for the rapidly increasing num-
ber of students in the following years. So the mathematics
teaching, particularly for students in the language stream of
the school system, was more and more influenced by ideas
and teaching materials of a further education program
which was much more related to usefulness for a broad
part of the population than the usual upper secondary
mathematics courses. In 1981, this development was legi-
timated by new regulations and, by that time, even mathe-
matics teaching in classes concentrating on mathematics
and physics became more and more influenced by the ten-
dency to put more emphasis on applications leading ulti-
mately to the draft of the new unified curriculum which is
now going to be put into practice.



The central topic of a paper entitled Fight against School
Failure in Mathematics, presented by Josette Adda from the
Université Paris 7, was an analysis of social selective func-
tions of mathematical education. She reported statistical
data showing the successive elimination of pupils from the
«normal way at each decision stage of the school system
until only 16% of the 17 year age cohort remain whereas
all others have been put backward or relegated to special
types of classes. These eliminations hit selectively
socioculturally disadvantaged families. Research studies,
particularly at the Université Paris 7, have been undertaken
to find out why mathematics teaching as it is practised
today is not neutral but produces a correlation between
school failure in mathematics and the sociocultural envi-
ronment. They indicate the existence of parasitic sources
of misunderstanding increasing the difficulties inherent in
mathematics, e. g. embodiments of mathematics in pseu-
do-concrete situations which are difficult to understand for
many pupils. On the other hand, it had been found that chil-
dren failing at school are nevertheless able to perform
authentic mathematical activities and to master logical ope-
rations on abstract objects.

Two papers were based on the work of the EQUALS
program in the United States. This is an intervention pro-
gram developed in response to a concern about the high
dropout rate from mathematics courses, particularly in the
case of women and minority students. The program aims
to develop students’ awareness of the importance of
mathematics to their future work, to increase their confi-
dence and competence in doing mathematics, and to
encourage their persistence in mathematics.

In the first of these papers, EQUALS: An Inservice
Program to Promote the Participation of Underrepresented
Students in Mathematics, Sherry Fraser described the way
in which the program has assisted teachers to become
more aware of the problem and the likely consequences
for individual students of cutting themselves off from a
mathematical education. By working with teachers and
providing them with learning materials and methods, with
strategies for problem solving in a range of mathematical
topics, together with the competence and confidence to
use these, EQUALS has facilitated and encouraged a
transfer of concern to the classroom and attracted and
retained greater numbers of underrepresented students in
mathematics classes. Since 1977, 10,000 educators have
participated in the program.

Although the main focus of activity in the EQUALS pro-
gram has been on working with teachers and ad-
ministrators, needs expressed by these educators for
materials to involve parents in their children’s mathematical
education led to the establishment of Family Math. Virginia
Thompson described how this project has developed a cur-
riculum for short courses where parents and their children
can meet weekly to learn mathematical activities together
to do at home. This work reinforces and complements the
school mathematics program. Although the activities are
suitable for all students, a major focus has been to ensure
that underrepresented students, primarily females and
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minorities, are helped to increase their enjoyment of
mathematics. The project serves to reinforce the aims of
the EQUALS program.

The move over the past ten years or so towards appli-
cable, real world and daily life mathematics in the
Netherlands, inspired by the work of Freudenthal, was des-
cribed by Jan de Lange Jzn. of OW and OC, Utrecht, in his
paper Mathematics for All is No Mathematics at Al Textbooks
have been published for primary and lower secondary
schools which reflect this view of mathematics, and resear-
ch shows that the reaction of teachers and students has
been very favourable. De Lange illustrated the vital role
played by applications and modelling in a newly-introduced
curriculum for pre-university students. Many teachers
apparently view the applications-oriented approach to
mathematics very differently from the traditional mathema-
tics content. The ultimate outcome, de Lange suggested,
may be that science and general subjects will absorb the
daily life use of mathematics and consequently this type of
mathematics might disappear from the mathematics curri-
culum. That is, the ultimate for all students as far as mathe-
matics is concerned could in reality become no mathema-
tics as such.

Roland Stowasser from the Technical University of West
Berlin proposed in his paper, Problem Oriented Mathematics
Can be Taught to All, to use examples from the history of
mathematics to overcome certain difficulties arising from
courses based on a single closed system, which increase
mathematical complexity but do not equally increase the
applicability to open problems. He stated that mathematics
for all does not necessarily have to be directly useful, but it
has to meet two criteria: The mathematical ideas have to
be simple, and on the other hand, they have to be power-
ful. He illustrated these criteria through a historical
example. Regiomantus formulated the problem to find the
point from which a walking person sees a given length high
up above him (e. g. the minute hand of a clock if the per-
son walks in the same plane as the face of the clock) sub-
tending the largest possible angle. The solution with ruler
and compasses in the framework of Euclidean geometry is
somewhat tricky. But according to Stowasser the teaching
of elementary geometry should not be restricted to Greek
tricks. For problem solving he advocated free use of pos-
sible tools, and the solution of the problem is very simple if
trial and error methods are allowed. So the solution of the
historical problem represents the simple but powerful idea
of approximation.

What are the characteristics of a mathematics program
suitable for all students, and do any such programs exist?
These questions were addressed by Allan Podbelsek of
the United States in his paper, Realization of a Mathematics
Program for All. Podbelsek listed a number of criteria for
such a program covering not only content knowledge and
skills but also attitudes towards, and beliefs about, mathe-
matics and the process skills involved in its use. Mathemat-
ics must be seen to be a unified, integrated subject, rather
than a set of individual, isolated topics. The
Comprehensive School Mathematics Program



(CSMP) developed over several years in the United States
for elementary (K-6) level classes is found to meet these
criteria successfully in almost every respect. Practical pro-
blems involved in the introduction of such a program as
CSMP to a school were discussed by Podbelsek. These
problems centred on the provision of adequate teacher
training for those concerned, meeting the cost of materials,
securing the support of parents and the local community,
and ensuring that administrative staff were aware of the
goals of the program.

Those translating mathematical, scientific or technical
material should have a basic knowledge of mathematics to
do their job satisfactorily, yet because of their language
background they are not likely to have studied mathema-
tics to any great extent at school. This is the experience
which led Manfred Klika, of the Hochschule Hildesheim in
West Germany, to a consideration of the nature and ade-
quacy of present school mathematics programs in his
paper Mathematics for Translators Specialised in Scientific
Texts - A Case Study on Teaching Mathematics to
Non-Mathematicians. Conventional school programs, he
claimed, do not prepare students to comprehend and make
sense of mathematical ideas and terminology. The solution
is to construct the mathematics curriculum around funda-
mental ideas. Two perspectives on this notion are offered-
major anathematising models (e. g. mathematical
concepts, principles, techniques, etc.) and field-specified
strategies suitable for problem solving in mathematics (e.g.
approximate methods, simulation, transformation strate-
gies, etc.). A curriculum based on such fundamental ideas
would result in more meaningful learning and thus a more
positive attitude to the subject. A course based on this
approach has been established at the Hochschule
Hildesheim within the program for training specialist trans-
lators for work in technical fields.

The major concern of the preceding contributions to the
topic “ Mathematics for All ” were problems of designing a
mathematics curriculum which is adequate to the needs
and the cognitive background of the majority in industriali-
sed countries. The organising committee of the theme
group was convinced that it is even more important to dis-
cuss the corresponding problems in developing countries.
But it was much more difficult to get substantial contribu-
tions in this domain. To stress the importance of the devel-
opment of mathematical education in developing countries,
the work of the theme group terminated with a panel dis-
cussion on Universal Mathematical Education in Developing
Countries, with short statements of major arguments by
Bienvenido F. Nebres from the Philippines, Terezinha N.
Carraher from Brazil, and Achmad Arifin from Indonesia,
followed by the reactions of Peter Towns and Bill Barton,
both from New Zealand. The discussion concentrated on
the relation between micro-systems of mathematical edu-
cation like curricula, textbooks and teacher training and
macro-systems like economy, culture, language and gene-
ral educational systems which, particularly in the develo-
ping countries, often determine what kind of developments
on the level of micro-systems are possible. Bienvenido F.

Nebres expressed the common conviction of the partici-
pants when he argued that, in spite of the fact that often it
is impossible to get a substantial improvement of
mathematics education without fundamental changes in
the macro-systems of education, micro-changes are pos-
sible and are indeed a necessary condition to make people
realise what has to be done to get a better fit between
mathematical education and the needs of the maijority. This
result of the discussion highlights the importance of the
papers submitted to the theme group dealing with special
aspects of mathematical education in developing coun-
tries.

Three reports were given by David W. Carraher,
Terezinha N. Carraher and Analucia D. Schliemann about
research undertaken at the Universidade Federal de
Pernambuco in Recife, Brazil. David W. Carraher prepared
a paper titled Having a Feel for Calculations about a study
investigating the uses of mathematics by young, schooled
street vendors who belong to social classes characteristi-
cally failing in grade school, often because of problems in
mathematics, but who often use mathematics in their jobs
in the informal sector of the economy. In this study, the
quality of mathematical performance was compared in the
natural setting of performing calculations in the market
place and in a formal setting similar to the situation in a
classroom. Similar or formally identical problems appeared
to be mastered significantly better in the natural setting.
The reasons were discussed and it was stated that the
results of the analysis strongly suggest that the errors
which the street vendors make in the formal setting do not
reflect a lack of understanding of arithmetical operations
but rather a failing of the educational system which is out
of touch with the cognitive background of its clientele.
There seems to be a gulf between the intuitive understan-
ding which the vendors display in the natural setting and
the understanding which educators try to impart or de-
velop.

Terezinha N. Carraher reported in her paper Can
Mathematics Teachers Teach Proportions? results of a
second research project. Problems involving propor-
tionality were presented to 300 pupils attending school in
Recife, in order to find out whether a child already unders-
tands proportions if it only follows correctly the routines
being taught at school. The results indicate characteristic
types of difficulties appearing in certain problems, some of
which can be related to cognitive development. It is sug-
gested that teachers’ awareness of such difficulties may
help to improve their teaching of the subject. For if mathe-
matics is to be useful to everyone, mathematics teachers
must consider carefully issues related to the transfer of
knowledge acquired in the classroom to other problem sol-
ving situations.

The third paper, presented by Analucia D. Schliemann,
Mathematics Among Carpentry Apprentices: Implications for School
Teaching, highlighted the discontinuity between formal school
methods of problem solving in mathematics and the informal
methods used in daily life. This research study contrasted the
approaches to a practical problem of quantity estima-
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tion and associated calculation taken by a group of expe-
rienced professional carpenters without extensive schoo-
ling, and a group of carpentry apprentices attending a for-
mal school system and with at least four years of mathe-
matics study. The results showed that apprentices approa-
ched the task as a school assignment, that their strategies
were frequently meaningless and their answers absurd. On
the other hand, the professional carpenters took it as a
practical assignment and sought a feasible, realistic solu-
tion. Very few computational mistakes were made by either
group but the apprentices appeared unable to use their for-
mal knowledge to solve a practical problem. Schliemann
concluded that problem solving should be taught in practi-
cal contexts if it is to have transferability to daily life situa-
tions out of school.

Pam Harris from the Warlpiri Bilingual School discussed
in her paper, Is Primary Mathematics Relevant to Tribal
Aboriginal Communities?, the problem that, in the remote
Aboriginal communities of Australia, teachers often get the
feeling that mathematics is not relevant. Several reasons
can be identified. Teachers often receive negative attitudes
from other people so that they go to an Aboriginal commu-
nity expecting that their pupils will not be able to do mathe-
matics. Furthermore, they observe a lack of reinforcement
of mathematics in the pupils’ home life. Teaching materials
mostly are culturally and linguistically biased. Teachers feel
discouraged because of the difficulties of teaching mathe-
matics under these conditions. Nevertheless, Pam Harris
stressed the importance of mathematics, because
Aboriginal children have to get an understanding of the
Second culture» of their country. They need mathematics
in their everyday life, in employment, and in the conduct of
community affairs. But to be successful, mathematics
teaching in Aboriginal communities has to allow for and
support local curriculum development. Individual schools
and language groups should make their own decisions on
the use of the children’s own language, the inclusion of
indigenous mathematical ideas, priorities of topics, and
sequencing the topics to be taught.

Kathryn Crawford, from the College of Advanced
Education in Canberra, presented a paper on Bicultural
Teacher Training in Mathematics IEducation for Aboriginal
Trainees from Traditional Communities in Central Australia.
She described a course which forms part of the Anagu
Teacher Education Program, an accredited teacher trai-
ning course intended for traditionally oriented Aboriginal
people currently residing in the Anagu communities who
wish to take on greater teaching responsibilities in South
Australian Anagu schools. The most important difference
between this teacher training course and many others is
that it will be carried out on site by a lecturer residing within
the communities and that, from the beginning, develop-
ment of the curriculum has been a cooperative venture bet-
ween lecturers and educators on the one hand, and com-
munity leaders and prospective students on the other. The
first group of students will begin the course in August 1984.
The course is particularly designed to meet the fact that dif-

ferent cultures emphasise different conceptual schemes.
Thus, temporal sequences and quantitative measurement
are dominant themes in industrialised Western cultures but
largely irrelevant in traditional Aboriginal cultures. To over-
come these difficulties, the focus of the problem is re-
directed from the “failings” of Aboriginals and Aboriginal
culture to the inappropriateness of many teaching prac-
tices for children from traditionally oriented communities.
The course has been developed based on a model desi-
gned to maximise the possibility of interaction between the
world view expressed by Anagu culture and that of
Anglo-European culture as evidenced in school mathema-
tics. This is achieved by placing an emphasis on the stu-
dent expertise and contribution in providing information
about Anagu world views as a necessary part of the cour-
se. In this community based teacher training course, it
seems that it is possible for the first time to develop proce-
dures for negotiating meanings between the two cultures.

3. Conclusions

The presentations given at the sessions of the theme
group summarised above can be considered as important
efforts to contribute to the great program of teaching
mathematics successfully not only to a minority of selected
students but teaching it successfully to all. But in spite of all
these efforts it has to be admitted that the answer to. the
question, What kind of mathematics curriculum is adequa-
te to the needs of the majority?», is still an essentially open
one. However, the great variety of the issues connected
with this problem which were raised in the presented
papers makes it at least clear that there will be no simple
answer. Thus the most important results of the work of this
theme group at ICME 5 may be that the problem was for
the first time a central topic of an international congress on
mathematical education, and that, as the contributions
undoubtedly made clear, this problem will be one of the
main problems of mathematical education in the next dec-
ade.

As far as the content of these contributions is concerned,
the conclusion can be drawn that there are at least three
very different dimensions to the problem which contribute
to and affect the complex difficulties of teaching mathema-
tics effectively to the majority:

- the influence of social and cultural conditions;
- the influence of the organisational structure of the school
system;

- the influence of classroom practice and classroom

interaction.

Cultural Selectivity

One of the major underlying causes of the above problem
is the fact that mathematical education in the traditional
sense had its origins in a specific western European cultu-
ral tradition. The canonical curriculum of «Traditional
mathematics» was created in the 19th century as a study
for an elite group. It was



created under the conditions of a system of universal basic
education which included the teaching of elementary com-
putational skills and the ability to use these skills in daily life
situations. There is a clear distinction between the aims
and objectives of this basic education and the curriculum of
traditional school mathematics which was aimed at formal
education not primarily directed at usefulness and relevan-
ce for application and practice. This special character of
the canonical mathematics school curriculum is still es-
sentially the same today in many countries.

The transfer of the European mathematics curriculum to
developing countries was closely associated with the esta-
blishment of schools for the elite by colonial administra-
tions. Under these circumstances it seemed natural to sim-
ply copy European patterns. It is quite another problem to
build a system of mass education in the Third World and
embed mathematics education in both the school situation
and the specific social and cultural contexts of that world.

The papers summarised above point clearly to some of
the problems. Curricula exist which encourage students to
develop antipathies towards mathematics; this is common-
ly the case in Europe. Further, such curricula have some-
times been transferred to countries where the social
context lacks the culturally based consensus that is found
in Europe, namely, that abstract mathematical activity is
good in itself and must therefore be supported, even if it
seems on the surface to be useless. It has been proposed
on the one hand, that a sharp distinction should be made
between applicable arithmetic in basic education and es-
sentially pure mathematics in secondary education, and on
the other hand, that mathematics should be integrated into
basic technical education. This argument raises the ques-
tion of the relation between mathematics and culture which
may be the first problem to address when the idea of
mathematics for all is raised as a basis for a program of
action.

Selectivity of the School System

While the particular curricular patterns of different societies
vary, the subject is still constructed in most places so that
few of the students who begin the study of mathematics
continue taking the subject in their last secondary years.
The separation of students into groups who are tagged as
mathematically able and not able is endemic. Curricula are
constructed from above, starting with senior levels, and
adjusted downwards. The heart of mathematics teaching
is, moreover, widely seen as being centered on this cur-
riculum for the able, and this pattern is closely related to
the cultural contexts indicated above. However, we must
consider the problem of conceiving, even for industrialised
societies, a mathematics which is appropriate for those
who will not have contact with pure mathematics after their
school days. Up to now we have made most of our stu-
dents sit at a table without serving them dinner. Most
attempts to face the problem of a basic curriculum reduce
the traditional curriculum by watering down every
mathematical idea and every possible difficulty to make it
feasible to teach the remaining skeleton to the majority.

There is only a limited appeal to usefulness as an ar-
gument or a rationale for curriculum building to avoid the
pitfalls of this situation. Students who will not have to deal
with an explicit area of pure mathematics in their adult lives
but will face instead only the exploitation of the developed
products of mathematical thinking (e. g. program pac-
kages), will only be enabled by mathematics instruction if
they can translate the mathematical knowledge they have
acquired into the terms of real-life situations which are only
implicitly structured mathematically. Very little explicit
mathematics is required in such situations and it is possible
to survive in most situations without any substantial mathe-
matical attainments whatsoever.

Is the only alternative to offer mathematics to a few as a
subject of early specialisation and reject it as a substantial
part of the core curriculum of general education? This
approach would deny the significance of mathematics. To
draw this kind of conclusion we would be seen to be loo-
king backwards in order to determine educational aims for
the future. The ongoing relevance of mathematics sug-
gests that a program of mathematics for all implies the
need for a higher level of attainment than has been typi-
cally produced under the conditions of traditional school
mathematics — and that this is especially true for mathe-
matics education at the level of general education. In other
words, we might claim that mathematics for all has to be
considered as a program to overcome the subordination of
elementary mathematics to higher mathematics, to over-
come its preliminary character, and to overcome its irrele-
vance to life situations.

Selectivity in Classroom Interaction

Some of the papers presented in this theme group sup-
port recent research studies which have suggested that it
is very likely that the structure of classroom interaction
creates ability differences among students which grow
during the years of schooling. In searching for causes of
increasing differences in mathematical aptitude, perhaps
the simplest explanation rests on the assumption that
such differences are due to predispositions to mathema-
tical thinking, with the further implication that nothing can
be done really to change the situation. But this explana-
tion is too simple to be the whole truth. The understanding
of elementary mathematics in the first years of primary
school is based on preconditions such as the acquisition
of notions of conversation of quantity which are, in their
turn, embedded in exploratory activity outside the school.
The genesis of general mathematical abilities is still little
understood. The possibility that extra-school experience
with mathematical or pre-mathematical ideas influences
school learning cannot be excluded. Furthermore, papers
presented to the theme group strongly suggest that the
differences between intended mathematical understand-
ing and the understanding which is embedded in normal
classroom work is vast. We cannot exclude the possibili-
ty that classroom interaction in fact produces growing dif-
ferences in mathematical aptitude and achievement by a
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system of positive feedback mechanisms which increase
high achievement and further decrease low achievement.
It is clear that to talk of mathematics for all entails an
intention to change general attitudes towards mathematics
as a subject, to eliminate divisions between those who are
motivated towards mathematics and those who are not,
and to diminish variance in the achievement outcomes of
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mathematics teaching. This, in its turn, involves us in an
analysis of social contexts, curricula and teaching. It is
these forces together which create a web of pressures
which, in turn, create situations where mathematics
becomes one of the subjects in the secondary school in
which selection of students into aptitude and ability groups
is an omnipresent reality almost from the time of entry.



Part I:
Mathematics for All -
General Perspectives

11



A Necessary Renewal of Mathematics
Education

Jean-Claude Martin

Mathematics for all must not only be accessible mathema-
tics, but interesting mathematics for all - or for the majority.

Such a theory leads one, in the case of the teaching of
mathematics in France, to raise problems of objectives and
curriculum organisation, but also of methods more than of
the content of the curriculum.

1. The General Characteristics of Selective Education

(i) The Fundamental Teaching of Mathematics

for Mathematics Sake

Mathematics as they are known today may be considered,
if not as a whole, as a system. The training of the highest
level of generalist mathematicians may a priori be defined
as leading to knowledge of this system.

Dividing the system of mathematics into parts going
from the simplest element to the most complicated may
represent, as a first approximation only, but quite logically,
a curriculum of study for the training of mathematicians.

That is what we shall call, to serve as a reference for our
later discussions, the teaching of mathematics for mathe-
matics sake. Its organisation in the form of a continuous
upward progression implies that each level reached will be
a prerequisite for the level immediately following.

Such a curriculum does not exist in the pure state but it
appears to be the foundation, the skeleton of most pro-
grams of general mathematical training in many countries,
being a reflection of the European rationalist cultural tradi-
tion.

Adaptations of this consist essentially in heavier or ligh-
ter pruning, stretching to varying degrees the progression,
or illustrating it to some extent by an appeal to real-life
experience (either in order to introduce a notion or to
demonstrate some application of it).

The first question raised then is whether such teaching
is a suitable basis for mathematics for all.

On the level of objectives, the reply is obviously negati-
ve: The training of mathematicians can interest only a
minute portion of students.

(ii) Selection by Means of Mathematics

In France, statistics show that of any 1,000 students ente-
ring secondary education, fewer than 100 will obtain seven
years later a scientific baccalaureat (including section D)
and a maximum of five will complete tertiary studies in
mathematics or related disciplines (computer science in
particular).

Referring again to statistics indicates that only about
one successful candidate at the baccalaureat in six holds
one of the types of baccalaureat (C or E) in which mathe-
matics are preponderant. That fact, together with other
indications concerning class counselling, brings out suffi-
ciently clearly the importance of selection — a well enough
known phenomenon anyway — by mathematics in the
secondary school. This selectivity appears moreover to be
relatively stronger than at university. This situation makes
mathematics a dominant subject. French, which formerly
shared the essential role in selection, is now relegated to a
secondary position.

This selection is manifested most often by a process of
orientation through failure for students at certain levels. But
in fact, this sanction is usually only the deferred result of an
ongoing selection process which takes effect cumulatively.
From the primary school, or as early as the first years of
secondary school, the classification between «Maths» and
«non-maths» students becomes inexorably stratified.

In recent years, the idea that selection through mathe-
matics is equivalent to a selection of intelligent students
has made some progress, even if it is only very rarely
expressed in such a clear way.

This function as the principal filter of the education sys-
tem has considerably harmed the prime constructive func-
tion of mathematics as a means of training thought pro-
cesses by the practice of logical reasoning. Just as a filter
naturally catches waste, so mathematics produce acade-
mic failures inherent in the system, in other words, not due
to intrinsically biological or psycho-effective causes but to
the teaching process itself.

The type of evaluation used is not unconnected. It has
the general fault of all standardised evaluation as is still too
widely practised.

It supposes a definition of the child’s normality that
pediatricians and psychologists contests!? : ranges of
development, differences in maturity are just as normal
and natural as differences in height and body weight. The
same applies to the formation and development of abstract
thought, which one must expect to be facilitated by the tea-
ching process and not measured and sanctioned by it.

Aptitude for abstraction seems to be generally conside-
red, with intelligence, as having an essentially innate cha-
racter, whereas it is admitted by researchers that the share
acquired in the social and family milieu and then at school
is probably preponderant.

The demands of «Levels of intelligence» are also jud-
ged excessive for the teaching situation (first years of
secondary school). They would necessitate2 a clearly
above average 1Q.

On this subject we may note a very important lack of
coordination between the quite reasonable programs and
instruction of the Inspectorate General of Teaching and the
contents of textbooks.

We shall see later some questions concerning the voca-
bulary used, but where the program considers only arith-
metic or operations on whole numbers or rational numbers,
it can be seen that in fact a veritable introduction to alge-
bra is carried out.
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(iii) Emotional Responses and Mathematics

All teaching is obviously subject to emotional responses:
the student likes this, doesn't like that, prefers this, and so
on. As far as mathematics is concerned, successful stu-
dents acquire an assessment based on a harmonious rela-
tionship, but those who have difficulties feel strong emo-
tions that can induce suffering and anguish.4

Il. Problems of Language, Symbolic Writing

A mathematical apprenticeship requires the acquisition of a
special language which is characterised by the interlocking
of a conventional language (with nevertheless its own
semantics and syntax) and a symbolic language.

If, beside their communicative aim, all languages serve
as a medium of thought — according to Sapir: The feeling
that one could think and indeed reason without language is
an illusions — the language of mathematics, more than any
other, is adapted to that very end. The sentence (contai-
ning words) and the formula with its symbols are vehicles
of logical reasoning. In this area, symbolic writing is consi-
derably more powerful than conventional writing: one can
say that it is a motive force driving thought ahead more
rapidly.

(i) The Power of Symbols

On the occasion of the 4th International Congress on the
Teaching of Mathematics (ICME 4), Howsons® clearly sho-
wed the power of symbols, which one could have thought
in the first analysis to be only tricks of abbreviation, whe-
reas they do generate new meanings.

As essential elements of mathematics, they permit the
discipline to develop without its being necessary to burden
our thought processes with all the meanings with which
they are charged. A language open to independent deve-
lopment, symbolic writing lends itself to operations the
automatic nature of which, once it is acquired, saves
conscious thought or at the very least permits considerable
economies in the process of reflexion.

An apprenticeship in symbolic writing and the attendant
operational procedures is therefore essential in the tea-
ching of mathematics.

(ii) The Importance of Language Acquisition

The nature of symbolic writing being a capacity for
self-development, if what has been learned in this area is
already considerable, the student will have no major diffi-
culty in acquiring the language necessary if he is to pass to
the next stage. Thus his difficulties will reside rather in the
structures of reasoning than in a knowledge of symbols. It
may be considered that this is the case of students in the
upper classes of secondary school.

On the other hand, at the beginning of this appren-
ticeship (notably when algebra is introduced), the change
from the natural language to symbolic language, because
it is a prerequisite, no doubt has a special place in the hie-
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rarchy of difficulties.

(lii) The Difficult Changeover to Symbolism

The changeover from natural language to symbolic lan-
guage, as well as the problems caused by too rapid or too
early an introduction (poorly adapted to the development of
the thought processes of the student and his maturity) car-
ries with it some more technical difficulties, which in our
view have not been satisfactorily solved.

Symbolic formulation is more than mere translation. The
physicist is well aware of this, considering as he does
today this operation, called (mathematical) modelling, as
being of prime importance in the analysis of complex phe-
nomena or systems. In the same way, the return from the
formula to realist is an exercise that is not self-evident and
a table of correspondences and a dictionary will not suffice.

Symbolism introduces first of all a complication.
Afterward, naturally, when the obstacle is overcome, one
profits as a result of a simplification of procedures (auto-
matic responses in operations and their reproduction).

If one can solve a problem in ordinary language with a
level of difficulty N1, to use for its solution a poor knowled-
ge of symbolic language makes it more difficult (level N2).
On this subject the tests of C. Laborde’ seem significant.
Confronted with solving concrete problems or describing
mathematical objects, students do not use the codes they
have learned. But once the symbolism is better known, the
level of effort to attain the same goal is less. Level N3 is for
example the level of effort required of the master mathe-
matician. This summary demonstrates at the same time the
advantage of learning mathematics and the difficulty there
is, starting with the concrete description of a problem to for-
mulate it in mathematical terms. It also shows that the tea-
cher should give considerably more attention to lessening
the difficulty of acquiring the mathematical metalanguage
than accumulating purely mathematical knowledge.

(iv) The Necessity of Introducing Stages Useful for
Conceptualisation

G. Vergnaud® has demonstrated that, when solving pro-
blems, students used Faction theorems» or implicit theo-
rems, which were simply the products of their personal
conceptualisation revealing the workings of individual
thought processes. Several researchers have noted that
such processes did not follow the shortest path of the
mathematics taught nor the best method from the point of
view of logical rigour.

Because of this, it is often considered by the teacher to
be bad reasoning - to be done away with as quickly as pos-
sible in favour of classical mathematical reasoning — whe-
reas it is rather logical reasoning in the process of develo-
ping.

The act of teaching, instead of ignoring or indeed rejec-
ting the representation constructed by the pupil, his own
personal mechanisms of thought, should consist, on the
contrary, in revealing these, understanding them and using
them.



As long as educational research does not provide prac-
tical ways of accomplishing this development, it is no doubt
right to give to the acquisition of symbolic logic a more
important share in the teaching process.

Inspiration may come from the evolution of symbolism in
mathematics through the centuries.

Howson alludes to this® and the analogy of the evolution
of the individual's knowledge according to Piaget's theory.
Those noted in physics are arguments in the same direc-
tion; if one begins with the hypothesis that human logic can
exist, it is likely that there are similarities.

But above all, so that the student finds his way natural-
ly, we should propose to him varied representations of the
same thing: “a supple and changing, suggestive and logi-
cal formalism ” according to Lowenthal.? We come back to
the recommendation of Howson and Brandsond: «no sym-
bol or contraction should be introduced if the student is not
ready fully and reasonably to appreciate the advantage it
offers».

We consider that the use of natural language along with
symbolic language can not only better guarantee the
acquisition of the symbolic language®.6 but above all serve
as a better basis or guide for the logical reasoning asso-
ciated with mathematical development.

(v) Avoidable Difficulties

As well as the intrinsic difficulties in the acquisition of the
symbolic language of mathematics, there exist difficulties
that one could avoid, growing out of the language used to
mediate between natural language and symbolic langua-
ge.
This is the language used by teachers or school text to
give definitions, enunciate properties and theorems and to
provide the necessary explanations for beginners.

The language used by teachers is obviously very di-
verse and varied, and there is no doubt that large numbers
of them know how to adapt as is necessary. In France the
General Inspectorate of Education encourages them to do
so. It recommends in particular that they avoid the intro-
duction of too many new words.

But if one considers school textbooks, one can ponder
whether these instructions have been taken into conside-
ration. The intellectual worth of the authors is not in ques-
tion, and one must seek the reason in an insufficient reali-
sation of the importance of the linguistic vehicle. We have
used a textbook for the level known as «5e» where, excep-
tionally, a first chapter is devoted to helping in understan-
ding the terms used in the body of the text. So as to draw
a conclusion «a fortiori» we subjected this chapter to a test
for the «classification of texts according to the difficulty of
the approach required for understanding them» used in
technical education to select documents for students
according to their academic level.

This test has no pretentions to scientific perfection but
the results achieved demonstrate its pertinence.

The result is edifying: With respect to the French used,
this test should be given only to students three or four
years older. The analysis of difficulties shows essentially:

1. that the vocabulary used includes too many words
which are not part of the everyday language of the
student;

2. that certain known words are used in different
senses (paronyms);

3. that there is a supposition of certain references of
experience (not only mathematical but also of a
cultural nature);

4. that the structure of typical phrases aimed at
mathematical precision causes ambiguities on the
level of the French language.

As for the first two of these four observations, we carried
out a summary evaluation of the vocabulary requirements
of five of the most widely used textbooks. With respect to
the first level of the basic French vocabulary (representing
between 1,300 and 1,500 words) the comprehension of
the French used as a vehicle for mathematics teaching
(not including symbols) requires the knowledge of 100 to
150 new words or expressions.

In this body of material, the words that seem to be
known but which are used with a different meaning crea-
ted a doubly negative effect; they are not passive obs-
tacles to comprehension, but introduce confusion.

Several researchers'® have demonstrated this un-
desirable effect of the most common of these: if (and only
if), then, and, or (exclusive), all ... These fundamental
words should be introduced with the same care as sym-
bols for they are not stepping stones to symbolic langua-
ge, they are merely its image.

Elements supporting reasoning, they need to be per-
fectly assimilated so that the correct reasoning may be car-
ried out. But they are not the only ones that cause the spe-
cialised language of mathematics to be in fact very diffe-
rent from natural language. Other less frequent uses, as
well as syntax, increase the difficulty.

On this subject, one can raise questions (ii) concerning
the origin of language difficulties in mathematics. Do they
come simply from an insufficient mastery of the natural lan-
guage? Such a deficiency obviously introduces a handi-
cap.

But the quite widespread existence of students classified
as «Literary» and «non-mathematical» shows clearly
enough that it is not sufficient to know French better in
order to understand mathematics.

Does not the difficulty of access to formal language also
reside in the incapacity of natural language to translate it
without weighing it down or even deforming it? This is
obvious for the initiate, to whom the formula offers a richer
meaning than the theorem that attempts to express it. The
connection, indeed the interdependence between the
mechanisms of formation of thought and of formal langua-
ge, still insufficiently known (cf. different hypotheses of
Piaget, Bruner, etc.) also lead to questions about an
influence of one upon the other (and vice versa).

But the fact that the question is so open to discussion
does not free the teacher from considering the more down
to earth problems of vocabulary and syntax. One should
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not write an introductory manual of algebra (or of other
areas in mathematics that make considerable use of sym-
bolic writing) without having the French corrected by a spe-
cialist in reading.

Thus one would create the most direct contact possible
between natural expression and symbolic expression. And
if it were realised—which is likely— that short-cut explana-
tions, by means of Typical mathematical discoursed are not
practical, perhaps one would attain, at the cost of an appa-
rent waste of time, better comprehension.

lll. Proposals for the Teaching of Mathematics for All
Students

From this analysis of faults and difficulties result some
paths that may lead to improvements in teaching.

(i) Restore the Role of Mathematics as a Tool
In our highly technological age, everybody no doubt needs
some background in mathematics.
That is why the teaching of mathematics as a tool ought to
be of interest to the majority on condition that, by taking
certain precautions, it is made sufficiently accessible. On
this condition it appears to us the only viable basis on
which to found the structure of mathematics for all.
But what form can such instruction take? It could not be
limited to a curriculum adapted to professional ends
constructed on a basis comparable with that of basic tea-
ching. For example, although the successive introduction
to algebra and then differential and integral calculus can
furnish a tool for the solution of problems of mechanical
physics, if it does not gradually reveal its concrete basis
and its applications we shall not consider it as instruction in
mathematics as a tool.

The pedagogical procedure too often used consists of

asking the student to acquire numerous prerequisites and

to await the whole construction piece by piece of the cogni-
tive edifice in order to perceive at last the end to which it
can be put means the teacher is avoiding his responsibili-

ties and it kills the student’s motivation .

Teaching mathematics as a tool means giving permanent

priority to the solving of problems and not to learning for-

mal aspects of the discipline. Pedagogically there are two
great advantages in this:

- we have seen that excessive formalism or too early an
introduction of symbolism was an obstacle in the early
stages;

- it is now allowed9 that the development of logical rea-
soning is carried out essentially on the basis of expe-
rience in problem solving.

The basic notion is to replace the upward progression in
mathematics isolated by its formalism by a spiral progres-
sion dependent on other disciplines. This presupposes
undertaking at each stage of initiation an adaptation of tea-
ching methods inspired by research on language and
conceptualisation®6.7.9,12,
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- arouse interest in a problem ‘set the right type of pro-
blem);

- bring the student to pose it in logical terms, to translate
it into already familiar mathematical terms (modelling)
and thus bring home the practical application of mathe-
matics;

- give practice in the corresponding operations;

- show the polyvalence and indeed the universality of
methods of logical reasoning, the utility of formalism;

- let the student measure from time to time the resultant
enrichment of his capacities in the area to which the
subject of the problem belongs;

- bring the student finally to a higher mathematical level.

(ii) The Place of Mathematical Modelling
One point that seems to us fundamental is the introduction
of «modelling». Here again one can see the fruit of the phy-
sicist’'s experience, but such a procedure is in our view
necessary more as a result of our earlier pedagogical
considerations concerning the difficulty of acquiring sym-
bolic language. «Modelling» or translating the concrete
problem into pertinent mathematical terms does not come
easily. The teacher must make a special study of the ques-
tion:

- how does one, when faced with a more or less complex
system, observe it, identify it, express its workings in for-
mal relationships?

- how, when faced with a concrete problem, does one
describe it, translate it into equations?

- how, thanks to the tools of mathematics, does one pro-
gress in one’s understanding, one’s solution of it?

- how finally, at the more sophisticated stages, does one
iterate identification and modelling to the limits of one’s
own knowledge?

Thanks to such a process, the teacher will be able to faci-
litate the student’s conceptualisation. As a result of special
attention to the problem and the development of an open
educative process, the teacher will be able to follow the
student’s «natural» principles of reasoning, reveal the for-
mation of «theorems in action» mentioned above, and thus
facilitate by an appropriate pedagogical method the deve-
lopment of these into true theorems.

Modelling thus leads into creativity and technological pro-

CESSES.

(iii) The Necessity of an Interdisciplinary Approach

An intensive use of modelling requires the mathematics
teacher to have a good knowledge of the applications of
mathematical tools in a variety of areas and makes it
necessary for the development of his teaching to be kept in
line with other disciplines using mathematics. This sup-
poses not only a basis in team work, but also in a national
curriculum and general interdisciplinary planning. A better
solution would no doubt be the creation of true multidisci-
plinary subjects, an added advantage of which would be to
link up again areas of knowledge that the division into dis-
ciplines has fragmented or simply overlooked.



(iv) Mathematics as a Tool and Mathematical Culture
There is no inherent conflict between mathematics as a
tool and mathematical culture, one being able to lead to the
other and vice versa. Restoring the teaching of mathema-
tics as a tool will allow us to interest students and to offer
them greater possibilities of success and self-development
in the modern environment.

This is the path that seems the most certain to lead to
mathematics for the maijority, through a process of success
and not of lowering standards.

(v) Teaching Through Goals with a Differentiated
Progression

The working out of such a system of teaching would imply
avoiding a drop in standards through an evaluative process
based on objectives that clearly marked out the develop-
ment of the curriculum, the chronology of which would be
subject to modification and would permit the most gifted
students to advance more quickly and those in difficulty to
follow at a different pace.

It is accepted that between the beginning of secondary
school and the baccalaureat the majority of students repeat
a year once or twice, and this gives room in the curriculum
and the means of attaining a differentiated progression.

The abrupt and penalising nature of repeating a year
when one begins everything over again, even the things in
which one has been successful, would be attenuated and
greater consideration would be given to the timing of initia-
tion, work and development.

It has always been accepted for a diploma like the bac-
calaureat that differences of level should be tolerated in
various disciplines. Would it be fatal to experience failure in
mathematics between preschool kindergarten and the A or
B baccalaureat? Would it not be better to reach this stage
by a well organised progression and natural orientation
rather than in fits and starts with futile intermediate sanc-
tions, since in the end students will reject or avoid mathe-
matics if they cannot succeed.

Would it not be better to provide for success in slow
stages, or related to more limited objectives, rather than to
suffer failure so fully and so prematurely internalised that it
leads numerous students and then adults to a veritable
lack of mathematical culture?

Conclusion

Underlying the no doubt imperfect proposals presented
above is a deeper question of objectives.

Will mathematics, rather than being a filter of the elite,
recover their principal function of being the most wonderful
of tools (albeit an immaterial one), of being the way of tea-
ching logical reasoning?

By laying aside the attributes that make them forbidding
(language, abstraction), by capitalising on their interest and
power, mathematics could be accessible and interesting for
the majority of students, who would all reach their appro-
priate level.

Finally, even in the event of only relative success, one
could restore the supply of scientists and mathematicians
that has dried up radically in recent years. Statistically one
would no doubt also achieve a better quality elite.
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The Problem of Universal Mathematics
Education in Developing Countries

Bienvenido F. Nebres, S. J.

In his paper «Mathematics for All— ldeas, Problems,
Implications,» Peter Damerow underlines two central
concerns. The first is that the canonical school curriculum
for mathematics was designed for an elite and so there are
serious adjustment problems when it is made universal.
The second is that it was designed for a European elite and
so the adjustment problems become even more serious
when it is introduced into the mass educational system of
a developing country.

«l think firstly we have to consider the fact that mathematical educa-
tion in the traditional sense has its origin in a specific Western
European cultural tradition, where the canonical curriculum of tradi-
tional school mathematics was created in the course of the 19th cen-
tury. The transfer of this curriculum to developing countries in most
cases has been closely linked with the institutionalization of schools
by colonial administrations in these countries. It is well known that
these schools generally were attended only by an elite, which adop-
ted the Western European culture and often studied afterwards at
European universities. Under these conditions it seemed natural sim-
ply to copy the curriculum of higher education. But it is quite another
problem to build up a system of mass education in the countries of
the Third World and to embed mathematical education into the spe-
cific cultural contexts of these countries. «'

In a paper entitled Problems of Mathematical Education in
and for Changing Societies: Problems in Southeast Asian
Countries, which was presented at the October, 1983
Regional Conference in Tokyo, Japan, | tried to classify
mathematical education problems into two types,
micro-problems and macro-problems.

«We can classify problems of mathematical education into two types:

the first we might can micro-problems or problems internal to mathe -
matical education. These would relate to questions of curriculum,

teacher-training, textbooks, use of calculators, problem-solving and

the like. The second we might can macro-problems. These are pro -
blems affecting mathematics education because of pressures from

other sectors of society: economy, politics, culture, language, etc.

One of the features of a developed society is a reasonable differen -
tiation of sectors and functions of society. While given sectors are, of
course, interdependent and affect one another, they also have some
reasonable autonomy. School budgets may increase or decrease,
but they have some stability and so it is possible to plan. Teachers
get a sufficient {though not high} salary so they can concentrate on
their teaching chores. But in contrast, structures in developing socie

ties are not sufficiently developed to provide (for example) education
and culture with sufficient freedom from the pressures of politics and
economics Teachers may be called upon to perform many civic
duties - to the detriment of their classroom work. Their salaries may
nor be sufficient for them to be able to concentrate on their work.
Budgets may be unstable and information and opinion tightly control -
led, «2

In that paper | discussed the problem of universal mathe-
matical education for developing countries, mainly in terms
of economic constraints.
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«The problem | would like to concentrate on here is that of the great
number of students who are in school only for four to six years. One
must, therefore, give them functional numeracy within severe
constraints. The time constraint is obvious. There are also problems
of scarcity of textbooks, not-so-well-trained teachers, language. We
might focus the question on only one aspect of the problem: curricu-
lum. In the Philippines, at least, the curriculum is the same whether
a student goes on for ten years through high school (or even beyond
to university) or whether the student stops after four to six years. |
propose the following questions. From a study of the curriculum and
from experience, at what point is functional numeracy realistically
achieved? After four years? After six years? After eight years? If one
were to look at the curriculum from the point of view of best helping
a student who will stay only for four to six years, would one redesign
the curriculum?»3

However, on further reflection it seems clear that the deeper
Fro_blem is, as is noted by Peter Damerow, cultural. «So
think the relations between mathematics and culture is
the first and maybe the most general question which
arises when mathematics for all'is taken as a ﬂrogram.
«* For developing countries, the problem of mathematics
education and culture may best be understood by reflec-
:c[lrjg on the history of the school system in these coun-
ries.

«All of the countries of Southeast Asia, with the exception of
Thailand, went through a prolonged colonial period. During the colo-
nial period, the school system was patterned exactly after that of the
colonising country. The norms of fit between school and society were
quite precise: the school system was to come as close as possible to
that of the mother country. It should produce graduates that would fit
into the civil service and who would do well in universities in the
mother country. With independence the above norms of fit between
school and society were seen with mixed feelings. Leaders became
conscious that a school system developed according to such norms
would, among other things, simply contribute to the brain drain. They
also became conscious that the school system had to respond to dif
ferent cultures and classes in the country: a westernized elite, a gro-
wing lower middle class, urban workers, a traditional rural sector. The
aspirations for progress and equality led to new questions about the
role of the school system in society:

- Can the school system provide functional literary and
functional numeracy to the great number who attend
school only for four to six years?

- Can the school system provide the scientific and mathe-
matical skills for different levels in the agricultural, com-
mercial, and industrial work force?

- Can the school system train sufficiently well the small but
important number needed for leadership in the scientific

and economic sectors?
These are, of course, very difficult tasks. The specific problem faced
by the school system in many developing societies is that the socie-
ty at large expects it to fulfill the society’s dream of progress and
equality. These place unrealistic pressures on the school system.»®

1 Damerow, P. (1984). Mathematics for All - Ideas, Problem,
Implications. In: Zentralblatt fiir Didaktik der Mathematik. No. 3,
pp. 82-83.

2 Nebres, B. (1883): Problems of Mathematical Education in and for
Changing Societies - Problems in Southeast Asian Countries. In:
Proceedings of the ICMI-JSME Regional Conference on
Mathematical Education, Tokyo, p. 10.

3 Ibid., p. 16.

4 Damerow, P., loc. cit.

5 Nebres, B., op. cit., p. 12.



l. The Lack of Fit Between School Mathematics
and the Socio-Cultural Context of Developing
Countries

There have been some very interesting examples in the
papers presented for the theme group «Mathematics for
All» at Adelaide regarding the lack of fit between school
mathematics and socio-cultural context.

In the paper «Having a Feel for Calculations,» several
examples are given of young street vendors using
non-school algorithms to do fast and accurate calculations.

«Customer: How much is one coconut?

Vendor (12 years old, 3rd grade): 35.

Customer: I'd like 10. How much is that?

Vendor: Three will be 105, with 3 more, that will be 210,
| need 4 more ... that is 315 ... | think it is 350.»6

Yet these same young people did very poorly in the same calcula-
tions in the school setting. The paper concludes:

«There appears to be a gulf between the rich intuitive understanding
which these vendors display and the understanding which educators,
with good reason, would like to impart or develop. While one could
argue that the youngsters are out of touch with the formal systems of
notation and numerical operations, it could be argued that the edu-
cational system is out of touch with its clientele.»”

In another paper on «Mathematics Among Carpentry
Apprentices,» Analucia D. Schliemann compares the per-
formance and computational methods of professional car-
penters with apprentices. What was most striking was the
fact that the apprentices insisted on following «school» pro-
cedures even when a little reflection would have shown
them that these were, in practice, absurd. fit seems that the
task was approached by the apprentices as a school assi-
gnment and they did not try to judge the suitability of the
answers.»8

In an earlier discussion on universal primary education, |
had noted our failure to respond to an immediate need of
farming communities throughout the Philippines.?® The
introduction of high-yield varieties of rice brought in, of
course, greater productivity. However, it also demanded
higher inputs in terms of fertilisers, pesticides, labor or
machinery for weeding. Farmers had to take out loans to
avail of this new technological input. The farmers were lost
in the new economics of the system. As many of them put
it, «I know | am getting bigger harvests. But | also know |
am sinking deeper into debt.» Our school system in the
rural areas continued happily teaching sets and

6 Carraher, D., Carraher, T., and Schliemann, A.: Having a Feel for
Calculations. ICME 5 Mathematics for All Collection, p. 2.

7 Ibid., p. 6.

8 Schliemann, A.: Mathematics Among Carpentry Apprentices:
Implications for School Teaching. ICME 5 9 Mathematics for All
Papers, p. 7.

9 Barcellos, A. (1981): Universal Primary Education. Teaching
Teachers, Teaching Students. Steen & Albers eds., Birkhauser, p.
123.

commutativity, oblivious of the need for simple bookkee-
ping.

The plenary address of Ubiratan d’Ambrosio on
Ethno-Mathematics places this discussion in an even more
fundamental setting. Can we develop mathematics in
countries with different cultural traditions, which may be
quite different from the mathematics developed in Greece
and Western Europe? Would such a mathematics serve
the needs of other cultures better?

There are other things we could do to understand better
the gap between school mathematics and our socio-cultu-
ral context. | have, for example, studied the textbooks
generally in use in the Philippines. They are either direct
copies or relatively mild modifications of textbooks in the
Western world. There is little awareness that there is a dif-
ferent context outside. | have also analyzed test items
given in an assessment study of sixth graders throughout
the Philippines. There were 40 items, 10 on computational
skills, 12 on concepts such as place notation, 10 on routi-
ne-type applications, 8 on analysis of data. They are the
usual types of exercises we put in textbooks to develop
manipulative skills. The problem is that most of the
concepts or skills developed would have no relevance for
the young person dropping out of school after six years.

Il. The Historical Development of Institutions in
Developing Countries

The above analysis highlights the serious gap between
school mathematics and the socio-cultural context of deve-
loping countries. | would like to locate the primary cause of
these problems in the history of our social and cultural ins-
titutions. The first | would call vertical, that is, the relation-
ship between similar institutions, like schools, in different
societies. The second | would call horizontal, that is the rela-
tionship between different institutions in the same country.
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& | & | 1 ]

D C N

U 0. D

C U

A - | | - S

T N T

I S R

(o] T. Y

N

A A A

Philippines

¥ Y '] PP
E | E | 1 |

D C N

U 0. D

C U

A| #-=—La |] | =5 |8

T N T

! g -

.\ Y
[N | || |

Socio-Cultural Matrix

19



| would also add a third relationship of rootedness, that is,
the insertion of these institutions in the socio-economic-cul-
tural matrix that underlies the given society.

To understand the situation, we should note that the his-
tory of social, industrial, educational institutions in most
developing countries has been guided mainly by vertical
relationships. For example, to understand the school sys-
tem in the Philippines, it is less necessary to understand
the local social and cultural situation as it is to understand
the American school system and to note the adaptations
that have been made. If one were looking at Malaysia, one
would turn to the British school system. The same can be
said regarding the system of hospitals and health care,
financial institutions, etc.

First-World countries

Developing country

national roots

If we were to picture the development of institutions like
that of a tree, where the institutions represent the leaves,
branches, fruits (the visible developments in society), then
we would picture our institutions like upside-down trees.
They are rooted not so much in the socio-cultural matrix of
the country, as in the socio-cultural matrix of model coun-
tries abroad. This whole pattern of development of institu-
tions according to vertical relationships has produced what
is usually called the modernized sector, which includes the
best of the educational system. This modemized sector is
not a product of the socio-cultural matrix of the country, but
is very much a foreign transplant. Much of the air it
breathes is imported air, whether this be imported curricu-
la, imported talent, or imported management techniques.

What are the consequences of this development guided
mainly by vertical relationships?

(1) The development of our institutions is directed by their
sources abroad, not by complementary institutions or
needs in our society. Thus a leading educator is invited to
an international conference and is introduced to the new
mathematics or to computer assisted learning or distance
educational techniques and he comes back and wishes
immediately to implement what he has learned. Because it
is the latest and the best, whether or not it has serious rele-
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vance to the country. The norms for judging the value of our
schools are often in terms of how well our students do in
graduate school in England or the United States, rather
than in how they fit and contribute to the larger society.
(2) The analysis in the earlier part of the paper shows that
horizontal relationships and insertion into the local culture
are weak. The mathematics classroom is totally unaware of
the «street» mathematics of the young pupils inside. There
is no linkage between the needs of a rural community for
better bookkeeping and the new mathematics being taught
to its children.

These results define for me a crucial task for the future:
how to develop better horizontal fit and better rootedness
in the socio-cultural context.

lll. Tasks that We Might Attempt to Improve the
Situation of Universal Mathematical Education
in Developing Countries

| would like to propose two tasks. One is in the area of brin-
ging about a cultural shift in our countries. The second is a
more specific task of working towards a better integration
between universal mathematical education and the outside
world to which our students will go.

(1) Bringing about a cultural shift in our countries

| would propose that mathematics educators, together with
other educators and other leaders of society, take up this
need of having the social and cultural institutions of the
country be better integrated with one another and be better
inserted into the culture. This is not to deny the importance
of linkage with other institutions in the Western world or in
the other developing countries. It is simply to accentuate
the need to have these imported developments be in-
tegrated into the social and cultural milieu of the country. It
is important for us to accentuate the high cost to develop-
ment of this lack of integration. Whether the cost be in
terms of brain-drain or in terns of graduates who cannot
find jobs in our society. Or a young population without the
skills for a productive life.

(2) How to proceed concretely to bring about a better
integration between the universal mathematics
curriculum and the world info which our students
will be going

In the proceedings of the Fourth Intentional Congress on
Mathematical Education, Shirley Frye has a suggested
mathematics curriculum for students who leave school at
an early age.

«The particular goals of a minimal mathematics education include
having:

. a sense of number;

. the ability to quantify and estimate;

. skills in measuring

. usable knowledge of the basic facts

. the ability to select the appropriate operation to find a solution;

. the ability to use a calculator to perform operations

7 . a ‘money-wise’ sense.
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The last skill relating to being ‘money-wise’ is most important since
an individual should have the ability to decide whether wages, are
being paid correctly and if purchasing transactions are fair. «

The proposal is that mathematics educators in our country

attempt the following tasks:

(1) Study the actual articulation in the curriculum of
the seven goals stated by Shirley Frye, that is,
how are they translated into mathematics con-

10 Frye, S. (1983): Suggested Mathematics Curricula for Students
Who Leave School at Early Ages. In Praceedings of the Fouth
International Congress on Mathematical Education. Zweng et al.,

eds., Birkhauser, p.32.

cepts, into mathematical skills, into problems in the text-

books.

(2) Look for how these goals appear in the social en-
vironment of the student. That is, what tasks or events
bring about a sense of number or require the ability to
quantify and estimate and so forth (cf. Carraher and
Schliemann papers).

(3) We should then compare the two, that is, the curriculum
inside the school and the appearance of these goals
and concepts in the outside world and see how we can
bring about a better integration between the two.

(4) Share results with one another and detemmine to show
progress in ICME 6.
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Conclusions Drawn from the Experiences of the
New Mathematics Movement*

Peter Damerow and lan Westbury

Introduction

«Mathematics for All» is the title of our theme group. The
group’s implicit goal is the consideration of an issue which
is fundamental to the idea of general education - and to be
«successful» the theme has to be engaged in a way that
goes beyond the limitations which appear to be endemic to
contemporary curriculum studies: preaching the necessity
of a new program and then arguing in hindsight that wides-
pread adoption was, from the beginning, an unrealistic ex-
pectation. Needless to say, no such goal can ever be
achieved in one discussion, but the issue which the group
canvasses does not go away because it is a difficult one to
address.

It is easy to make pointed comments on the emptiness of
the kind of conclusion from curriculum research we paro-
died above. But at the same time, there is a sense in which
such a conclusion is an inevitable result of a web of pro-
blems that all educational reformers, and particularly sub-
ject-based reformers, have faced as they think about the
scope of their work and their agendas. There is a need fo
find ways of changing the contents and conditions of general
education as part of a larger concern for changing the fit bet -
ween the work of the schools and the rapidly changing scien -
tific and social demand for qualifications, but how this is to be
done is clearly totally elusive.

Within mathematics education the history of the so-called
Knew» mathematics is one instance of this larger issue.
There was a world-wide movement to introduce a Knew»
mathematics—but we know that the effect of these efforts
was negligible: Little has changed in classrooms and the
change that has occurred bears little relationship to the
goals of the original reform movement. This fact defines the
parameters of our problem. Changing the fundamentals of
general education in a goal-oriented, systematic, time-limi-
ted way poses innumerable unsolved issues. It may be true
that the needs of rapidly-changing societies do not allow us
to base the contents and the practices of general education
on tradition and the inner experience of the school. It may
be true that it is the task of our times to move the school
system from being a relatively autonomous, developing
social system into a guided institution which is continually
adapted to changing needs by planning decisions and
administrative action. But the fate of the new math

* An enlarged version of this paper is published in the Jour nal of
Curriculum Studies, 17, 1985, pp. 175 -184.
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ematics movement shows that so far we only know what
the task is. We have not created the means needed to
address it.

Mathematics for AID - As a Program of Reform

The reason for the presence at ICME 5 of a group dis-
cussing mathematics for all and the absence of a group
addressing how new mathematics might be introduced into
the school is intimately related to the experience of the new
mathematics movement. At the height of that movement it
was commonly assumed that the new mathematics was a
mathematics for all. It was, for instance, the first addition to
traditional arithmetic and so the first alternative to the Folds
curriculum of the universal primary school for about 200
years. But as Damerow et al. have shown, the claims that
were sometimes made for the real-world relevance of the
new mathematics, the claims that would have been needed
to establish a belief that the new mathematics had a
real-world relevance, were often even more difficult to sus-
tain than those associated with traditional mathematics.?
More important, the «new mathematics» showed de-
cisively how problematic major change in a subject can be:
While there were some admirable experiments which sho-
wed what might have been done in elementary schools
under the name of new mathematics, «experimental» out-
comes were not generalized to school systems as wholes.
Perhaps the best that can be said about the widespread
introduction of the new mathematics was that its teaching
did not inhibit the traditional teaching of arithmetic too
much.

And what was the result of the implicit, though often tacit
assumption of the period in which new mathematics was
the vogue that the yield of a a “subject” reform could be
secured equally in every culture independent of the degree
to which formal education was institutionalised? There can
be no doubt that Dienes’ efforts to introduce a modern
mathematics project in Papua-New Guinea in the mid-
1960s was as successful as he claimed to be. But 20 or so
years later, after intensive attempts to adapt Dienes’ cur-
riculum to local conditions, Souviney comments, in his dis-
cussion of mathematics education in Papua New Guinea,
that it is not enough for the educational establishment
«simply to institute a selection procedure which identifies
and promotes children who exhibit ‘high’ educational
potential while failing to address adequately the needs of
the vast majority.» «Increased attention must be paid to the
needs of [the group of children who will return to their vil-
lages after completing community school] who presently
constitute 70% of the community school graduates.»?2 By
implication, something much larger than the new

1 Damerow, P. et al. (1974): Elementarmathematik: Lernen fur die
Praxis? Ein exemplarischer Versuch zur Bestimmung fachuber-
schreitender Curriculumziele. Stuttgart: Klett.

2 Souviney, R. J. (1983): Mathematics Achievement Language and
Cognitive Development: Classroom Practices in Papua-New
Guinea. In: Educational Studies in Mathematics 14.



mathematics seems to have surfaced in the context which
rendered the Dienes’ «modern» program moot.

This instance is from the developing world but parallel ins-
tances can be found in the industrialized world. It is cultu-
ral and contextual factors which, as they interact with
mathematics itself (or any subject area), pose the most
serious problem which slogans like «<new mathematics and
«mathematics (or science) for all» must face. Do we keep,
for example, the highly selective frameworks and methods
of traditional mathematics education but give up the privi-
leged position of the subject as part of the core of general
education? Or do we seek to keep mathematics at the core
of the curriculum but find a way of teaching the subject to
all students?

Two Alternatives

What might these alternatives mean — for ideology and for
reality? The first possibility would make « mathematics» a
subject of early specialization, with the present role of the
subject being taken over by physics, technical education,
economics, etc. In this way most students would experien-
ce mathematics as a useful tool and concentrate on creati-
ve mastery of and application of the problem-solving tech-
niques which result from mathematical thinking. The core
of mathematics, its ideas, conceptual structures, methods
of proof and the like, would only be taught to those who
specialize in some way or other in the subject.

This suggestion comes close to the actual situation of
mathematics education in many nations. In the Federal
Republic of Germany, for example, only 11% entering uni-
versity students enroll in the subject areas of mathematics
and natural sciences; 21% enter programs in engineering
and the remaining 68% range over all other fields. For most
students, therefore, mathematics is but a potential tool, and
all we are saying is that mathematics programs in school
might reflect this situation. But mathematics in Germany is
not taught in this way and most mathematics teachers
would probably deny the possibility and would instead
emphasize the specialist, pure mathematical aspects of
their work. It is worth, however, mentioning that the alter-
native possibility we sketched above once played a sub-
stantial role in curricular thinking. When the influential
«Verein zur Férderung des mathematisch-naturwissen-
schaftlichen Unterrichts» (Association for the Support of
Mathematics and Science Education) was mooted in 1890,
the majority of its potential members argued against a
continuing role for pure mathematics as a core subject in
the high school curriculum. At the founding of the asso-
ciation in 1891 a motion was passed against the teaching
of pure mathematics. It was only as a result of the later
influence of the Gottingen Professor of Mathematics, Felix
Klein, that this policy was changed. But Klein promised
that, in the near future, there would be reintegration of
mathematics with its applications in other sciences and
practices and therefore the continuation of the traditional
kind and place of mathematics education was justified as
an interim measure. The possibility of such a new mathe-
matics became the goal of the association - and this

turn-of-the-century anew mathematic» was profoundly
influential both in Germany and internationally. Klein, of
course, did all that he could to promote the development of
such a mathematics with its implied integration with the
domains of practice but he failed and given this it can be
argued that the case for the abandonment of a «pure»
mathematics for all is still as relevant today as it was in
Gemmany in the 1890s.3

The second alternative we mentioned above is keeping
mathematics as a fundamental part of the school curricu-
lum but finding a way of teaching it effectively to the majo-
rity. What problems must be faced as we contemplate this?

We have first to consider the fact that mathematical edu-
cation in the traditional sense had its origins in a specific
cultural tradition. The canonical curriculum of Traditional
mathematics» was created in the 19th century as a study
for an elite and this pattern persists. In Germany, for
example, «advanced» school mathematics (i.e. analytical
geometry and calculus) are only offered in Gymnasium
which in 1981 enrolled only 10.9% of the 18-year-old age
cohort. And as enrolments in Gymnasium have increased it
has seemed necessary to relax the once-fixed expectation
that all students in the Gymnasium would complete a full
program in school mathematics in order to maintain «stan-
dards.» In 1977—78 only about 70% of German students in
grade 12 (the second last year in the Gymnasium) were
taking the traditional sequence in mathematics, i.e. about
10% of the relevant age cohort.4 While the particular curri-
cular patterns of different societies vary, mathematics is
constructed in most places in ways that lead to few of the
students who begin mathematics in the early years of the
secondary school continuing to take it in their last sec-
ondary years. The separation of students into groups who
are tagged as «able-mathematically» and, «less abler is
endemic. The heart of mathematics teaching is, moreover,
widely seen as being centered on this curriculum for the
able - although all students begin the study of mathematics.
There are some important differences between countries in
their retention rates but in the main we see the patterns
which were created in the 19th century still holding; advan-
ced mathematics is a study for a few.

The transfer of the European mathematics curriculum to
developing countries was, of course, closely associated
with the creation of schools for elites by colonial adminis-
trations. Under these circumstances it seemed natural to

simply copy

3 Lorey, W. (1938): Der Deutsche Verein zur Férderung mathemati-
schen und naturwissenschaftlichen Unterrichts, E. V. 1891-1938.
Ein Rickblick zugleich auch auf die mathematische und natur vis-
senschaftliche Erziehung und Bildung in den letzten fiinfzig
Jahren. Frankfurt a. M.: Salle.

4 Steiner, H.-G. (1983): Mathematical and Experimental Sciences in the

FRG - Upper Secondary Schools. Arbeiten aus dem Institut fur
Didaktik der Mathematik. Universitét Bielefeld, Occasional Paper 40.
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European patterns — but, as Souviney makes clear, it is
quite another problem to build a system of mass education
in the Third World and embed mathematics education in
the specific cultural contexts of that world.5 How is this to
be done? Is a mathematics curriculum desirable if it causes
students in these countries to develop the antipathies
against mathematics which are commonly found in
Europe—but in social contexts which lack the
culturally-based consensus found in Europe that abstract
mathematical activity is as good as such and must therefo-
re be supported even if it seems on its surface to be use-
less. Even if this argument is inappropriate, it does raise
the question of the relation between mathematics and cul-
ture which may be the first problem which arises when the
idea of mathematics for all is raised as a platform for a pro-
gram of action.

We must consider, second, the problem of conceiving,
even for industrialized societies, a mathematics which is
appropriate for those who will not have contact with pure
mathematics after their school days. Most current attempts
to face the problem of a basic, «minimal-competency» cur-
riculum reduce the traditional curriculum by pushing out
every mathematical idea and every possible difficulty to
make it feasible to teach the remaining skeleton to the
maijority. But there is only a limited basis for an appeal to
«utility» as an argument or a rationale for curriculum build-
ing to support this approach. Students who wWin not have to
deal with an explicit pure mathematics in their adult lives but
will face instead only the exploitation of the developed pro -
ducts of mathematical thinking {e. g program packages) will
only be enabled by mathematics instruction in school if they
can translate the mathematical knowledge they have acquired
into the terms of real-life situations which are only implicitly
structured mathematically. Very little explicit mathematics is
required in such situations and it is possible to survive
without any substantial mathematical attainments what-
soever.6

But is this kind of argument a way of making the case for
the first alternative we considered earlier? And is that
alternative the only one we might be left with? It may be,
but if this is true it would seem to deny the significance of
the topic we are concerned with. Thus we might observe
that to draw this kind of conclusion is to look backwards
in order to determine educational aims for a future. The
facts we have cited suggest that a program of mathema-
tics for all implies the need for a higher level of attainment
that has been typically produced under the conditions of
traditional school mathematics—and this is especially
true for mathematics education at the level of general
education. To put this another ways we might claim

5 Souviney, R. J. (1983): See Footnote 2.

6 See, for example, Bailey, D. (1981): Mathematics in Employment
(16-18) (University of Bath); Sewell, B.: Use of Mathematics by
Adults in Daily Life: Enquiry Officer's Report (Advisory Council for
Adult and Continuing Education, London); ADVISORY COUNCIL
FOR ADULT AND CONTINUING EDUCATION (1982): Adult's
Mathematical Ability and Performance. London: ACACE.
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that mathematics for all has to be considered as a program to
overcome the subordination of elementary mathematics to
higher mathematics, to overcome its preliminary character,
and to overcome its irrelevance to real-life situations.

The Mathematics Classroom

A number of recent research studies have suggested that
it is very likely that the structure of classroom interaction
itself creates ability differences among students which
grow during the school years. What might cause these gro-
wing differences in mathematical aptitude? The simplest
explanation rests on the assumption that these differences
are due to predispositions for mathematical thinking - with
the implication that nothing can really be done to change
the situation. But this explanation is too simple to be the
whole truth.

The understanding of elementary mathematics in the first
classes of primary school is, we know, based on precondi-
tions like the acquisition of notions like conservation of
quantity which are, in their turn, embedded in exploratory
activity outside the school. As long as the genesis of gene-
ral mathematical abilities is as little understood as it is, the
possibility that extra-school experience with mathematical
or premathematical ideas influences school learning can-
not be excluded. Furthermore, we know from classroom
interaction studies that the differences between intended
mathematical understandings and the understanding which
is embedded in normal classroom work is vast. We cannot
exclude the possibility (aggressively suggested by
Lundgren) that classroom interaction itself in fact produces
growing differences in mathematical aptitude and achieve-
ment by a system of positive feedback mechanisms which
increase high achievement and decrease further low achie-
vement.”

Such classroom level phenomena also interact in pro-
found ways with curricular factors. The English Cockcroft
Committee on teaching of mathematics pointed to the
significance of the notion of curricular pace as a critical
variable affecting school achievement. If a pace necessary
to cover an overall curriculum (i. e. to reach the levels of
understanding necessary for, say, English sixth-form work)
is to be sustained, a given rate of coverage is required of
teachers. The Cockoroft Report claims that in England
there has been little change in this implicit rate since the
pre-war years despite the fact that the cohorts of children
ostensibly learning mathematics are now drawn from the
second and third quartiles of the general ability distribu-
tions (as a result of increased access to secondary schoo-
ling). The result, the Cockcroft Committee has suggested,
is an overall rate of coverage and pace of instruction which
is far too fast for many if not most pupils. For such pupils
math-

7 Lundgren, U. P. (1977): Model Analysis of Pedagogical Processes.
Stockholm Institute of Education, Studies in Curriculum Theory
and Cultural Reproduction 2. Lund: CWK Gleerup.



matics as a subject is abstract, mechanical, and pro-
cedure-based, and success is hard to come by.8

Implications

Our discussions to this point make it clear that to talk of
mathematics for all entails an intention to change general
attitudes towards mathematics as a subject, to slow the
pace of teaching, to eliminate divisions between those who
are friends of mathematics and those who are not, to dimi-
nish variance in the achievement outcomes of mathema-
tics teaching. This, in its turn, involves us in an analysis of
the forces found in social contexts, curricula, and teaching
inasmuch as it is these forces together which create a set
of frames which create situations in which mathematics be-
comes one of the subjects in the secondary school in which
selection of students into aptitude and ability groups is an
omnipresent reality from almost the earliest days of secon-
dary schooling.?

As we ponder what such notions might mean we have to

address three very different levels of analysis of the mathe-
matics curriculum.
1. The distribution of knowledge. With the implication that we
reject assumptions that mathematical knowledge is the
prerogative of some cultural communities and not others
and instead see mathematics as something potentially
appropriate to all people. At this level the idea of mathe-
matics for all involves

8 Cockcroft Committee (1982): Mathematics Counts. Report of the
Committee on Inquiry into the Teaching of Mathematics in Schools
under the Chairmanship of Dr. W. H. Cockcroft. London: HMSO.

9 For an English study see Ball, S. J. (1981): Beachside
Comprehensive: A Case Study of Secondary Schooling.
Cambridge: Cambridge University Press.

issues of cultural exchange and intercultural understanding
- within and between social groups and geopolitical com-
munities.

2. The school system and its integration into the society. The
idea of mathematics for all poses an issue of general edu-
cation rather than elite education. At this level the idea of
mathematics for all involves us in a rethinking of the tradi-
tional concerns of mathematics education—away from the
«needs» of elites and towards the needs of both elites and
average students; our sense of crowning achievements
would come not from the achievements of the few but from
the achievements of the many. Our index of accomplish-
ment would be the overall yield of the school system (i. e.
the percentage of a cohort mastering given bodies of
content and skill) rather than content and skill achievement
of the most able. 10

3. Classroom interaction. Mathematics for all is a problem of
opportunities to learn and their relationship to the dynamics
of the learning process. This level of concern must include
an analysis of the assumptions, patterns, and practices of
within-school division of students into ability groups, sets
and streams — for setting/streaming is ubiquitous in
mathematics education from the early secondary years.

It is quite clear, of course, that these levels are very close-
ly linked together and that they serve to do no more than
define the dimensions of the complex but coherent problem
labelled by the slogan «mathematics for all.»

10 For a conceptualization of «yield» see Postlethwaite T. N. (1967):
School Organization and Student Achievement. Stockholm
Studies in Educational Psychology 15. Stockholm: Almquist &
Wiksell.
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Implications of Some Results of the
Second International Mathematics Study

Howard Russell

Peter Damerow has introduced some important sugges-
tions which must be considered carefully if there is to be
any progress made towards the goal of «mathematics for
all» in the classrooms of our various countries.! His sug-
gestions regarding pace and coverage are grounded in dis-
cussions and presentations which have been summarized
in Mathematics Counts2? and they have emerged as deba-
table issues in the period of the mid-eighties. The present
paper is offered as a contribution to the debate and the
data presented constitute an important part of a recently
established data set.

The Second International Mathematics Study (SIMS3)
data constitute this data set and these data show substan-
tial variations among countries in the extent to which
mathematics education is provided for all students. The
data which reveal these variations are coverage data and
retention data and the product of these two, i. e., coverage
X retention, are presented as «yield.» While it is true that
there is not much new in the concepts involved, the data
are sometimes revealing when presented in the new form
used in SIMS. These data may prove to be helpful as we
proceed to consider a shift in mathematics education from
content for the elite, to a more marketable,
mathematics-for-all. The SIMS data may be helpful becau-
se they foreshadow relationships among key variables
which need to be manipulated if the suggested shift in
mathematics education is to take place in the mathematics
classrooms of the world, as opposed to taking place only in
the minds and the writings of educational leaders.

In this paper | propose to consider the SIMS pop A
data first, i. e., from the 13-year-olds, and to use
these data to suggest that already we have mathe-
matics-for-all at the elementary level in many coun-
tries. There are variations in what mathematics is, at
this level, but whatever it is, all youngsters get it. The
SIMS pop B data, i.e., from 18-year-olds more or less,
show signs that mathematics for an elite is still the
prevailing plan in most countries. It is at this age

1 Damerow, P. (1984): Mathematics for All - Ideas, Problems,
Implications. Paper presented to the ICMI Symposium at the
International Congress of Mathematics. Warsaw, August, 1983.
Zentralblatt fur Didaktik der Mathematik, 16, pp. 81-85.

2 Mathematics Counts (1982): Report of the Committee on Inquiry
into the Teaching of Mathematics in Schools under the Chairmanship
of Dr. W. H. Cockcroft. London.

3 Travers, K. et al.: The Second International Mathematics Study,
Vol. 1, (for publication 1985) Pergamon Press.
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level that some countries have tried to move towards
mathematics-for-all and comparisons of these countries
with the others which have not moved so far gives us good
information with which to plan future strategies for imple-
menting a mathematics-for-all curriculum throughout the
secondary school years. But first let us look at pop A
where, although it is true that virtually all youngsters are
retained in school, and in mathematics, it is nevertheless
clearly evident that different amounts of mathematics and
different parts of mathematics are taught.

The pop A coverage data are shown in Table 1. These are
topic by topic coverage data which are presented in coun-
try rows (see Figure 1). Thus, the coverage index for arith-
metic for Country D is .74 and the standard deviation is .12.
This means that the average teacher with a pop A class in
Country D claims his/her students have been taught the
material involved in 74% of the items under consideration.
The standard deviation is the measure of variation in cove-
rage C among teachers in Country D on that particular set
of arithmetic items.

Since it is true that virtually all youngsters in a nation
eventually make it through the pop A level, the variation in
coverage is the main source of vacation in the mathema-
tics which is offered to pop A students. The data in Table 1
show substantial variation from country to country, and as
well the standard deviations show sizeable variations
among classes within countries. It is true then that there
are many youngsters who miss out on instruction in a sub-
stantial amount of the content defined by the SIMS Pool,
even in such popular topics as arithmetic. Since this is a
phenomenon which affects all countries, it may be one of
the features of the present mathematics curricula that is dif-
ficult to change. This would be especially interesting if it
can be shown that the youngsters who miss out on cove-
rage are the ones who cluster in classes which spend time
on unlearned content of earlier grades and/or require more
than the usual amount of time to cover most topics. If this
is true then it would appear that the teachers of slow
classes have adjusted the pace to the needs of their stu-
dents.

Although retention is uniformly high through the pop A
years, it is nevertheless true that there is considerable
variation in the amount of time taken by students to get
through to the pop A level. This suggests variation in pace.
Table 2 shows the mean age in months for both the pop B
and the pop A students. The first message which emerges
from this table is that some countries appear to take much
less time to get through to the end of the pop A year than
others. Country A requires only 162 months. Country K
requires 166 months, and the other countries spread them-
selves over a range of many months. What interpretation
such data have for deliberations about mathematics-for-all
may be clearer when the associated p-values for student
performance are presented at some future point in time. In
their absence it appears that mathematics-for-all can be
pursued as effectively by following the lead of countries
with a low mean age as those with high mean age.



The above argument seems to be in conflict with the
hypothesis proposed by Cockoroft* that the pace of mathe-
matics education must be slowed down if we are to keep
enough students in the mathematics courses to accurately
label it mathematics-for-all. Table 2 showed us there is
wide variation in pace because there is wide variation in
age among counties. If pace were related to retention at
pop A or retention later then the age variation should be
somehow related to retention. We have made the supposi-
tion that pace, for our purposes, is really coverage divided
by time (age in months) and we have found that pace at
pop A is unrelated to retention or any other variable of cen-
tral interest. What seems to have happened then is that
most contries have maintained a «pro-
motion-by-performance» standard policy and this, in turn,
has lead to retardation or failing of significant numbers of
students. The failing of students, or the forced repetition of
grades by students thus shows up a slowing of pace, but
this type of slowing the pace seems not to have provided
any positive outcomes. Another way of stating it is that no
violence is done to the concept of mathematics-for-all
when age promotion rather than the slower paced, promo-
tion-byperformance standards is adopted at the elementa-
ry grade levels. Indeed, it can be postulated that violence
may be done to the concept of mathematics-for-all if annual
promotion-by-performance standards has the effect of
retarding student progress to the point that many students
give up schooling and mathematics the minute that they
attain the legal leaving age. Clearly, more data and more
study are required before such generalisations can be
widely accepted.

The story is different at the pop B level. Table 3 shows the
coverage data means and standard deviations. Again,
there is wide variation both among contries and within. But
these coverage data cannot speak to the issue of mathe-
matics-for-all until they are augmented by the retention
data. Table 4 shows coverage, retention and yield data for
each country which possessed the necessary data. Now
the variation among countries is even more evident, and
the possibility of finding relationships seems promising.

In order to get one central relationship quickly we
can look back at Table 2 which shows the mean age
for the students in pop B. Along with these mean
ages | have introduced the difference in ages bet-
ween pop A and pop B. Now it seems evident that
the countries which are attaining the highest yields
are those which provided their students with the lon-
gest time interval between pop A and pop B. namely
Countries E, O. A and K. What emerges then is a
tentative conclusion which supports the Cockcroft
hypothesis and as well reinforces the Damerow posi-
tion elaborated in his paper on mathematics-for-all.
It must be conceded that Countries C and F possess
high yield, but a more thorough analysis of these

4 Cf. Footnote 2.

countries in the Volume | of SIMS indicates that Country C
has the lowest level of attainment by far and hence what is
taught is no indication at all of what is learned. Country F
also pays a price of low student attainment, and for pur-
poses of the present argument that country as well as
Country C is discounted. The SIMS data not only offer
assistance in our debate by providing empirical support for
the Cockcroft and the Damerow positions but also they
help us to identify at least tentatively some of the bounda-
ries beyond which this central pace hypothesis may be fal-
sified.

Perhaps the first boundary worthy of attention is the one
which separates pop A from pop B. On the surface it
appears that the «slower pace produced higher yield»
hypothesis breaks down between pop A and pop B. An
alternative explanation of the data may be that the type of
slowing down which is produced by annual performance
promotions, i.e., failing the lowest students, has its own
negative effects which in turn counteracts any benefits of
the apparent slowdown. Another point arises here which
requires attention. It is the possibility, indeed probability,
that pace is a variable which has an optimum level such
that either an increase or a decrease from it is likely to pro-
duce a reduction in learning. It is also likely true that opti-
mum pace is unique to individuals, and hence a general
increase in pace will be beneficial to some students and
detrimental to others. If we return to the data now, and
focus on the fact that the two countries with the lowest
mean age at pop A are also high in yield at pop B. we may
suggest that the pace in the elementary grades could be
too slow in many countries. If this were not true then why
would the apparently fast-paced nations do so well? When
we move to the pace issue at the secondary level the situa-
tion is quite clearly reversed and the nations with the slo-
west pace through the pop B years are the ones which
seem to be benefitting the most. Thus, the
Cockcroft-Damerow hypothesis is most likely to be helpful
in our analysis of the secondary school program.

The SIMS data provide another way of looking at the
pace issue. The «opportunity-to-learn» data have been
aggregated in a matrix form which reveals item-by-item
and class-by-class coverage. In the case of Country E,
for instance, there are five matrix displays shown in
Figure 4, one for each of the item clusters arithmetic,
algebra, geometry, probability and statistics and mea-
surement. Each row corresponds to a test item in the
SIMS Pool and each column corresponds to a class
(Country E had a sample of 85 classes), and hence
there are 85 columns in each of the matrix displays.
The reason that this form of display takes on meaning
in the pace debate is that the ordered columns clearly
distinguish between classes with higher and lower
coverage. This same distinguishing among classes on
coverage is, in fact, a distinguishing among classes on
the variable we have called pace. The fast-paced
classes are on the left; the slow-paced on the right. My
discussions with classroom teachers about these
matrices has reinforced my own view that we have at
present wide variations in pace among our
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classes and that these variations are likely the result of the
classroom teachers’ attempt to accommodate the pace to
the capabilities of the students. The fact that the matrix dis-
plays for virtually all countries reveal similar variations in
pace among classes suggests that there is some common
reality tied to such data. What that reality is, and how it can
be utilized in moving towards a viable mathematics-for-all
is the present problem. My feeling is that the reality here is
precisely the one we are looking for, namely that pace can
be slowed, and in fact is already slowed, for the advantage
of the below average student.

The potential for benefits from manipulating pace is sug-
gested by a consideration of some matrix displays at pop
B. Figure 5 shows Country E and Country F. and the fea-
ture of these displays which is most evident at first glance
is the low coverage in «analysis» for Country F compared
to high coverage for Country E. If Country F should prefer
to cover the same amount of analysis as Country E it could
consider the possibility that the extra time in secondary
school (55 months versus 47 months) could do it. Also, the
possibility that lower retention could be a factor must be
considered. My own speculation is that the slower pace in
secondary school in Country E accounts for both higher
coverage (than Country F) and for higher retention (than
other countries except Country F).

There are insufficient data at the present time to warrant
definitive claims, but the debate is just beginning now, and
| believe the SIMS data and their various new forms of
aggregation will eventually lead us to general relationships
among truly fundamental educational variables. If we can
indeed manipulate learning through the manipulation of
pace then we may begin the process of moving towards
mathematics-for-all even before we know what the nature
of the content should be.

Table 1: Implemented Coverage Indices C* (see Figure |
below)

| wish to close my contribution to the debate on mathe-
matics-for-all with a brief and simple analysis of the issue
of content selection. | wish to suggest that a rationale for
mathematics which appeals to the «<new» clients of mathe-
matics, i.e., the middle level students who constitute the
backbone of society, must be carefully constructed. | belie-
ve that a market oriented rationale is quite appropriate.
Such an orientation is likely to be widely accepted if it is
true, and if it can be shown to be true, that the students in
the middle and below the middle on our mathematics com-
petence scale will be required to use mathematics, or
«mathematics-for-all» in their chosen work in the market-
place. Some observers suggest that
mathematical-skill-based sophistication in the marketplace
will increase dramatically as hi tech moves into a dominant
market position. Under such circumstances it is true that
mathematical-skill-based sophistication should be introdu-
ced into the core of the mathematics curriculum which
Damerow is proposing. How to identify the precise ingre-
dients in this new core is not known, but there should be
mechanisms available for arriving at a best guess.

While it is true that many observers see an increasing
need for mathematical sophistication on the part of the ave-
rage worker, there are other observers who suggest that
the «user friendliness» of computers yet to be introduced in
the marketplace will place fewer demands of a mathemati-
cal nature on the typical citizen in the workplace. | have not
yet seen a clear answer for this issue. My intuition sug-
gests dramatic increases in sophistication but | have no
data to support my intuition. Perhaps mathematics educa-
tors should be prepared to collaborate with representatives
of government and business in an effort to identify the
generic skills needed in our new core mathematics-for-all.
Then we can hope to make significant progress in the
quest for mathematics-for-all.

Population A
POP A MEA ARITH ALG P&S GEO WGTD
(14) (46) 30) (18) (39) MEAN (SD)
MEAN (SD) MEAN (SD) MEAN (SD) MEAN (SD) MEAN (SD)

Country A 94 (8) 85 (29) 8327 75 (28) 52 (31) 75

B 84 (12) 84 (20) 81 (23) 52(17) 56 (27 72

C 79 (5) 74 (15) 72(17) 68 (19) 69 (23) 72

D 74 (12) 73(17) 60 (16) 63(17) 50(22) 70

E 82 (12) 86 (16) 69 (20) 61 (20) 49 (23) 69

F 74 (14) 85(17) 82 (15) 47 (20) 49 (27) 69

G 88 (12) 83 (24) 83 (14) 49 (21) 42 (27) 68

H 74 (11) 84 (18) 68 (18) 70 (19) 44 (24) 67

1 80 (10) 77(19) 66 (21) 32 (14) 61 (27) 63

J 68 (15) 66 (25) 62 (23) 58 (18) 60 (30) 63

K 71 (19) 74 (28) 69 (22) 51(21) 37 (20) 60

L 81(13) 74 (25) 71(19) 37(22) 29 (30) 58

M 81 (22) 79 (18) 51(21) 32 (25) 35 (25) 56

N 51(8) 59 (15) 70 (12) 43 (17) 36 (200 52

0 64 (24) 62 (30) 42 (22) 42 (19) 32 (26) 48

P 31 (12) 28 (16) 38 (14) 28 (13) 28 (19) 30
MEAN (SD) 74 (15) 73 (15) 67 (14) 50 (14) 46 (12) 62(12)
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Table 2: Mean Age in Months

Country PopA Pop B Diff.

A 162 217 55
B 171 218 47
C 171 217 46
D 170 217 47
E 167 222 55
F 168 215 47
G 170 214 44
K 166 223 57
L 170 217 47
N 168 214 46
o] 167 228 61

Table 3: Implemented Coverage Indices C

Population B
POPB ALG ANAL NUM SETS FIN P&S GEO WGTD
(25) (45) (19) (7) 4) (7) (29) MEAN (SD)
MN (SD) MN(SD) MN (SD) MN (SD) MN (SD) MN (SD) MN (SD)
Country A 100 (1) 94 (7) 82 (32) 95 (9) 99 (0) 83 (26) 85 (28) 91
E 91 (10) 92 (10) 81 (15) 83 (19) 93 (6) 72 (16) 74 (23) 85
J 92 (10) 94 (11) 88 (12) 85 (22) 52 (10) 86 (11) 68 (28) 85
K 92 (19) 88 (13) 87 (13) 87 (16) 83 (6) 85 (17) 70(37) 84
L 91 (10) 87 (13) 76 (21) 89 (11) 63 (3) 44 (16) 76 (24) 82
D 85 (12) 86 (13) 73(18) 55 (19) 60 (6) 67 (20) 62 (30) 75
(0] 84 (18) 83 (18) 80 (21) 56 (28) 83 (4) 73 (16) 55 (37) 75
c 62 (12) 73 (16) 68 (14) 75 (8) 70(22) 77 (20) 62 (19) 68
H 87 (16) 57 (24) 80 (19) 81(19) 55 (17) 46 (30) 52 (37) 65
B 70 (14) 60 (27) 69 (13) 75(12) 85 (6) 81 (7) 53 (28) 64
N 56 (20) 73 (20) 50 (21) 28 (17) 43 (4) 17 (6) 35 (35) 52
F 81 (22) 35(33) 74 (28) 66 (27) 9 (12) 28 (34) 43 (38) 51
MEAN 82 (13) 77 (18) 76 (10) 73(19) 66 (25) 63 (24) 61 (14) 73 (13)

* (Not collecting OTL data were: Belgium (FR), Hong Kong. Nigeria and Scotland.)

Table 4: Coverage Retention and Yield

Population B

Country Ct R Y
A 89 12 107
B 59

C 65 50 325
D 71 6 43
E 84 19 160
F 49 30 147
H 65 12 78
J 84 1" 72
K 84 15 126
L 84 10 84
N 46 6 28
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Implications of the Cockcroft Report
Afzal Ahmed

1. Mathematics permeates the whole society and its use
seems to assume ever increasing importance as our socie-
ties become more technological and complex.
Mathematical methods and thinking are not the prerogative
of scientists, engineers and technologists only, they are
used by people in making everyday decisions. Their use in
analysing individual behaviour, to study opinions and atti-
tudes is also increasing. The place of mathematics in both
primary and secondary school curricula for all pupils is also
evidence of general agreement that the study of mathema-
tics, along with language is regarded by most as essential.
Is it not ironic that the subject which has assumed such
prominence in society is also that which is most closely
related to failure? Low attainment in mathematics has cer-
tainly been at the centre of the education debate in Britain
throughout this century.

2. The Committee of Inquiry into the Teaching of
Mathematics in Schools in England and Wales, of which |
was a member, was set up in 1978 as a result of concern
about the mathematical attainment of pupils.

| must be careful not even to attempt to summarise the
report of this committee «Mathematics Counts», which was
published in January 1982.1 | would, however, use relevant
evidence from this report to discuss the aims and focus of
the Curriculum Development Project for Low Attaining
Pupils in Secondary Schools Mathematics which | am
directing. This is a three-year project which commenced in
September 1983 and is one of three projects com-
missioned by the Department of Education and Science as
a result of the concern raised in the Cockcroft Report (The
other two projects concern the assessment procedures for
low attaining pupils.) | shall not confine this paper to the
work of this project nor does the paper contain official
views of the project. | merely use the findings of the
Cockcroft Report and my own project to support the views
expressed in this paper.
Paragraph 334 of the Cockcroft Report begins with the fol-
lowing sentence:

Low attainment in mathematics can occur in children whose general
ability is not low. «

This, of course, is true of adults too, and this fact is illus-
trated quite vividly in Brigid Sewell’s report on

1 Great Britain Department of Education and Science (1982):
Mathematics Counts Report of the committee of Enquiry into the
Teaching of Mathematics in Schools the Cockcroft Reporter
HMSO.

the use of mathematics by adults in daily life.2 This enqui-
ry was undertaken in association with the Cockcroft inqui-
ry, Section 6(ii) of this report states:

«Many of the people interviewed during this enquiry were inhibited
about using mathematics, this led them to avoid it as much as pos-
sible and in some instances it has affected their careers. The inhibi-
tion was most marked among women who had specialised in arts
subjects. The more educated were affected to a much greater extent
than the less educated.»

3. The solution to the problems of low attainers in mathe-
matics is not simply dividing pupils into the following three
groups and then providing separate curricula for each:

a. those who are good at mathematics;

b. those whose general ability is not low but are failing at

mathematics;

c. those whose general ability is low and are failing at

mathematics.

The problem is much more complex since we do not know
enough about the way children learn, we are not agreed on
the nature of mathematics and there is little known about
effective teaching methods. Moreover, the differentiates at
which pupils learn and a wide variation in attainment at a
particular age, make it impossible to categorise pupils in
the above groupings with any degree of permanence.
Another main factor is that teachers want to keep all
options open to enable pupils to enter public examinations
at the highest level possible. There are further factors such
as previous school experience, environment, attitude and
motivation which influence the attainment of pupils in
mathematics, so the idea of separate maths curricula for
separate groups does not offer much promise.

4. Past attempts at making suitable curriculum provision for
mathematics for all pupils have focused on change of
content, groupings of pupils and management of
resources. The impact of these changes on mathematics
education has not been significant Mathematics for the
Majority.3 The Schools Council Project in Secondary
School Mathematics was set up in 1967 to help teachers
construct for pupils of average and above ability. The
courses relate mathematics to pupils’ experience and pro-
vide them with some insight into the processes that lie
behind the use of mathematics as the language of science
and a source of interest in everyday life.

This was an admirable aim and the project was inspired
by the «Newsom Report» published in 1963 under the title
Half our Future.4

The following two quotes would, | hope, indicate the ins-
piring nature of this report:

2 Sewell, B. (1982). Use of Mathematics by Adults in Daily Life.
Advisory Council for Adult and Continuing Education.

3 Mathematics for the Majority (1970): Chatto & Windus for the
Schools Council.

4 Ministry of Education (1963): Half our Future. HMSO.
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«Our aim in the teaching of mathematics to all pupils, to those with
average and below average ability no less than to those with marked
academic talent, should be to bring them to an interest in the content
of mathematics itself at however modest a level.» (Paragraph 459)

«Few, if any, of our pupils are ever likely to become mathematicians,
but some may well come to find satisfaction in mathematical work if
its purpose has first been clearly seen and confidence established
through the successful use of mathematics as a tool.» (Paragraph
422)

Note: Our pupils refers to half the pupils of secondary schools, i. e
those for whom public examinations were not originally designed.

This project contained some very exciting, attractive and
relevant material for teachers and pupils but the evidence
of its lack of impact on schools is provided by the following
comments from recent reports on mathematics teaching in
secondary schools.

«The work was predominantly teacher controlled: teachers explai-
ned, illustrated, demonstrated, and perhaps gave notes on proce-
dures and examples (...) A common pattern particularly with lower
ability pupils was to show a few examples on the board at the start
of the lesson and then set similar exercises for the pupils to work on
their own (. ) At the worst it became direct ‘telling how’by the teacher,
followed by incomprehension on the part of the pupils (...)» (H M |
Secondary Survey, Chapter 7, Section 6.35)

«(. . .) and in the majority of the classrooms the teaching did not aspi-
re to do more than prepare the pupils for examination (...)» (H. M. 1.
Secondary Survey, Chapter 7, Section 6.25)

From the Cockcroft Report®

«(...) Mathematics lessons in secondary schools are very often not
about anything. You collect like terms, or leamn the law of indices, with
no perception of why anyone needs to do such things. There is
excessive preoccupation with a sequence of skills and quite inade-
quate opportunity to see the skills emerging from the solution of pro-
blems. As a consequence of this approach, school mathematics
contains very little incidental information. A French lesson might well
contain incidental information about France - so on across the
curriculum; but in mathematics the incidental information which one
might expect (current exchange and interest rates, general knowled-
ge of climate, communications and geography, the rules and scoring
systems of games; social statistics) is rarely there, because most
teachers in no way see this as part of their responsibility when tea-
ching mathematics We believe that this points out in a very succinct
way the need -which is by no means confined only to courses for
low-attaining pupils - to relate the content of the mathematics course
to pupils experience of everyday life.» (Paragraph 462)

5. It is interesting to note that although recent reports point
out that teachers seem to concentrate on teaching rigidly to
examination syllabuses and spend a vast amount of time
on teaching routine skills they are not successful in increa-
sing the proportions of pupils who Can perform these skills.
Interesting evidence of this is provided by Dr. Margaret
Brown in her article Rules Without Reasons? «7 According
to her, in some cases the proportion actually decreases!

5 Great Britain, Department of Education and Science (1979):
Aspects of Secondary Education in England. HMSO.

6 See Footnote 1.

7 Brown, M. (1982). Rules without Reasons? In: International
Journal of Mathematics Education, Science and Technology. Vol.
13, No. 4, pp. 449-461.
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Further serious and disturbing evidence has been quoted
in Paragraph 444 of the Cockcroft Report. It points out that
according to examination board regulations, the
16-year-old pupil of average ability who has applied himself
to a course of study regarded by teachers of the subject as
appropriate to his age, ability and aptitude may reasonably
expect to secure grade 4 in the certificate of secondary
education. The mark required to achieve grade 4 in mathe-
matics is often little more than 30% ! This implies that
pupils of average ability can only obtain one-third of the
possible marks, and it can only damage pupils’ confidence
since the examinations are normally set on the syllabuses
which teachers say they need to spend most of their time
on.

6. So what are the reasons for teachers continuing to teach
in largely ineffective methods? The reasons are complex
but not unsusceptible to some analysis. In many cases tea-
chers are not unaware of the failure of the system they are
operating but their perception of the constraints which force
them to operate in a restricted way is often misleading and
mixed up. If one were to ask them the reasons for not chan-
ging their teaching approaches, as | often do, one is likely
to receive a fairly standard catalogue of reasons such as
resources, time, class size, disruptive pupils, rigid exami-
nation system, lack of pupil motivation, demands from
employers and universities, pressure from parents, political
pressure, lack of suitably qualified mathematics teachers,
lack of technical support in mathematics departments and
so on. Some of these pressures are real and others’ per-
ceived ones only but they do keep teachers locked up in
operating an ineffective system.

7. The Cockcroft Report has pointed out that the mathe-

matical education which many pupils are receiving is not

satisfactory and that major changes are essential .

The major changes as far as the teaching approach is

concerned are outlined in Paragraph 243, the most quoted

paragraph of the report—

" Mathematics teaching at all levels should include

opportunities for

- exposition by the teacher;

- discussion between teacher and pupils and between
pupils themselves;

- appropriate practical work;

- consolidation and practice of fundamental skills and rou-
tines;

- problem solving, including the application of mathema-
tics to everyday situations;

- investigational work "

Unlike previous reports which were mainly aimed at tea-
chers, the Cockcroft Report in Chapter 17 has recommen-
ded active co-operation of the six main agencies for effec-
tive change. Teachers at the front local education authori-
ties providing support, examining boards, central govern-
ment, teachers’ training institutions and those funding cur-
riculum development and educational research. Co-opera-
tion is also sought from employers and the public at large.



8. In this climate of support from the above agencies, with

a nation-wide program of «post Cockcroft» activities sup-

porting us, we have found that the following aims of our

project for low attaining pupils in secondary schools can be
realistic and help focus attention on aspects crucial in brin-
ging about change in the teaching of mathematics:

- to encourage teachers to change their attitudes about

ways in which low attainers learn mathematics;

- to help teachers to interpret the Cockcroft Committee’s

«Foundation Lists» (Paragraph 458) in the spirit of

Paragraph 455 to 457 and 460 to 466, i.e., suggest activi-

ties which should involve low attaining pupils in a wider

range of mathematics than the usual restrictive diet of

«basics»;

- to provide teachers with ideas and strategies which
should enable pupils to change their perceptions of
mathematics, encourage them not to view the subject
just as a body of knowledge which has to be «passed
on» fact by fact;

- to suggest ways in which teachers can continually gain
insight into pupils’ mathematics without having to rely on
formal tests;

- to suggest ways in which pupils can arrive at con-
ventional methods and terminology through their partici-
pation in problem-solving activities and investigatory
mathematics;

- to suggest ways of working which should enable pupils
to see links between mathematics and other subject
areas;

- to suggest ways of working which should help teachers
to develop pupils’ confidence and independence in
handling mathematics;

- to suggest approaches which should help teachers cope
with different rates of learning amongst low attainers.

9. We have begun with a viewpoint that there is already a
large amount of material available for pupils, and the pro-
blem lies in its incorporation into the classroom. Transfer of
material from one teacher to another, or one classroom to
another is not straightforward and often causes sufficient
difficulties for the second teacher to reject the material as
unsuitable or justify its failure by cataloguing external pres-
sures.

We have concentrated in the first instance on developing
«good practice» in twelve chosen schools from six local
counties. One teacher/researcher has been released from
timetable commitment from each case study school on a
fixed day every week. We find it essential that
teacher/researchers are not released full-time and for the
rest of their working week they are in the real environment
of schools where changes are intended to take place. The
value of this work will lie in the opportunity to find common
and distinctive features, to follow these up and probe fur-
ther in order to provide a basis for making decisions about
any contributory reasons for success and failure of material
and methods.

These case studies should enable other teachers to iden-

tify with situations and experience and to predict the likely
measures of success in their own classrooms. We are also
convinced that the growth in implementation of changes
will not come about by written publication only. We are
using a «cellular-growth» model for development and dis-
semination of ideas. In all the six counties we have deve-
loped a growing network of teachers, through full and
part-time inservice courses, who are participating in trials
and feedback. Naturally, the teacher/researchers are
increasingly involving all the other teachers of mathematics
in their own school, and we have considered it most impor-
tant that teachers of other subjects appreciate the changes
taking place and support them.

We are hoping that inservice packages (including video
tapes) related to case studies will be produced for general
dissemination to advisory staff, heads of departments in
schools and teacher-training institutions. It is even now
apparent that this will serve to outline the development pro-
cess outlined above. We think it very unlikely that there is
any short cut.

10. It is not my intention to discuss in detail all the areas of
exploration we have undertaken so far, but only to provide
a glimpse of some significant issues relevant to the theme
of this paper.

In considering the courses for 11- to 16-year-old pupils the
Cockcroft Report in Paragraph 451 states:

«we believe it should be a fundamental principle that no togic should
be included unless it can be developed sufficiently for it to be applied
in ways which the pupils can understand (...)»

The chief reason offered by teachers for not using methods
which enable pupils to apply their mathematics is the lack
of time. | believe that the issues are more complex than this
and are associated with confidence and the scale of per-
ceptual leap required in changing their beliefs about how
children learn mathematics.

The Cockcroft Report points out:

«In order to present mathematics to pupils in the ways we
have described it will be necessary for many teachers to
make very great changi_les in the ways in which they work at
present (_..) (Paragraph 465)

Enabling these changes to take place so that teachers
implement them from the position of conviction and confi-
dence is at the centre of our project.

11. One major obstacle for teachers in changing their
methods of teaching is their anxiety about «covering» the
syllabus. This is further complicated by the fact that very litt-
le effort has been made to disentangle the teaching of those
aspects which almost all pupils need to come across such as
reading charts, diagrams and tables, interpreting simple sta-
tistical data, simple ideas of probability, ideas of inference
and logical deductions, developing a feel for simple measu-
rements, visualising simple mechanical movements and
many other areas outlined in the Cockcroft Foundation List
(Paragraph 458) from the teaching of those more sophisti-
cated parts of mathematics which the able and interested
pupils might study, e. g. deductive geometry, calculus, alge-
braic manipulation etc. The able minority often misses out
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on the aspects of mathematics for all outlined earlier since
these are glossed over by their teachers who regard these
topics not as an area of experience but as «bits» of know-
ledge pupils need to possess.

Teachers of mathematics, who themselves were mainly
an able minority, as well as pupils tend to resort to the way
they were taught mathematics. There is little change in the
methods used to teach the aspects of mathematics which
the able minority will learn compared with those aspects
covered by most pupils (including the able). The main
change consists in diluting, or what is referred to as «wate-
ring down» the content and presenting topics in small easy
steps with plenty of practice examples. The result is trivia-
lising and makes mathematics meaningless for most
pupils. A large number of pupils, even those are able, tend
to lose interest and find little meaning in this activity and
hence lose confidence in the subject. There is also a ten-
dency for teachers to teach topics on a syllabus, systema-
tically, item by item and believe that if all the topics have
not been taught their pupils will suffer.

In order to ensure that topics are covered, it is possible to
rush these through in a narrow, restricted manner rather
than embedding them in a wider context allowing pupils to
reflect upon the use of the mathematics presented to them
and discussing the appropriateness of methods used by
them. Algorithms are often taught to pupils too soon, and
there seems to be an assumption that once taught they are
remembered. The Chelsea Report, Understanding Math-
ematics 11 - 168 points out:

«The teaching of algorithms when the child does not understand may
be posﬂwely harmful in that what the child sees the teacher domg is
‘magic’ and entirely ‘divorced’ from problem solving.» (Chapter 14)

Mathematics, in daily life, is not encountered in small pac-
kages as taught by fragmenting a syllabus or in the form of
the straight-forward command of the textbooks. It appears
in context in a variety of spoken or written language and
social situations. The Cockcroft Report proposes that its
Foundation List of Mathematical Topics (Paragraph 455)
should form a part of the mathematics syllabus for all
pupils. This list reflects situations in which people meet
mathematics in life, and the emphasis of the report is on
presenting mathematics in a context in which it will be
applied to solving problems.

12. «At all stages pupils should be encouraged to discuss
and justify the methods which they use.» (Cockcroft
Report, Paragraph 458)

The implications of the suggested changes in teaching
styles for teachers are great for those who have not wor-
ked in this manner. It would certainly call in question the
conventional method of designing curriculum in terms of
topics, concepts and skills. For example, it could mean that
a teacher would need to have a collection of «situations»,
problems and inves-

8 Hart, K. M. et al. (1981): Children’s Understanding of Mathematics
11-16. John Murray.
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tigations to offer to pupils and the consideration of mathe-
matical outcome of these in terms of content and pro-
cesses for individual pupils would be a retrospective acti-
vity by the teacher. For example, consider a situation
where a pupil is presented with 5 pence and 7 pence
stamps and asked:
a. What totals can he make if he has as many of each as
he wishes?
Are there more?
Can he convince others?
What happens with other stamps,

3 pence and 5 pence?

5 pence and 9 pence?
Some of the outcomes of this activity, depending on the
levels at which individuals tackle this problem, could be
listed as follows:

cooT

Generalisation and Factors
Organisation of work Multiples
Pattern spotting Addition and

multiplication

Hypothesising and Algebra

testing Permutation
Formalising Combinations
Exclusion Primes and composites
Checking etc. Triangles

Modular arithmetic etc.

For a confident and experienced teacher, this way of wor-
king could enable him to overcome the major problem of
not limiting a child’s attainment since the choice of rich star-
ters would enable all pupils to become engaged in the acti
vity and offer an opportunity for follow-up work in depth for
those who were interested and able to do so: This would
certainly help to overcome the problem of offering motiva-
ting, relevant and challenging mathematics without re-
stricting pupils’ opportunities for taking any external exami-
nations. Although the change in emphasis may appear
small, the solution is not as simple as it appears. Teachers
who are used to assuming the major control of their pupils’
learning find it extremely difficult to change their focus.
Pupils also become used to the idea that teachers will
always have the right answers and the right method for all
problems, and if they wait long enough these answers
would be provided by the teacher directly or through the
«bright» pupils in their group. Under these circumstances,
pupils do not find it easy to change their role and assume
responsibility for their own learning.

These changed perceptions of mathematics learning and
teaching need to develop in a climate of mutual trust and
confidence.

13. In her publication «Generating Mathematical Activity in
the Classroom»? Marion Bird has used written records of a
class of 11-year-old pupils to demonstrate that it is possible
to teach in a way which encourages pupils to begin to ask
their own

9 Bird, M. (February 1983): Generating Mathematical Activity in the
classroom. west Sussex Institute of Higher Education.



questions, to control the direction of their investigations, to
make conjectures and think how to test them to make and
agree on definitions and equivalences, to search for pat-
terns, to make generalisations and to seek for reasons for
what seems to be happening.

One of our project activities has been to examine a large
number of case studies developed by teachers who have
been trying out these teaching approaches in the class-
room and identifying general features which facilitate the
work and the mathematical activities and those features
which inhibit them. These «facilitators» and «inhibitors»
have been found very helpful by teachers attempting such
an approach in the classroom. We have been exploring
methods of involving teachers of other subjects in suppor-
ting these developments since their attitude can have a sig-
nificant influence on pupils. We have also been exploring
simple but effective methods of sustaining networks of tea-
chers who can offer each other support, encouragement
and stimulus - all important ingredients of bringing about
effective change. A collection of ideas and strategies which
would enable teachers to initiate a greater change of focus
in the control of learning in the classroom has been compi-
led. This has also provided some initial starting strategies
which have been tried out in several classrooms.

10»The Mathematical Association Diploma in the Teaching of
Mathematics to Low Attaining Pupils in Secondary Schools» was
piloted at the West Sussex Institute of Higher Education, the
Mathematics Education Centre and at Bishop Grosseteste
College Lincoln.

We are also observing and developing case studies on
effectiveness of various strategies for inservice support,
e.g. teachers visiting each others schools, teachers relea-
sed to work with other teachers in their own schools etc.
Finally, it seems clear to us that the most effective change
can come about by starting from the teachers’ own
strengths and building from there. This, in the time of great
pressure on inservice finance, can be an extremely slow
process. It would be counterproductive and a retrograde
step if we allowed ourselves to be seduced by short cuts
which entail offering crutches to support teachers.

The development of the Mathematical Association Diploma
in the Teaching of Mathematics to Low Attaining Pupils 10,
for which some teachers can be released for one day a
week over a year under a central government scheme is
already proving an effective agent for change. We need to
think seriously about the continuation of these develop-
ments undertaken by teachers who have completed these
courses and widening the means of supporting those who
are not able to have such an opportunity. The extreme im-
portance and enormous benefits of teachers released from
schools to work with other teachers and the effective pro-
grams for such activities can be a theme for another paper!

Details available from:

The Secretary of the Diploma
Board

The Mathematical Association
259 London Road

Leicester LE2 3BE

England
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Universal Mathematics Education and its
Conditions in Social Interaction

Achmad Arifin

As far as | understand, universal mathematics education is
mathematics education having everyone in a society as its
target. Its objective is to educate the society to be more
intelligent in utilising the available resources or opportuni-
ties to improve their welfare and prosperity. What we need
is a mechanism to bring mathematics education to everyo-
ne in the society. This mechanism should have the ability
to disseminate the intended changes or improvements at
any time. School system should be in the mechanism. But
the school system alone cannot be made responsible for
bringing mathematics education to everyone or to carry out
improvements in mathematics education.

Improvement followed by another improvement, or change
followed by another change, will be the feature of mathe-
matics education in particular as a consequence of the
rapid development of mathematics as well as that of scien-
ce and technology.

The mechanism should be able to channel the needed
changes and improvements to the school system without
any disturbances, that is to say, as smooth as possible. For
a country with a large population the need in such mecha-
nism can be very urgent.

In the implementation of universal mathematics education
the active participation of the community can contribute a
great deal in reaching the target.

In this paper | will try to describe how we should raise
community participation in carrying out universal mathe-
matics education through looking at the aspect of interac-
tion. In developing the mechanism the mathematics itself
and its process of development should be brought as close
as possible to the place where mathematics education is
going to be developed. Because the role of the mathema-
ticians and their activities is also significant in initiating the
development of universal mathematics education.

1. Social Structure

Setting the ultimate objective of education as to develop
the society toward attaining a better standard of living
means that education should be the concern of everyone in
the society. To enable the society or the community to par-
ticipate in the process of education a certain interrelation-
ship has to be developed between the society and the
school system. Since interaction is a component which
basically supports the educational process, we may exa-
mine the interrelationship mentioned above from the
aspect of interaction. To pave our way to this purpose, we
generalise our examination by looking at the interactions
that happen in a society.
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Social structure in a society is understood to be the tota-
lity of interactions among people or groups of people.
Depending on its quality, social structure can influence the
survival and the development of the society. Through inter-
actions the society improves its ability for continuing its sur-
vival by utilising the resources and opportunities that are
available in its disposal. These interactions are social inter-
actions.

Let us direct our attention to the social interactions which
contribute to the improvement of people’s ability and refer
to this particular interaction as a positive interaction. Since
interaction can happen between people and their environ-
ment, social as well as natural one, we generalise the mea-
ning of positive interaction as to include not just the social
one.

2. Positive Interaction

Looking at a particular society we may always ask whether
interactions happen among individuals in that society.
Assuming that interactions happen among them we may
further ask, what are the kinds of interactions and how
intensive they are. What we should identify are those inter-
actions which have the effect on increasing individual’s
knowledge or sKill, or individual’s ability in general.

On the other hand, someone may gain additional know-
ledge or skill through reading books or observing natural
phenomena. Can we say that someone gains additional
knowledge and skill through interaction between him or her
and the books he or she is reading or between him or her
and the natural phenomena he or she is observing? The
answer is yes, but this will depend on the way he or she
reads the books and observes the phenomena. Certainly
someone needs a certain ability in order to undergo these
kinds of interactions.

We generalise the meaning of positive interaction to inclu-
de any interactions which contribute to the development of
abilities of individuals or groups of individuals. It can hap-
pen in various Kinds and patterns between individuals and
their surroundings. This positive interaction is actually an
important aspect in the educational process. It provides
opportunities to individuals to improve their ability. With
their continually improving ability the people will have
opportunities to contribute to the development of their
social structure.

Positive interaction is expected to happen life-long for
each individual. Someone needs some knowledge and skill
to initiate positive interaction with his or her surroundings.
In particular, someone should be able to utilise information
to get some additional knowledge and skill, or to improve
his or her ability in general. Facilities like libraries or
museums which exhibit new developments, for instance in
science and technology, form resources of information.
These can provide stimuli to motivate positive interaction to
happen continuously with increasing intensity and quality
as to fulfill the needed ability.

Someone’s continual efforts for improving abilities, or
developing new abilities can be considered as the conse-
quences of the rapid development in various sectors. The
developments in science and technology in particular crea



te challenges in their utilisation. To cope with these chal-
lenges, particular abilities have to be made to exist.
Leaving the development of such needed abilities to indivi-
duals’ motivation and initiation, through their involvement in
positive interaction, might take a long time. Therefore, an
organised effort is needed to design positive interaction to
happen in a certain time period and space.

3. School Interaction

Someone needs to have certain abilities in order to be able
to get involved in a positive interaction. Someone needs to
know the language of the book he is reading, or perhaps he
needs some knowledge about the topics discussed in the
book in order to get some additional knowledge about the
topics. In general, someone needs some basic knowledge
and skill to draw additional knowledge from the book he is
reading, from the discussion with someone else, from the
observation of a natural phenomenon, etc.

To organise positive interaction to happen in a certain time
period and space is particularly aimed at providing indivi-
duals with some basic knowledge and skill. Positive inter-
action which is designed to happen in a certain time period
and space is an important aspect pertinent to what we
understand as school. | refer to this positive interaction as
school interaction or classroom interaction. The ability of
individuals in carrying out further development of their own
ability as well as that of their society independently is usu-
ally set as the main objective of school interaction. This fur-
ther development of ability can be carried out through posi-
tive interaction.

A school is a place where people who have different back-
grounds and come from different environments come toge-
ther with the intention to learn. The people who come to
learn at a certain school constitute a society of students
with a certain characteristic, that is a certain level of readi-
ness to get involved in positive interactions.

On the other hand, the school is equipped with a curricu-
lum containing a series of programs of teaching and lear-
ning process as a means to achieve the objective as set in
the curriculum. In this junction where the interface between
student background and school curriculum take place we
expect the teachers to play their role; that is to manage the
school interaction to happen as to give an optimal result.
In managing school interaction we should pay attention to
the individual’'s background as differences related to value
systems or behaviour patterns might occur. Referring to
those differences the teachers or someone else who acts
as a facilitator should manage the interaction so as to hap-
pen without disturbances.

Each of the three components: social structure, positive
interaction and school interaction should have the ability to
absorb some developments in mathematics that are rele-
vant to the society development and to utilise them in edu-
cating the people in accordance with their respective role.

The parts of each component include:

- Social structure: To appreciate and support necessary
changes in school mathematics and create conducive
environment outside school for learning mathematics.

- Positive interaction: To set up facilities other than
schools that motivate and create opportunities for
mathematics learning.

- School interaction: To develop the environment in
school and the teaching methodology in mathematics
class as well as that for individual approach so to enable
them to inspire, to stimulate and to direct learning activi-
ties.

Referring to the roles of the components as described
above, we are not looking at them with their passive mea-
ning; but with their active participation in providing oppor-
tunities and stimulation for mathematics learning. This jus-
tifies the purpose of the three-component functional rela-
tionship: social structure - positive interaction - school inter-
action, that is to provide opportunities and stimulation for
mathematics learning through interaction, aimed at everyo-
ne in the society.

4. MathematicsforALL

Once again, universal mathematics education is math-
ematics education for everyone in a society, so it is mathe-
matics education for all. The school system is one of the
places where universal mathematics education can be
channeled to reach a part of the members of a society. In
other words, school interaction is one of the components
for reaching individuals in a society and to manage them to
get involved in learning mathematics. Since learning
mathematics at school is related to the development of a
society as a whole we also have to examine the compo-
nents which can contribute in paving the way to make the
relationship really happen. These components are social
structure and positive interaction.

What parts of mathematics that a person learns at school
should be accepted and appreciated by the society as a
part of the society development process. On the other
hand, the school should be knowledgeable and be aware
of the needs of the society, particularly those concerning
the society development and those related to increasing
the individual’s ability.

From now on, we need to attach more operational mea-
ning to positive interaction. That is, some facilities need to
be created or to be established in order to stimulate and
provide opportunities and means for positive interaction to
happen. In this connection, the targets are the society and
the school system.

From what has been explained above, we can see that
the interrelation among social structure, positive interaction
and school interaction enable the development of the
school system as well as the quality and the intensity of
social interaction continually. This will result in increasing
the ability of individuals. Furthermore, referring to the role
of individuals in increasing the quality and the intensity of
interaction the continual development of school mathema-
tics teaching will, after all, result in increasing the ability of
the society itself. Therefore, taking also into consideration
the individual’'s background during teaching-learning pro-
cesses we can describe a functional relationship among
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social structure, positive interaction and school interaction as
follows.

Social
Structure

School
Interaction

Positive
Interaction

This three-component functional relationship forms a
mechanism for developing the needed ability of a society in
coping with challenges. Therefore, it can also be utilised as
a means of transferring mathematics and its development
to everyone in the society, through various kinds and pat-
terns of interaction.

This is aimed at achieving certain mathematical abilities.
This gives an idea as to how to carry out universal mathe-
matics education. To initiate universal mathematics educa-
tion it is therefore desirable that in any society the
three-component functional relationship can be identified.
In this era of science and technology development, the
intelligence of the people will contribute a great deal and
meaningfully to the society’s ability. Mathematics education
can play a role in developing the intelligence of the people.
But this will depend on the persons who have to make
opportunities to enable mathematics to play its role fully;
that is to create a conducive environment where mathema-
tics learning can happen through interaction. Referring to
this, we are dealing with the following questions.

1. Which part of mathematics that can function as a deve-

loper of an individual’s intelligence?
2. Those parts of mathematics that have been chosen,

how should they be presented?

To learn mathematics through interaction can take place
everywhere and any time, not necessarily in a classroom
during a mathematics class. Therefore, those two ques-
tions are relevant to the school interaction as well as to the
other two components: social structure and positive inter-
action.

Referring to the purpose of developing a society,
we should apply the two questions to the three com-
ponents: social structure, positive interaction and
school interaction equally balanced. The answer will
depend much on the existing cultural condition, for
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example, the average mathematical knowledge possessed
by the people in the society, the intensity and the quality of
interaction that constitute the social structure. Furthermore,
the existence of mathematicians and their activities related
to mathematics should provide some assets in seeking
answers to the questions.

In developing countries mathematics for all can be ear-

marked as universal mathematics education, that is mathe-
matics education for everybody. The mechanism for car-
rying out universal mathematics education is the
three-component functional relationship. In developing uni-
versal mathematics education it is always necessary that
we examine the mechanism whether it is an appropriate
condition to carry out the new changes. Otherwise, we
have to develop the mechanism itself, that is to develop the
components or the interrelation among the components.
In developing countries the problems related to the deve-
lopment of universal mathematics education always are
concerned with the development of the mechanism
besides those of mathematics and its teaching. In develo-
ping countries with a large population, the problem will
mainly concern the development of the mechanism, to
enable it to function accordingly. This means that in car-
rying out universal mathematics education we have to pay
attention to the three-component functional relationship:
social structure — positive interaction —school interaction.
Its development includes the development of the compo-
nents and their interrelationship.

The role of the mathematicians from the country concer-
ned is to form a pool of expertise for the development of the
mathematical content and the way it should be presented.
This includes the development of the teaching methodolo-
gies as well as that of the mechanism, that is the
three-component functional relationship. Therefore, the
development of universal mathematics education will never
be free from the need to develop mathematical activities in
the developing country concerned and the willingness of
the mathematicians to take part in the efforts to improve the
intelligence of their people.

5. The Role of Mathematicians

The two questions related to what and how as mentioned
previously are: Which part of mathematics that can function
as a developer of an individual's intelligence and how
should they be presented, always occur during the deve-
lopment of universal mathematics education. The develop-
ment of mathematics provides us with many choices in ful-
filling the mathematical content, while the development in
technology provides us with many alternatives for presen-
ting certain mathematical topics.

The questions related to what and how will always
be relevant from time to time. Therefore, what is more
important here is the availability of a mechanism
which is able to provide answers to the questions of
what and how in accordance with the needs and
conditions of the developing society or nation. The
mechanism should include the three-component func-
tional relationship which carries out the universal



mathematics education and the local mathematicians who
provide information and expertise for the development of
the mathematical content.

On the other hand, the local mathematicians should be
actively involved in stimulating and upgrading the three
components that are aimed at developing the three-com-
ponent functional relationship.

To fulfil this task the mathematicians need to keep them-
selves informed on the development of mathematics and
actively maintain their communication with mathematical
activities as wide as possible.

6. Conclusion

Referring to the role of mathematics education in de-
veloping individuals’ intelligence that is aimed at de-
veloping the ability of a society or nation, the role of mathe-
maticians in providing information and expertise, the
expected active involvement of mathematicians in the
development of mathematics education, the fact that
mathematics and also science and technology are develo-
ping rapidly, the fact that the growth of education depends
on the cultural condition of the society, we may close this

paper with the following remarks:

1. Universal mathematics education can function as a
means for increasing the ability of a society or a nation
through developing individuals’ intelligence.

2. Universal mathematics education needs to undergo
continual development to maintain its function in a deve-
loping society or nation.

3. The three-component functional relationship can func-
tion as a mechanism for universal mathematics educa-
tion to reach everyone in a society through the school
system as well as outside the school system.

4. The local mathematicians and their mathematical activi-
ties could be supportive to the continual development of
universal mathematics education including the
three-component functional relationship as its mecha-
nism.

5. The development of the three-component functional
relationship as a mechanism and the supportive attitude
and activities of the local mathematician reflect the
effectiveness of the community participation.
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Alternative Mathematics Programs

Andrew J. C. Begg

Introduction

Whenever a group of high school teachers discuss their
mathematics programs they make certain assumptions.
They usually take for granted the way the programs have
developed over recent years, the available resources, and
the purpose of the programs. In this paper | want to sug-
gest a number of questions that may cause us to question
our syllabi and teaching methods and consider alternative
programs. Before looking at these questions we need to
consider some aims, assumptions, and constraints that we
probably all share.

Aims

In mathematics education the three most common aims of
our programs are summed up as:

Personal — to help students solve the everyday problems
of adult life;

Vocational — to give a foundation upon which a range of
specialised skills can be built;

Humanistic — to show mathematics as part of our cultural
heritage.

These three aims imply that basics are necessary but not
sufficient, that we must present a broad-based course as
the future needs of our students will vary tremendously,
that historical topics and career information should be
included, and mathematics should be given a warm and
human flavour rather than a formal or logical one.

Assumptions

In my country we assume that universal secondary educa-
tion, including mathematics for at least two years, and
usually for three or four years, is the right of all students.
This assumption varies in other countries and may make
some considerations less relevant.

The other assumption | would make is that for many stu-
dents mathematics is not inherently interesting — indeed
they may have been turned off the subject. Usefulness is
not enough, we want motivation and fun, and our mathe-
matics programs must build in this motivation so that stu-
dents look forward to our classes.

Other Constraints

A huge variety of schools exist: large/small, urban/ rural,
traditional/alternative, wealthy/poor, academic/ technical
etc. In spite of this variety many places, including New
Zealand, have a national system of education that has one
syllabus for each year of schooling.
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Our yearly programs are based on 3 or 4 hours week of

mathematics. In New Zealand this used to be taught in 5 x
40 minute periods but is now usually 3 x 60 minute periods.
This change should cause significant movements in the
teaching of our mathematics program.
The third constraint is caused by the pressures on our
school syllabi. We are asked to cover numerous new items.
Computer education, careers education, outdoor educa-
tion, health education, and multicultural education are
examples of areas that either require time from the total
school program or need to be integrated across the curri-
cula and this includes the mathematics curricula.

General or Special Purpose Mathematics

It is usually possible to look at a group of students and see
some aim they have in mind, e. g. to graduate from high
school, to pass an external exam, or to prepare for employ-
ment or unemployment. When we look more closely we
can usually isolate a number of subsets of students with
differing needs. In the same class we find students who are
terminating their mathematics education, others who hope
to pass an exam and others who expect to take the subject
on to a higher stage.

In large schools it may be possible to separate these stu-
dents into different classes which cope with their specific
needs, but in small schools this is not possible. Further, the
students may not be certain about their future plans and
needs.

In New Zealand | find that many classes contain students
requiring enrichment while others need remedial assistan-
ce, some are sitting one exam while others are sitting ano-
ther, some expect to leave school for a job, others for
unemployment; yet generally students are not given alter-
native programs to cater for these needs. At the most
senior level in New Zealand we are looking at alternative
mathematics programs with a statistics or calculus bias
according to the student’s needs, but for the majority of
school leavers no basic course exists with significant ele-
ments of budgeting, tax, insurance, rents and the other
skills needed by school leavers. | believe alternative pro-
grams are needed where content decisions are based on
the needs of the participating students.

Teaching: Mathematics or Students
A mathematics program is part of a total educational pac-
kage. As teachers and program designers we must consi-
der the aims of this whole package and then adjust our pro-
grams to suit. These general aims would include the deve-
lopment of
- self-respect,
- concern for others,
- urge to enquire
and we would want to develop the skills of - communica-
tion,
- responsibility,
- criticism,
- cooperation.

If we wish to achieve some of these aims we must stress
cooperative learning, encourage project work



and displays of work by individuals and groups. We must
use discovery approaches and not try to shortcut this
time-consuming process by presenting results too quickly.
We must give all students success in their eyes, in their
peers’ eyes and in their teachers’ eyes. Here alternative
programs are needed as our present ones are not achie-
ving these goals, and we must consider other teaching
methods as an important part of these programs.

Monocultural or Multicultural

Traditionally, our programs, both contents and methods,
reflect the traditions of European education. Many of us
have assumed this European background and the asso-
ciated attitudes to learning. Now we find that mathematics
programs are required for monocultural groups that are not
European and for multicultural groups that reflect a broad
range of cultures.

In New Zealand the two main non-European groups are
Maoris and Pacific Islanders. Practically no research has
been done on their different views and attitudes to mathe-
matics, nor to the way their language reflects different
views of the subject. What we are aware of is that many
Polynesians prefer group work and do not enjoy being ran-
ked apart from their peers. This fact has obvious implica-
tions in designing a program that stresses group rather
than individual success.

Other problems experienced by groups from other cul-
tures and in particular by new immigrants are the problems
associated with language. If teachers are aware of these
difficulties and modify their programs these difficulties can
be reduced, but it is difficult for a teacher to cope when a
very broad range of backgrounds occur at the same time.
In building self-esteem we must at least build respect and
understanding for the differences that our students reflect.
We can at least use names and subjects from other cul-
tures in our examples, but we must be careful not to offend.
Assuming this cultural sensitivity, opportunities exist in
numerous areas to incorporate ideas from other cultures
and help students of all races appreciate the differences
between members of their communities. This two-way
appreciation helps our students «stand tall».

Streamed or Mixed Ability

Disregarding all other differences and factors affecting the
achievement of our students we all accept that students of
a particular age group vary from very talented to those of
low ability. One way of handling this variation is streaming.
The difficulty with streaming (or even broad-banding) is
that it is practically impossible to stream exactly, and when
one considers the factors affecting achievement (iliness,
schoolchange, bad teaching etc.) one realises that strea-
ming can never be perfect.

Many teachers believe that because of social factors it is
desirable to keep mixed-ability forms. Certainly mixed-abi-
lity forms mean we must offer alternative programs within
our classroom where with streamed groups it is easy to
think one program is suitable for all students when in fact it
is only suitable for the majority of them.

In smaller schools and in schools where option structures
affect mathematics we are forced to cope with mixed-abili-
ty classes and to design alternatives within the program.
These alternatives include enrichment and extension for
the more able students and more practice in basic skills for
the less able. These alternative programs need to consider
the appropriateness of topics according to whether or not
students are ready for the subject and whether or not they
expect to continue their mathematics education into the
future.

Class, Individual, or Group Programs

Traditionally, most of us taught our classes as one group.
More recently, with the advent of mixedability classes,
some of us have tried individual programs. Having tried
both methods, | would believe that neither a class approa-
ch nor an individual program is satisfactory if used all the
time, so again | look for alternatives.

Analysing the possibilities we have six main teaching
modes:

Teaching Mode Work Rate

Class teaching Same Same

Same Different
Same Different

Individual program
Individual program

Group teaching Same Different (between groups)
Group teaching Different Different (between groups)
Group teaching Different Different (within groups)

No approach is necessarily correct and variation of style
throughout the program is probably the most desirable ans-
wer but within this varied program | think we need to use
groups to a much greater extent than at present.
Sometimes groups will be doing the same work at different
speeds, sometimes the same work at different speeds but
achieving the work at different levels, and sometimes diffe-
rent work. All these modes need consideration in our pro-
grams and obviously our decisions will affect the resources
we need for these modes of teaching.

Cooperative or Competitive Learning
| have mentioned the way some cultural groups prefer wor-
king in groups and how using groups may help overcome
some problems associated with aspects of whole-class
and individual programs. | want to suggest that a group
approach is the real-life approach to many problem-solving
situations and that our programs should reflect this coope-
rative and realistic approach.

| know that we all value excellence and feel that the stu-
dent who ranks first in our class deserves praise and
reward, but | believe that this should not be achieved using
a competitive strategy which recognises one at the expen-
se of ranking others in lower positions. It can be done with
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comments rather than with numbers. At the same time,
other students also do well in presentation or in attitude
while others improve in some facet of their work, and these
aspects need positive encouragement and praise too.
When a cooperative group is working together (whether it
is mixed ability, streamed, special needs or whatever) then
the whole group should share the praise and encourage-
ment, and there is no need to separate out individual skills
to achieve our objectives.

Traditional or Alternative Teaching Styles

The teaching style of many of us still reflects the style of
many years ago, the way we were taught and even the lec-
ture/tutorial system of traditional universities. Meanwhile,
our clients have changed, they represent a broader range
of backgrounds and abilities, their interest in mathematics
is different, and they are more sophisticated. Some tea-
chers have altered their teaching styles and some have
tried discovery approaches. The new maths revolution had
some teachers trying more formal approaches and others
more intuitive approaches.

| believe that, in terms of our general aims, we need to
encourage open-ended approaches whenever appropriate,
through discovery learning and through project activities.
The important aspect here is that a variety of approaches
is needed, and it is often useful to have one group doing
projects while another group requires more teacher atten-
tion.

We sometimes talk of integrating mathematics with other
subjects in the curriculum. Science, economics, geogra-
phy, technical drawing and home economics are examples
of subjects where obvious overlaps exist. From our know-
ledge of transfer of training we must assume that subject
overlap must be made explicit and that when we talk of
applications in mathematics, surely the most relevant appli-
cations are those ones which the students are at present
involved in with their other class work. This change must be
reflected in our programs and will vary according to the
other option choices of our students.

A final aspect of teaching style that worries me in New
Zealand is a result of the change in school structures from
7 x 40 minute periods each day to 5 x 60 minute periods.
In mathematics this has usually meant 3 x 60 minute per-
iods replacing 5 x 40 minute periods. At the same time,
many teachers have not significantly adjusted their tea-
ching style. | believe this 60 minutes should be split into at
least 4 shorter periods with a greater variety of activities
occurring during the hour. Maintenance should be built in,
the range of activity should include not only oral and writ-
ten work, but also physical activity and a greater use of
visuals both in teaching and summarising. | believe this
variation should be built into our programs in recognition of
the short attention span of many young students. The need
to provide varied and interesting stimulation over an exten-
ded period is the only way we can avoid having our stu-
dents bored.
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Text-oriented or Multi-media
Textbooks are the most commonly used resource in our
classrooms. They have usually been written for a particular
course and are the cheapest available resource. With the
advent of alternative programs we see the need to build up
numerous supplementary resources. With groups working
on different topics in the same classroom and with students
with reading difficulties, we see other reasons for more re-
sources. Mathcards and worksheets are needed to direct
students into alternative activities such as games for main-
tenance work, project starters, and enrichment. Much of
the work on these cards could be self~-motivating.
Computer-assisted learning has obvious applications to
remedial, revision and enrichment work. Films, slides and
videos all have their place in providing variation. Our
mathematics programs must «build in» these resources so
that within a school all the students are getting these ad-
vantages and not merely those in the classes of one or two
keen teachers.

Imaginative texts are still necessary, and we must remem-
ber that every student should learn to learn from a book
without assistance.

Logical or Humanistic Approach

Mathematics was taught very formally, then with the «new
math» we saw logical approaches, mathematical
approaches and psychological approaches. Some people
have tried more intuitive approaches, and | understand one
or two have used an historical approach.

What | would prefer is a humanistic approach, | mean an
approach that is student-centred and develops from the
students’ particular interests and needs. An approach that
links their work to real life and to applications that are rele-
vant to them.

| want to see a warm approach that treats every student
as someone special, that works positively to avoid sex or
race stereotyping, and that builds self-esteem in our stu-
dents. | am sure that once this self-esteem is present, tea-
chers will be amazed at the progress students can make.

Conclusion

| know that schools have limited resources, that teachers
have limited time, and that numerous other constraints are
put on us by our schools, but | believe we can all introduce
more alternative elements into our programs. | know most
of us like to have a class start together, but we can still pro-
duce various endpoints, we can use group work, and we
can encourage more cooperative problem solving.

| am sure we must give students the opportunity to make
decisions that are relevant to their education and each of
us should be «the guide on the side not the sage on the
stage».

Program development will keep happening, it is our res-
ponsibility to make sure it helps our students achieve the
aims of education in general as well as the aims of mathe-
matics education.



Part Il:
Problems and Developments
in Industrialised Countries
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Arithmetic Pedagogy at the Beginning of the
School System of Japan

Genichi Matsubara and Zennosuke Kusumoto

In Japan the Emperor had held the reins of government,
although the Samurai held it for some time in Japanese
history. In the Meiji revolution in 1868, the Emperor took the
reins of government again and the new government in the
Meiji Era was born. To make the nation modernise, it made
great efforts to learn a great deal from foreign countries
and to adopt new educational policies.

About 110 years have passed since the elementary school
system was established in Japan. Here I'd like to tell some-
thing about arithmetic pedagogy at the beginning of the
Meiji Era in Japan.

Today everyone thinks it is the turning point in education in
Japan, so that to reflect on arithmetic pedagogy in the Meiji
Era will provide some suggestions on how to introduce a
new arithmetic pedagogy.

I. Arithmetic Pedagogy at the Beginning of the
Meiji Era

First, I'd like to discuss the «Terakoya» (private schools) in
the age of the Samurai, since they played an important role
in forming the basis of arithmetic pedagogy at the begin-
ning of the Meiji Era.

A. Arithmetic in « Terakoya»

At the end of the Edo Era, the Samurai took the reins of
government in Japan. In order to educate the Samurai's
children, each feudal clan had a school of its own. But they
did not take into consideration the education for ordinary
people. So they established their own schools to get a
minimum knowledge to go into the world—these were cal-
led «Terakoya». There were many «Terakoyas» but there
was no communication in terms of teaching methodologies
among them. Arithmetic in «Terakoya» was mostly con-
cerned with how to handle abacuses. Many kinds of text-
books used at «Terakoya» were published in the Edo Era.
Among these publications, about 1,126 books were mathe-
matics books such as UJinkoki-, «Sanpo zukai». These
were used as textbooks for children and teachers at
«Terakoya» or other private schools. Next I'll introduce to
you something about «Jinkoki» to let you know the
contents of arithmetic pedagogy in those days.

B. «Jinkoki»

This is the book on abacuses written by the mathematician
Mitsuyoshi Yoshida in 1627. This was modelled after
«Sampotoshu» which was a manual for abacuses in China.
But the contents mainly consisted of how to use abacuses

for business transactions in daily life. It is noticeable that
what was dealt with in it was just the same as what we
dealt with in problem solving, which was discussed all over
the world in the early 20th century. But teaching methods
were not dealt with in it. After many teachers of «Terakoya»
used it, the contents were revised and published several
times.

C. «Terakoyosho «

The content of arithmetic at that time was to learn the four
operations by using the abacus. The teaching materials
connected with daily life transactions were arranged in the
same way as in problem solving. There were many children
who were able to do division of two-digit numbers.
Graduating from «Terakoya», they went to another private
school where they studied the latter half of «Jinkoki».
Teachers of «Terakoya» taught them according to their own
philosophy. So, when the government introduced school
systems in education and build elementary schools,
«Terakoya» was one of the models in mathematical edu-
cation. In December 1873, Director David Murray reported
to the Ministry of Education that the average standard of
education was very high.

Il. Arithmetic Pedagogy After the Proclamation of
School Systems

After the revolution of the Meiji Era, the Samurai reign was
replaced by the Tenno (Emperor) reign. Then the unified
Meiji government was born. One of the policies of the
government was to build elementary schools all over Japan
and to put an emphasis on the 3R’s. Prior to this, there
were already a few private elementary schools established.
But feudal clan «Terakoya» and other private schools exer-
ted a great influence to make the new educational policies
possible.

In March 1869, the government ordered the building of ele-
mentary schools in every prefecture. The government pro-
moted the new educational policy, so people were eager to
equalise ordinary education. After the Samurai Era passed
on to the Tenno reign, each local government took over the
policies. The curriculum of each school, similar to that of
«Terakoya», was as follows: The official age of enroliment
was five, but it was usually six. Almost all children could
understand basic addition and subtraction. In Tokyo
«Terakoya» was not admitted as a school, but later was
admitted as a private elementary school. In those days the
government authorised two kinds of schools.

(1) One was a school for people going into business after
graduation, which was established in each prefecture. By
establishing these schools, the government aimed at the
decentralisation of education.

(2) The other was a school for people going on to college and
the university after graduation. Then there were three kinds of
elementary schools considered from other perspectives.
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a. the national school — established by the Ministry of
Education; the attached school - established as the
preparatory course for colleges and universities; b. b.
elementary schools of each prefecture — established by
private funds;

c. the elementary school — established by feudal clans.

lll. Proclamation of School Systems

A. Establishment of the Ministry of Education and
Proclamation of School Systems

When the Meiji government started, much thought was
given to educational policies. It established a kind of school
administration section in the government of Kyoto. Then
the capital was moved to Tokyo and the same section was
established in Tokyo. So, it was thought necessary to esta-
blish the Ministry of Education, which deals with educatio-
nal matters such as making rules, building schools and
assisting financing. In September 1871, the government
decided to abolish schools for the Samurai and to establi-
sh the Ministry of Education.

The Ministry of Education had the task of making rules
about elementary schools and junior high schools and did
everything for schools. It made efforts to equalise the stan-
dard of education of every school in Japan. This made it
reinforce school systems in Japan.

In Japan the law on school systems was the first one that
was established for education. It controlled the systems
and the curricula of schools from elementary level to uni-
versity level in Japan. To make the law, the government not
only gathered the materials from other countries, but also
established pilot schools to get data from them.

In August 1872, the outline of school systems was
decreed as follows:
a. the necessity of schools in terms of man’s develop-
ment;
b. to study regardless of positions and sex;
c. to explain the mistakes of traditional learning;
d. to give everyone opportunities of learning;
e. to make parents responsible for children’s education;
f. to make parents pay money for children’s education;

The contents which children had to study were arithmetic
or abacuses. We can find in «Gakumon no susume»
(Encouragement of Study written by Yukichi Fukuzawa),
how to learn the angular style of the Japanese, how to write
Chinese characters and to drill using abacuses, to deal
with the balance etc. were indicated.

Now | stall summarise the school systems.

1) The large, middle and small districts

The Ministry of Education, which was responsible for
controlling and managing schools in Japan, divided all
areas as follows:

The large districts — the country was divided into eight. A
university was established in each large district.

The middle districts — each large district was divided into
32. Ajunior high school was established in each middle dis-
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trict.

The small districts — each middle district was divided into

210. A elementary school was established in each small

district.

So, there were 6,720 elementary schools in one large dis-

trict and 53,760 elementary schools in all.

2) Schools

There were three kinds of schools - universities, junior high

schools and elementary schools.

The curricula were prepared in a special book.

3) Elementary schools

Elementary schools were considered to be the primary

stage of school education, so all the people had to go to

school by all means. Schools were generally called ele-
mentary schools, but there were several kinds.

a. Infant schools - preschools for children under six years
of age.

b. Private elementary schools - the man who had a licen-
ce taught in his private home.

¢. Schools for the poor— schools for the children of poor
people who could not support themselves. The rich
contributed money to these schools.

d. Village elementary schools — schools in the remote
areas. The teacher omitted a part of curriculum or atten-
ded evening school.

e. Girls’ elementary schools — schools for girls in which
they were taught handicrafts and ordinary subjects.

f. Ordinary elementary schools — It was divided into lower
and upper schools.

4) The subjects of elementary schools

At first there were about 20 subjects. They were revised

soon and only a few of them remained. I'll introduce some-

thing about arithmetic here.

Arithmetic — order and the four operations; they were

explained in the western style.

Geometry—the subject for upper schools;

Arithmetic was taught using a western-style method and

avoided teaching how to use the abacus.

In the lower elementary school systems, it was prescribed
that elementary education was compulsory. Since all the
laws had not yet been put in order, | think that the school
systems remained just a model which could not be followed
as an ideal at that time. Not all the children of school age
could go to school.

In 1883 the percentage of school attendance was about

50%. It was still a very low rate at that time.
In 1870 compulsory education started in England for the
first time in the world. Two years later the school systems
started also in Japan, so it may be interesting to note that
compulsory education started in Japan next to England,
but elementary school education was already spreading in
advanced countries.

B. The Elementary School Syllabus
Following the proclamation of the school system laws, the
elementary school syllabus was proclaimed.



It was a little similar to the course of study which was intro-
duced from the USA after World War Il. But it was just the
syllabus before World War Il, or the one which was used in
countries except the USA.

The syllabus is as follows:

The elementary school was divided into two stages — an
upper and a lower one. The lower one was from the age of
6 to 9. The upper one was from the age of 10 to 12. So the
children studied for eight years. The course of the lower
elementary school was divided into eight grades. The term
of each grade was six months. The contents of each grade
were given in this period. But as it was only a model, it was
recom mended to revise and to use it in each prefecture.

Next, | shall introduce arithmetic only. | can only find in the
eighth grade the same course of study of arithmetic as
today’s. But | cannot find it in the first grade to the seventh
grade.

- the 8th grade: 6 months, 5 hours a day, 30hours a week,
except Sunday; Western-style arithmetic. 6 hours a
week; Using textbooks, the teacher wrote the Arabic
numbers, order and the fundamental calculations of
addition and subtraction on the blackboard, and the chil-
dren wrote them on their paper. Children practised the
calculation of figures and mental arithmetic every other
day. When a teacher made the children do mental arith-
metic, children could not use paper, and only answered
questions on the blackboard. The questions which were
answered in exercises the day before remained unera-
sed on the blackboard, and the next day, all children
were made to do the exercise again.

- the 7th grade: 6 months; arithmetic: 6 hours a week; to
teach multiplication and division as in the 8th grade, and
to do exercises on calculation of figures and mental
arithmetic every other day;

- the 6th grade: 6 months; arithmetic: 6 hours a week; to
teach multiplication and division;

- the 5th grade: 6 months; arithmetic: 6 hours a week; to
study the application of the four operations, and to do
the exercises on the calculation of figures and mental
arithmetic every day;

- the 4th grade: 6 months; arithmetic: 6 hours a week; to
teach the four operations with compound numbers;

- the 3rd and 2nd grades: 6 months; arithmetic: 6 hours
a week; to teach fractions;

- the 1st grade: 6 months; arithmetic: 6 hours a week; to
teach fractions and proportions; review of each subject:
2 hours a week; to review all subjects studied before.

After passing the test, children went to upper ele- volu-
me mentary schools. Children who could not pass the test
studied for six months more in the 1st grade.

The lower elementary school was more modern ised com-
pared with the schools of the clans and «Terakoya». But
the Ministry of Education did not consider the unification of

teaching methods all over Japan soon.

In the syllabus of the lower elementary school, arithmetic
consisted of teaching western-style arithmetic and not tea-
ching how to use the abacus. But at that time there were
few who could teach westernstyle arithmetic, so the
government took the measure of making plans to train tea-
chers. There was a big objection against only teaching
western-style arithmetic and not teaching to use the aba-
Ccus.

There were few books about western-style arithmetic till
«Shogaku sanzitsuyo» was published by the Ministry of
Education. So it introduced «Hitssan kunmo», «Yozan
sogaku» as textbooks, and explained a little about the tea-
ching methods. | do not think all the teachers could teach
the children. In the Ministry of Education there occurred
discussions about it. In 1874 it gave a notice, «We do not
intend to use only western-style arithmetic, but we will let
the children study the abacus, t0o.»
Arithmetic in the syllabus of elementary schools did not
limit the size of numbers for each grade. Today it is said
that each teacher determines the limit of humbers accor-
ding to the children’s ability. It is not necessary to show the
details. At that time, not everyone knew about the modern
school, so it could not be helped. It might be unavoidable
when the development of children was unknown.
Geometry was the subject for upper elementary schools.
Measurement was only thought as the adaptation of calcu-
lation. Now | shall introduce to you «Hitssan kunmo» to
show how it was taught at that time.
It was published in September 1869. The writer was Meiki
Tsukamoto — a geographer. He was a talented man who
played an active part in the navy and bureaucracy. He was
the first writer who offered arithmetic in a systematic and
modernised textbook,» said Kinnosuke Ogura. It was
because he studied western-style arithmetic from the
beginning — he was not a man of the abacus. This book
was published as a primer, but it was of high level.
This book was the first that showed the style of the subjects
as it is common now.
- The first stage is a general explanation.
- The second stage is a detailed explanation of the
methods with examples.
- The third stage are exercises of calculations.
- The fourth stage are exercises of applications and pro-
blems.

The book contained four volumes. For each volume
existed another book which contained formulas and ans-
wers.

- the first volume: number, four operations; the second
volume: fractions;
- the third volume: proportions;
Now | shall introduce to you a part of the first
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1) Number
The number in Chinese character

The large number (larger than 10)

The decimal number (smaller than 1)
The cardinal number
The notation

the number placing and notation of the decimal
system

2) The four operations

Addition: the method of calculation of figures, the
addition of numbers of 4 or 5 figures; the
number divides 4 figures; applied pro-
blems

Subtraction: the same way as addition

Multiplication: explained as addition; the calculation

Division: with 10 to 12 is added to the fundamental

multiplication table; to explain multiplication
of the number of | or 2 figures to explain the
method of division when the divisor
consists of | or 2 figures

C. Upper Elementary School Syllabus

- the 8th grade: arithmetic: 6 hours a week

- the 7th grade: arithmetic: 6 hours a week

- the 6th grade: arithmetic: 6 hours a week
to teach proportionate distribution
drawing: 2 hours a week
to draw point, line and regular
polygon

- the 5th grade: arithmetic: 6 hours a week
to teach proportionate distribution
geometry: 4 hours a week
to teach regular polygon
drawing: 2 hours a week
the same as the 6th grade

- the 4th grade: arithmetic: 6 hours a week
to teach proportionate distribution
geometry: 2 hours a week
to teach line, angle and triangle
drawing: 2 hours a week
to draw plain, straight line and
volume

- the 3rd grade: arithmetic: 6 hours a week
to teach square and square root
geometry: 4 hours a week
to teach circle and polygon
drawing: 2 hours a week
to draw plain, straight line and
volume without shadow

- the 2nd grade: arithmetic: 6 hours a week
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to teach the calculation of interest

geometry: 4 hours a week

to teach comparison with each figure

drawing: 3 hours a week

to draw arc, line and volume
- the 1st grade: arithmetic: 6 hours a week

to teach series and logarithm

geometry: 4 hours a week

to teach practical use

drawing: 4 hours a week

to draw a map and others
«Sokuchi ryaku» was the appointed textbook for geometry.
It was written by Tora Uryu in 1872. It was for the measu-
rement of land. So part of the book is used for the text. The
contents of it were almost definitions and their explanation.

IV.TeacherTraining

Positive educational policies of the Ministry of Education
were to build schools, to arrange syllabuses and to train
teachers.

To get rid of defects of traditional education, it was neces-
sary to adopt western-style training and to train teachers by
foreign teachers.

In September 1872, the normal school was built in Tokyo
and lectures began. The following April, the attached ele-
mentary school was established. This was the first atta-
ched school for the pupils of the normal school. It was used
not only to practice teaching but also to investigate tea-
ching methods. Then it developed into the research center
of the normal school and the model school for all prefec-
tures. At that time, the contents of teaching in normal
schools were mainly concerning teaching methods. In June
1873, it adopted academic subjects of study. Until then the
term of the school year was not determined, so pupils
could graduate according to the results at any time. They
were dispatched to each prefecture as teachers. The term
of the school year for upper and lower schools was deter-
mined to be two years and each grade was divided into two
stages.

As schools were built in each prefecture, there arose a
problem of shortage of teachers.

In general, people thought that the contents of elementa-
ry schools were three subjects: reading, writing and abacus
just like in «Terakoya» and other private schools. So tea-
chers of punctuation, writing and abacus were employed
for special subjects.

At that time it was easy to get teachers from «Terakoya»
and other private schools. The Ministry of Education made
efforts to train prospective teachers. In 1874 each prefec-
ture established teachers’ training schools without permis-
sion of the Ministry of Education. About 46 of this kind were
built all over the country.

Many books on education were published by the Ministry
of Education. It thought that it was of no use only to teach
teaching methods, but it was neces-



sary to explain to newly appointed teachers in detail the
book of «The Primer of Elementary Schools».

Then the principal of Normal School, Nobuzumi Morokuzu
published «The Required Manual for Elementary School
Teachers», and many other books of this kind were publi-
shed.

On the other hand, M. M. Scott taught carefully the tea-
ching method of modernised schools, not through the
books. The students who graduated from the schools went
to provincial normal schools to teach the teaching
methods. But as the percentage of school attendance
increased, the number of schools increased. So there was
a shortage of teachers for a long time.

It was necessary not only for teachers but also for the
people to have knowledge about modernised schools —
«What is education? Explanation of the mission of the
school, the system and management of modernised school
and teaching method in details.» | introduce one of the
popular editions of the book, «The Required Manual for
Elementary Teachers» written by Nobuzumi Morokuzu in
1873.

In this book he explained the important duties of teachers
in three items - «The teachers arrange the seats of pupils
according to their results. They move to upper classes after
the test. Where does the teacher stand in the classroom?
How are the desks arranged? etc.»

This description was easy to understand for teachers. It
may have been difficult to teach the style of modernised
school lessons and to get rid of the «Terakoya’s» teaching
concept.

Now [ shall introduce a part of arithmetic education.

The 8th grade: arithmetic

To show the picture of numbers; it was necessary first to
know how to read the numbers and to teach Arabic num-
bers. Teachers wrote both numbers on the blackboard and
asked the pupils to read them or teachers read them them-
selves. Then children wrote on their slate board.
Afterwards, some of them wrote on the blackboard.
Teachers checked them and said to the children, «Raise
your right hand if it is right.»

The 6th grade: question and answer

Using pictures about shape, volume, line and angle, tea-
chers taught shapes and surfaces of material or the kinds
and names of lines etc.

V. «The Book of Elementary Arithmetic»

The Book of Elementary Arithmetic was chosen as the text-
book for the elementary school syllabus of the normal
school and the elementary school syllabus of many prefec-
tures. It was written by the Tokyo Normal School and publi-
shed by the Ministry of Education. It was a progressive syl
labus compared with the textbooks of other subjects at that
time. It was considered to be one of the best books on
arithmetic education in the country.

The textbook was much influenced by W. Colburn — his
thought was based on the «intuition» of J. H. Pestalozzi.

In this edition the main editors were M. M. Scott and C.
Davis. It was used in many prefectures. It was excellent,
but it was doubted whether it was actually used by tea-
chers.

In March 1873 the first volume was published; in April
1873 the second volume was published;in May 1873 the
third and fourth volumes were published; in September
1876 the fifth volume was published.
| introduce a part of it.

The first volume

«The Elementary School Syllabus» of the normal school is
taught in the 6th grade. In the 7th and 8th grades, the pri-
mer of elementary school — numbers, the memorisation of
the calculation tables of addition, subtraction and multipli-
cation were already taught.

Japanese numbered

Arabic number

Explained in two pages, the first edition of the book written
by W. Colburn was published in 1821; it was used for 60
years with several revised editions. The last version of ‘84
was published after his death. The Book of Elementary
Arithmetic was, although it was published in 1873, similar
to the hook of ‘84. Material selection and explanation of the
problems were like that of ‘84. Considering the fact of M. M.
Scott's coming to Japan, it may have been modelled after
the book of ‘63. In the first volume, children study addition
- example: add 1 to 1-10 and 2 to 1-10. Question and ans-
wer were just as in the book of ‘63.

So, how did M. M. Scott see the Japanese? Recently, the
following letter of M. M. Scott was found at the Griffis col-
lection in Rutgers University. A part of his letter to Griffis is
cited below.

«You ask me what | think of the Japanese after thirty-five years’
experience of them. | may say that | always had a very high opinion
of their intellectual qualities but had some misgiving as to the practi-
cal application of what they could so easily learn.

Those misgivings have been completely brushed away from my
mind. They have proven themselves great in nearly every depart-
ment of human effort and | predict for them even in the near future
greater achievement still. When | left Japan it was with much regret
at what | thought then to be disserverance of a ten years’ acquain-
tance much appreciated by me, but | have had now twenty years’
experience with a large number of Japanese in Hawaii, with a diffe-
rent class indeed, but still with their able and amiable official here.
You are quite right in thinking this country a very interesting one. | call
it ‘a museum of ethnology’. It would pay you to take a vacation and
come here in the near future, and with your powers of observation
and your slashing pen you could show us to ourselves as others see
us. Pray do come. | will give you a welcome.»

VI. The Situation of Arithmetic Education at the
Beginning of the School Systems

A superintendent visited schools throughout Japan.

How did he feel?

A. The report of the superintendent D. Murrey

He said, « There remains traditional style of education.» But
he thought that it was better to change
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only slowly. | think he understood that making gradual pro-
gress was better for Japan. He held the same opinion
concerning the abacus.

B. The situation in the country

Over a short period of time, each prefecture established
training centers and normal schools to lessen the shortage
of teachers. Each prefecture devised the method of a cir-
cuit teaching independent of the school administration.

Developing school systems in the Meiji Era meant fighting
against poverty. They were hard pressed to pay money for
education, but realised the value of education gradually
and became interested in it.

All the heads of the Ministry of Education made a tour of
inspection. It was because people complained of the
school systems, and also because there arose a tendency
of revising the syllabus of schools.

The school buildings were temples or people’s houses.
The shortage of teachers was a crucial problem. So the
excellent children who left elementary schools with an
excellent score were adopted as teachers. The children
aged more than 15 years were adopted as assistants. The
children aged more than 13 years were adopted «leaders
in the lesson». Their ability was just the same as the 6th
graders of today.

As the subsidy of government and prefecture was very
small, the money for school was expanded for the elemen-
tary school district. Farmers and fishermen in those days
were so poor that they could not afford it.

There was a time when there were no blackboards and
notebooks in the classrooms. Children wrote the numbers
and words on trays which were filled with sand or rice bran.
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Some of the teachers were not competent to handle the
four operations with calculation figures and did not unders-
tand why the product of the decimal was less than the mul-
tiplicand. When a child learned the Arabic numbers, he
asked, «Is number 6 just like the shape of the nose?»
There were a few regular teachers who began to study
themselves in each prefecture.

C. Promotion and examination

In elementary schools, pupils had to pass the examination
to go up to an upper grade. They took the examination for
each grade, and one who succeeded in the examination
could go up to the higher grade.

When the pupils left the elementary school, the middle
school and the university, they had to take the examination
to leave school.

Each prefecture established «the test of the elementary
school». There were many books on teaching methods
which were published by a private company. | found the
background and the method of pedagogy in them.

D. Conclusion

The leaders of the Meiji government were overwhelmed
with civilisations of foreign countries. They thought that
there was not a moment to lose to equalise the standard of
education to catch up with the advanced countries.

The government made efforts especially to establish ele-
mentary schools compulsorily, and also to let children go to
school, but they did not know people’s opinion on educa-
tion.

The government intended to change the existing system
to develop modernised schools in Japan.



On the Value of Mathematical Education
Retained by Japanese Society as a Whole

Takashi Izushi and Akira Yamashita

We would like to talk about «On the Value of Mathematical
Education Retained by Japanese Society as a Whole».
This is a research on how school mathematics, which stu-
dents learned at junior and senior high schools, has been
retained by them when they grew up into society. The pur-
pose of the study is to try to get a fundamental viewpoint
for the organisation of curriculum for the department of
mathematics in the future.

1. The History of Mathematical Education in Japan

We think that the history of mathematical education in
Japan may be divided into the following six stages:

The first stage

This stage was the period of about 40 years of the Meiji
Period (1868 — 1911) through the Taisho (1912—1925) to
the beginning of the Showa Period (from 1926). In this
stage, the main objectives in mathematical education were
to get skills in calculating, to train thinking power and to
gain practical knowledge.

The second stage

This stage was the period of about ten years in which
mathematical education was seriously affected by the
Perry Movement. The main objectives were to develop the
concept of function and to foster one’s power of space
observation. World War 1l took place during this stage.
The third stage

This stage was the period of about ten years after World
War Il and was influenced by the USA. The method in
mathematics teaching was focused on daily life experien-
ce. In this stage, the six-year term of compulsory education
was extended to nine years.

The fourth stage

This stage was the period of about ten years which was a
period of review of the former stage. Mathematics teaching
was taken as the matter of mathematics systems serious-
ly. And Japan’s economic growth began in this stage.

The fifth stage

This stage was the period of about ten years in which
mathematical education was seriously affected by moder-
nisation. The percentage of the number of students going
on to high school was over 90%.

The sixth stage

We are now in this stage, the period of about ten years
which is a period of review of the modernisation efforts.
And efforts are made in mathematics curricula to meet the
differences among the students.

2. Purposes

The purposes are classified into the following three.

The first purpose is to examine the following: Do they
remember or understand mathematics contents which
were learned at junior and senior high school?

The second purpose is to examine the following: What
kind of contents of mathematics are useful to their work?

The third purpose is to examine what may be called for-
mal discipline. In the first stage of the history of mathema-
tical education in Japan, formal discipline was emphasised
and Euclidean geometry took a great part as formal disci-
pline for a great guiding principle.

So, we examined what impression was made on them.
From the examinations mentioned above, we try to get the
mathematics contents which are retained by Japanese
society, and we would like to use their knowledge to orga-
nise the curriculum for the department of mathematics.

3. The Way of Examination

The examinations were carried out twice.

(1) The first examination

This examination was carried out in 1955. The time was
during the fourth stage of the history of mathematical edu-
cation in Japan.

a) Participants

The participants are members of society who learned
mathematics before the third stage. They have contributed
to economic growth in Japan, more or less. The number of
participants was 976 and they were sampled from the
whole society according to their occupations: technologist,
teacher, specialist, administrator, office worker, farmer,
fisher, seller, etc.

(b) by Content

They were asked to solve problems connected to the follo-
wing contents:

1 Calculation (including positive and negative

number, literal expression)

Round number, percentage

Proportion, reciprocal proportion

Fundamental figure

Solid of revolution

Scale

Projective figure

Word problem (equation of the first degree)
Congruence and similarity of triangles

10 Statistics (graph)

11 Pythagoras’ theorem

12 Trigonometric function

13 Coordinates

14 Word problem (simultaneous equation)

Furthermore, they were given the following questionnaires
corresponding to the problem: «If you understand the
content related to this problem, is it useful to your work?»
(2) The second examination

This examination was carried out in 1982. A part of the
result of this examination was presented at the
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ICMI-JSME Regional
Education (1983, Japan).
a) Participants

The participants were graduated from a senior high school
belonging to a national university. This senior high school
is an eminent school for the graduates going on to college.
The 62 persons of the object were chosen corresponding
to the years they were in senior high school, 19 persons
from the years of the third stage, 18 persons from the years
of the fourth stage and 25 persons from the years of the
fifth stage. Their occupations were technologist, scholar,
doctor, etc. and they contributed to the improvement of
technology and science in Japan, more or less.

b) Content

They were asked to solve problems which were mainly
related to elementary geometry, because we wanted to
make a study of formal discipline.

Conference in Mathematical

4. The Outline of the Examinations
(') The result of the first examination

Table 1 : Correct Answer (%)

Occu- Content
pation
1 2 3 4 5 6 7 8 9 10
a 75 84 84 8 81 68 S0 81 78 77
b 81 83 65 87 82 61 44 70 74 66
a specialist and administrator (218 persons)
b office worker (219 persons)

Table 2 : Answer That is Useful to Your Work (%)

Occu- Content
pation
1 2 3 4 5 6 7 8 9 10
a 49 55 67 73 51 715 55 67 52 67
b 47 58 52 47 38 70 39 57 43 69
a specialist and administrator (218 persons)
b office worker (219 persons)
(I ) The result of the second examination
Table 3 : Correct Answer (%)
Occu- Content
pation
11 m
1 2 3 4 5 6 7 8
a 55 93 94 82 86 87 97 88 90 76
a specialist and administrator (218 persons)
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The problems were connected to the follow-
ing contents:

1l
v

11

63
57

11

54
53

64

questionnaires of elementary geometry
1 perpendicular of line and plane

2 parallel

3 sum of internal angles of triangle
4 projective figure

5 equivalent transformation

6 condition of triangle construction
7 congruence and isosceles triangle
8 measurement

logic

axiomatic method

non-geometric model of the axioms of the affine

geometry

12 13 14
56 62 70
48 62 58
12 13 14
59 37 60
40 29 56



(3) The outline of consideration

a) Knowledge

Simple mathematics knowledge which was learned in
junior and senior high school is well remembered by every
person, though many years have passed since they lear-
ned it.

In these tables (Table 1, Table 3) only a, b are displaced,
but the persons of other occupations answered also more
than 40% of the problems correctly.

It is not suprising that a gets higher percentage of correct
answers than b. But the difference is not so much.

The problems in which a relatively differs from b in per-
centage, are connected to proportion and reciprocal pro-
portion. As for the problems of calculation, b is better than
a.

The response about the problems of calculation, round

number, fundamental figure, and congruence and similari-
ty of triangles, shows high percentages for each person.
On the other hand, the problems of projective figures and
trigonometric functions, show low percentages. This is a
consequence of the times in which they learned. We can-
not find any differences between the results of the first
examination and that of the second examination.
In the second examination, the objects were chosen
concerning the years of graduation from senior high
school. We find that knowledge, such as of perpendicular
line and plane, which may be observed in daily life are for-
gotten as the time passes after they learned them.

b) Usefulness

The number of persons who agreed to the questionnaire «If
you understand the content related to this problem, is it
useful to your work?» is smaller than the number of those
who answered the problem correctly .

The contents judged relatively useful for the persons of
both a and b are scales and statistics. The contents of pro-
portion, reciprocal proportion and fundamental figure are
thought to be more useful by the persons of a.

Many persons answered correctly the problems of calcu-
lation and solids of revolution, but few persons thought that
these contents were useful. And many persons judged that
content of coordinates not useful to their work.

The persons of a more than b think that the contents of
proportion, reciprocal proportion and fundamental figure
are useful.

¢) The way of thinking

It is examined here whether the attitude of deductive thin-
king which was obtained by leamning elementary geometry
is still in their mind or not.

IV and V of the second examination are the problems
which need deductive thought. V is a problem of a
non-geometric model of the axioms of affine geometry.

The result of examinations is satisfactory. It has been a

long time since they learned, but they have not forgotten
the attitude of thinking deductively.

The result of examinations about equivalent transforma-
tion is satisfactory too. The result of examinations about
logic is satisfactory.

Y ounger persons replied that they used mathematics
knowledge.

But older persons replied that they judged by common
sense, though they might use mathematics knowledge
unconsciously.

Many members of Japanese society judge that thinking
and reasoning powers are developed by learning elemen-
tary geometry. And they judge that knowledge of elemen-
tary geometry is useful to their daily life, but not to their
work.

From these findings, we may conclude that formal disci-
pline is supported by Japanese society as a whole.

What was mentioned above is the results of our ex-
aminations, but it can show a viewpoint on what school
mathematics should be.

5. Examples of Problems

(I ) Problems of First Examination

1. Proportion and reciprocal proportion
Mark an x if the following statement is false: A train can
travel 100 km/h. The distance traveled
is proportional to the time traveled. ()

2. Calculation
a) (+12) - (-7) + (-15)

b) (0.15-3 : 4)-0.3

c) 4a2b x 2a2b4

3. Fundamental figures
Mark an x if the following statement is false: For three
lines 1, m, nin a plane, if 1*m and 1*n, thenm/in. ( )

4. Congruence and similarity
Which of the following are congruent or similar tri-
angles?

A B . cC
0° 50
12.5 15

10

15 s
DA M :

a)( )and( ) are congruent triangles.
b)( )and( ) are similar triangles.
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5. Projective figures
Mark an x on a projective figure which expresses
true length.

(a) (b) (c)

a) b)

() () ()

6. Scale
Find the actual distance using the scale:1 :50000

a)3cm b)dcm c¢)14cm

7. Solids of revolution
What are the following solids of revolution?

a) b)

a) b)

8. Coordinates
a) Give the coordinate of point P.

b) Find the equation of the line PQ.

(2) Problems of Second Examination
Problems of perpendicular line and plane
Describe the definition of the following word.

a) Alline is perpendicular to a plane (in a space).
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b) A plane is perpendicular to another plane (in a space).

2. Problems which need deductive thought IV Assume the
following premise about the organisation of roads and bus
stops.

- There are at least two bus stops.

- For every two bus stops, there must be one and only
one road which is through them.

- There is one and only one bus stop on the intersection
where two roads cross.

- All bus stops don’t go along one road.

- For each road and a bus stop (not along this road), there
is one and only one other road which doesn't intersect
the first road and goes through the bus stop.

According to these assumptions, show in the following
order that there are at least four bus stops.

Ql. There are at least two bus stops.

Why? Let these bus stops be named A and B.

Q2. There is only one road which goes through A and B.
Why?

Q3. There is at least one bus stop (not along the road in
Q2). Why? Let it be named C.

Q4. There is only one road which goes through A and C.
Why? Let the road be named b.

There is only one road which goes through B and C.
Why? Let the road be named a.

Q5. There is only one other road which goes through A
and does not intersect the road a in Q4. Why?

There is only one other road which goes through B and
does not intersect the road b in Q4. Why?

Q6. Two roads in Q5 certainly intersect. Why?

Q7. There is only one bus stop at the intersection in Q6.
Why?

VA'’s family go on a journey. Assume the premise about the
organisation of cars and pas-
sengers.

- There are at least two cars.

- For every car, there are at least two passengers.

- For any two passengers there is only one car containing
both passengers.

For every car show in the following order that

there is a passenger who is not in the car.

1)  There is another car which differs from car or. Why?
Let the car be named b.

2) Aiis in car b. Then there is a member other than A who
is in b. Let the passenger be named B.

3) Both A and B are not in car a. Why? So there is a pas-
senger B who is not in car a.

In addition to these, the following assumption holds good.

- For each car and a passenger (not in the car), there is
one and only one other car containing this passenger
but not containing any passenger in the first car.

For each car, there are at least two passengers who are
not in this car. Why?

For each passenger, there are at least two cars which do
not contain this passenger. Why?



An Evolution Towards Mathematics for All in Upper
Secondary Education in Denmark

Ulla Klrstein Jensen

1. Upper Secondary Education in Denmark

A description of the evolution in the teaching of upper
secondary mathematics in Denmark would be built on sand
without a few introductory remarks about upper secondary
education in Denmark.

The traditional Danish upper secondary school called
gymnasium is a three-year education based on nine years
of compulsory education that contains mathematics throu-
ghout. Nevertheless, many students choose to postpone
their start in the gymnasium until after the optional tenth
year offered by the schools where they receive their com-
pulsory education and originally meant for those who want
to increase their qualifications without going to the gymna-
sium.

The gymnasium consists of two lines, the languages line
and the mathematics line, each of which is divided into
several branches. Mathematics is compulsory on all
branches and is taught at three levels in the gymnasium.
The lowest is the one for the languages branches, and
there are two for the mathematics branches.

The branching doesn’t take place until after the first year,
and the maximum number of mathematics lessons per
week on a branch is six whereas the minimum is three. The
standard timetable on each branch comprises about ten
subjects all of which are compulsory.

In 1983 about 20,000 students finished the gymnasium
and about 12,000 of these came from the mathematics
line. Nearly 4,000 students finished another academically
oriented education, the so-called HF-education. Under cer-
tain conditions the HF-examination offers the same oppor-
tunities for advanced studies as does the «studentereksa-
men» the final examination of the gymnasium.
Mathematics is a compulsory subject in the first year of the
HF-education.

In 1983 a total of about 24,000 students, which is approxi-
mately 40% of a year of Danish students, completed an
upper secondary education with some mathematics.

2. The Evolution that Started in 1961 and a Step
Towards an «Upper Secondary Mathematics for
All» Course

When describing the evolution in the teaching of upper
secondary mathematics it is natural to start in 1961 when
new curriculum regulations for the upper secondary school,

the gymnasium, were signed. The regulation for mathema-
tics was penetrated by the new-maths-wave and intended
for a small proportion of the students, but it was to be
applied by a rapidly increasing number of students during
the next 20 years. It is important to notice that it restored
mathematics as a compulsory subject for the languages
line students after a pause of a decade. This turned out to
be a small step towards mathematics for all.

The purpose of mathematics for the language students
was to give the pupils an impression of mathematical way
of thinking and method and to provide them with mathe-
matical tools that could be useful in other subjects at
school and during their future activities, so it wasn’t only
aiming at university studies.

The topics to be taught were: the concept of a function,
elementary functions, infinitesimal calculus, computation of
compound interest, combinatorics and probability theory.

The first textbooks were very theoretic and the whole
course nearly failed completely, but it was rescued by a
new textbook at a suitable level.

When the HF-education, that is a type of further educa-
tion meant as an offer to everybody who wishes to qualify
for more advanced theoretic education, came into existen-
ce, it was but natural that the purpose of the mathematics
regulation 1967 was nearly the same as the one for the lan-
guages line students. The course was to be more elemen-
tary though, for instance, it shouldn’t comprise infinitesimal
calculus, but the textbooks included chapters from the text-
books for language students. After a short time, it became
evident that fundamental changes were necessary in order
to change this compulsory one-year, five lessons per week
course to a success.

In the revised mathematics regulation for HF it was men-
tioned as the first goal to provide the students with mathe-
matical knowledge that could be useful in other subjects
and in their daily life, and as the second, to give them an
impression of mathematical method and way of thinking.
Theoretical algebra and group theory were removed from
the curriculum and statistics, probability theory, and bino-
mial test were entered. The so-called free lessons meant
for cooperation with other subjects or for elaboration of pre-
viously treated material appeared in the curriculum. A text-
book for the course was written on the basis of an experi-
ment. This textbook comprised many examples connected
to everyday life and it encouraged the pupils to find others.
The style of it made it easy to understand also for many
who had earlier given up mathematics as too difficult or as
uninteresting. It contained few proofs, but it was very good
at helping the students to create relevant concept images.
The text encouraged the teacher to let the students spend
much of the lessons working in groups of three to five per-
sons solving and discussing problems. In this course,
mathematics was no longer a terrifying subject.

In refrospect, the new HF-cumiculum together with the new textbook
and the applied methods of teaching seem to have served as a catalyst
for the succeeding evolution. The course was the first course

55



that might be called an upper secondary mathematics
course for all.

The HF-mathematics that at the beginning had been hea-
vily influenced by the mathematics curriculum of the lan-
guages line now in turn influenced this curriculum little by
little. Among the reasons for this evolution should probably
be mentioned that the increasing number of students not
aiming at university studies or similar advanced studies
created difficulties for the mathematics teachers, especial-
ly when they were teaching the languages line students,
and the fact that teachers often feel more free to experi-
ment when teaching these students than when teaching
those on the mathematics line because the former have
only an oral exam to pass whereas the latter have to pass
an oral as well as a written exam, the latter being centrally
set by the Ministry of Education. So the teachers tried
consciously or subconsciously to remove some of their dif-
ficulties in the mathematics lessons for the languages line
students by using ideas or methods from the teaching of
the HF -students, and during the last half of the seventies
an increasing number of teachers chose an optional
mathematics syllabus for their languages line students.

The above mentioned optional curriculum had for some
years been used by 90% of the classes when in 1981 it
became regulation. Let me state a few remarks in order to
characterise it. The objectives are:

The students should acquire:

- some mathematical knowledge which can be of use in
other subjects and in their daily life,

- a knowledge of the framing and application of some
mathematical models,

- an impression of mathematical methodology and reaso-
ning.

It is noteworthy that it is now explicitly mentioned in the
objectives that the students should acquire some mathe-
matical knowledge that can be of use in their daily life and
a knowledge of the framing and application of some mathe-
matical models. It is also remarkable that differential calcu-
lus in this syllabus may be substituted by another coherent
material of the same extent and value if the teacher and the
students so wish. Another interesting feature is the so-cal-
led free lessons. These approximately 25 lessons can be
used for going deeper into the compulsory topics, for wor-
king with new topics, for instance some that are connected
to other subjects or for providing an introduction to electro-
nic data processing and its role in society. The teacher and
the students choose how to use these lessons.

3. Drafts for Courses in Advanced Mathematics that
Are at the Same Time Worthwhile Courses for
Students Not Intending to Go to University

The evolution on the mathematics line accelerated later.
During the last ten years, the number of students choosing
this line has increased from about 7,000 to about 12,000,
but at the same time the percentage going to university or
similar advanced education has dropped considerably. As
a result several booklets written by teachers as most text-
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books are and offering alternative and often more intuitive
and less formal approaches to many topics have appeared
during the last five years. The majority is intended to be
used either the first year in the gymnasium or at the lower
of the two levels. The booklets represent a new interpreta-
tion of the regulations. The evolution in HF-mathematics
and mathematics on the languages line have inspired the
authors of the booklets.

A new interpretation of the old regulation isn’t enough to
take into account the change in the students’ qualifications
from their preceding schooling as well as the growing
influence of computers and the fact that for the maijority the
mathematics course in the gymnasium isn’t just a kind of
an introduction course but the students’ final mathematics
education. Therefore, the Ministry has just issued a draft
for a new curriculum for mathematics for each of the
branches of the mathematics line.

The intentions leading to the construction of the draft for
the curriculum common to all branches but the one on
which mathematics is taught at the highest level, the
mathematics-physics branch, were to create a curriculum
that:

- within some central mathematical fields shows mathe-
matics as a subject with its own essential values,

- permits an all-round elucidation of the interaction bet-
ween mathematics and other subjects,

- allows time for absorption in major concepts and corre-
lations,

- allows time to meet special wishes from the class or the
school,

- encourages that the content of the lessons should be
influenced by the teacher and the class to a greater
extent than before,

- guarantees that the student has received an all-round
mathematical education with perspective and width,

- prepares the students for a wide range of types of fur-
ther training for which a foundation in mathematics is
required.

Both drafts live up to these intentions by comprising not
only a list of topics to be taught but also a list of aspects
that are to be brought into the teaching, and various com-
ments on ways and means of teaching. The following
objectives, topics, aspects and comments are included in
both drafts.

Objectives:

The students should acquire insight into mathematics as a

form of cognition and as a means of description.

Topics:

1. Integers, rational and real numbers

2. Plane geometry

3. Functions

4. Infinitesimal calculus

5. Statistics and probability theory.

Aspects:

i) Through suitable examples the students should expe-
rience how an algorithmic approach throws new light on
the mathematics they work with, and they



should acquire a knowledge of the practical application of

electronic data processing.

ii) The students should acquire knowledge of parts of the
history of mathematics and of mathematics in cultural,
philosophical, and social context.

iii) The students should obtain knowledge of formulation
of mathematical models as idealised representations of
reality and get an impression of the possible applica-
tions of mathematical models and of the limitations in
the applications.

iv) The students should learn about mathematics, they
should be aware of mathematics as a form of cognition
and as a language.

Comments:

As to the comments, | have chosen to include just the fol-

lowing:

- The choice of methods of work is to be adapted to the
students as well as the mathematical content, and the
students should be acquainted with several methods of
work so that they can take part in the choice.

- As to the use of textbooks and texts, it is desirable that
the students, apart from reading ordinary textbooks,
become acquainted with texts about mathematics. It is
also desirable that the students try to read a mathema-
tical text in a foreign language.

- Topics should be approached from different angles.
There has got to be deductive sequences as well as
intuitive ones. Also, the students should become increa-

singly familiar with the language of mathematics inclu-
ding symbols and concepts from set theory and logic.

- When planning the lessons, respect should be paid to
subjects where mathematics is applied.

The draft for the curriculum for the branch with the highest
level of mathematics, the mathematics-physics branch, dif-
fers from the previously mentioned by including, for instan-
ce, some numerical analysis, induction, mathematics from
an algorithmic standpoint and recursion that should provi-
de the students with a general theoretical background for
future work demanding and involving the use of computers.
It also comprises a considerable amount of free lessons,
the content of which has to be chosen by the teacher and
the students, and it requires a more elaborate treatment of
some topics. Among the additional demands on this bran-
ch | should also like to draw attention to the fact that the
students should learn to express themselves precisely and
clearly orally as well as in writing, and to the fact that the
students should acquire an understanding of the deductive
nature of the subject by working with proofs in connection
with which they should also get the opportunity to construct
proofs of their own.

Teachers who want to cooperate and increase experience
by testing the drafts, thereby helping to formulate other
concepts of them, are going to use them now. Drafts for
textbooks are also being published. On the basis of these
efforts, curriculum regulations beneficial to many, not only
to future mathematicians, should appear in a couple of
years.
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Fight Against Academic Failure in Mathematics

Josette Adda

In France in recent years, studies on the rate of academic
failure have revealed the fact that the education system
functions by a process of successive elimination of pupils
from the normal streams at each level of orientation.

In the appended diagram, an extract from (12), it can be
seen that among children born in 1962 in France there
remained at the «theoretically normal level» only 72.2% at
age 7, 59.5% at 9, 44.1% at 11, 34% at 13, 21.9% at 15
and 16.1% at 17 (the remainder having repeated years or
having been put into marginal-type classes).

Moreover, it appears that, on the one hand, these elimi-
nations concern more selectively children of socio-cultural-
ly deprived families and, on the other hand, that the res-
ponsibility of «the teaching of mathematics» (and not
mathematics themselves) is essential in these orientations,
which have the effect of confirming social inequalities.

In order to evaluate this «inequality of opportunity» as far
as mathematics are concerned, it has been noted that, for
1976—77 (cf. (2)), 52% of the children of upper executives
in the corresponding age group were following the
C-stream (i. e. a course with a predominance of mathema-
tics), the rate being 6% for the children of workers; their
chances of reaching that particular class being respective-
ly 91% and 23%. Thus, entry to these classes was far from
being equal for all and the «socio-cultural handicap» was
2.2 times more disastrous for the C-section than for all the
classes.

An examination of the socio-professional category of the
family head for students at the Ecole Polytechnique in
1978—79 (cf. (2)) reveals that, out of the 602 students, 422
come from the category of «liberal professions and upper
executives», (or 70%), whereas this category represented
8.3% of the French population for the age group under
consideration.

As for the final year mathematics specialists of the Ecole
Normale Superieure of the same year, one notes that, out
of the total of 21 students, 12 had at least one parent who
was a teacher.

What a lot of «wasted intelligence» (to use the expression
of M. Schiff)!

We shall sum up briefly some research carried out at the
University of Paris 7 which aims to analyse why certain
children fail and others succeed and how the process of
failure works, so as to find what changes should be made
in teaching to remedy the situation.

In order to analyse the phenomenon, it is first of all neces-
sary to be aware that children are not normally in direct
contact with mathematics, that be coming familiar with
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mathematics is achieved by the intermediary of «mathe-
matics teaching», which in fact plays the role of a simple
intermediary for only a minority but is rather a filter for the
maijority. A study of its workings is thus indispensable.

Classes are essentially carried out, of course, not in
«mathematical language» but in natural language, and so
create numerous external difficulties of linguistic origin (on
the semantic level rather than the lexical or syntactic levels
as is often thought). These difficulties have been analysed
at length by D. Lacombe (cf. his lectures at Paris 7).
However, the purely linguistic explanation is still insuffi-
cient, and it is also in the pragmatic and the rhetoric of the
discourse of the mathematics teacher that we must seek
the sources of faulty comprehension and misunderstan-
dings.

First of all, being abstract, the objects of mathematics that
are treated, the properties and the relations that are stu-
died can never be seen (in contrast, for example, with the
objects studied by the physical and natural sciences) and
so the distance between the signified and the signifiers
plays here a role that is more crucial than for any other type
of discourse. Signifiers such as mathematical symbols, dia-
grams, graphic representations are necessary and yet are
the source of poor comprehension of the mathematical
objects signified (cf. (1), (4), (6), (8)). By studying the
«misunderstandings» brought about by this confusion bet-
ween signifier and signified we have observed the respon-
sibility they bear not only in a very great number of errors
but also in the impossibility of acquiring the concepts them-
selves. For example, for many children (and teachers!)
there are no sets without a string and numerous adoles-
cents affirm that 2 is a whole number but neither decimal
nor rational, 2.00 is decimal but neither whole nor rational,
and 4/2 is rational but neither decimal nor whole!

Another way of representing mathematical concepts is the
use by teachers and textbooks of metaphors (cf. (14)) that
are supposed to refer to the experience of the student.
Almost always far too simplistic really to conform to any
recognisable reality, they are nevertheless still too complex
not to be burdened likewise with numerous extraneous
meanings that block access to mathematics.

Instead of seeking to show through appropriate exercises
the abstract and generical nature of mathematical
concepts, one type of pedagogy has sought for some years
to «make mathematics concrete» through the method of
teaching: an absurd enterprise and as such inevitably
bound for failure. The initial idea that starting with real-life
situations and anathematising them can be a form of moti-
vation in early stages was in itself quite reasonable. The
constraints of the school system, however, led to presen-
ting mathematical questions rigged out in «disguises» that
were extremely artificial, pseudo-concrete and the source
of misunderstandings, becoming thus extramathematical
causes of errors in problems claimed to be «mathe-
matical». Even problems of the type «Mummy goes shop-
ping, she buys (...)» are not really natural and the expendi-
ture calculated is often very different from that of actual
purchases (unrealistic prices, proportions out of line with



commercial usage .. .). Moreover, this variable «Mummy»
(each pupil supposedly feeling involved) introduces an
emotional factor that is not necessarily positive: for
example, when the mother has financial difficulties, has litt-
le time to do the shopping, is sick, far away or deceased .
. . (cf. (3)). Reactions in the face of these academic
«situationproblems» are very different from those of stu-
dents to whom one can give the opportunity to «mathe-
matise» a real-life «situation» problem: doing the shopping
themselves, for example.

F. Cerquetti has shown that when pupils in an apprentice
class for baker-pastrycook have to do all the calculations
for purchases necessary for making croissants and for sel-
ling them, considerable success may be noted, whereas
the same students react against all the artificial «word»
problems put to them in textbooks and prefer and succeed
better in purely abstract games with numbers (cf. (9)).

Young children have a potential for abstraction which is
not exploited. The fact that primary school teachers are
often recruited from the students who have the least posi-
tive feelings towards mathematics is very worrying in
France. It sets up an interlocking process of failure (cf. (8))
and declining performance is one of the most distressing
phenomena of our educational system (cf. work in progress
by F. Carayol and M. Olvera in particular). For example, the
use of clear symbolism is perfectly well allowed as a simpli-
fication by young children (cf. the well-known experiments
of Davydov in the USSR), but certain ways of introducing
badly understood formalism are rejected by students in the
secondary system: in fact, when one seeks the causes of
rejection in the teaching of mathematics, one almost
always finds that it is a question of notions, the presenta-
tion of which has been carried out in an inconsistent way,
with inner contradictions .

It is important to stress also that class use of questions
«disguising» mathematics, a method fraught with errors
because of the outside influences that are introduced, is
not «socially neutral» and this constitutes a further factor of
selection (cf. (5) and (10)). At the beginning of this century,
exercises referred above all to a rural universe of landow-
ner adults who exploited their holdings, transmitted inheri-
tances, invested their savings, and so on. Today, there is
an attempt to involve the child more and so school ex-
ercises refer often to children but these are children living
in towns or cities (often the capital), receiving lots of pre-
sents, making journeys, and so on. Thus, not only can cer-
tain children not be familiar with certain of the elements
necessary to understand the questions but, above all,
these «disguises» contribute to giving many of them the
idea (immigrants or not — some speak of «home-grown
foreigners»!) that they are foreigners in this world, this uni-
verse of schoolroom problems that they believe to be (the
ultimate mistake!) the universe of mathematics. It is striking
to see the archetypes that certain pupils propose when
they are asked to invent the text of a problem (cf. (3) for
example).

Questionings used in evaluation do not so much reveal

inequality but create it (cf. (7)). The formulation and the
presentation of mathematical problems present the same
sort of bias as those (denounced for years now) of IQ tests.
Moreover, poor results have an all the more disastrous
influence in that the present school system sets up a loc -
ked-in process of failure through the «Pygmalion effect»
(self-fulfilling prophecy) and above all by the irreversible
streaming off towards poorly thought of types of classes.
The struggle against academic failure in mathematics is
not a question of change in curriculum. It requires a
concerted attack on the true basic problems, for otherwise
all the sources of difficulty can recur, in a more or less
serious form, on any chapter of mathematics. The
«reform» of recent years has been a good example of this,
with the result that all the criticisms expressed at the time
of the survey on teaching carried out by the review L
‘Enseignement scientifique in 1932 are easily transposed
into the present situation.

Teachers must become aware of those aspects of their
teaching practice which create misunderstandings and lack
of comprehension; they must not only have a solid know-
ledge of the mathematics that they have to teach but also
be capable of understanding how these are to be transmit-
ted in the mathematics class and study the ethnological
features of that universe where, in the interrelationship bet-
ween teacher, pupils and mathematics, communication is
threatened by interference which can be called «socio-logi-
cal» (according to P. Bourdieu).

In order to give all pupils access to mathematical culture
with its own specific features, it would be necessary, as for
physical culture, to offer to all the pleasure and the oppor-
tunity to carry out exercises (here intellectual and abstract
ones) (see for example (11)). Above all, let us not forget
that we are talking about an integral part of the cultural
heritage to be transmitted and that theorems are also
works of art: Pythagora’s theorem is a classic on the same
plane as a play by Shakespeare or a painting by Leonardo
da Vinci, and there is in it an aesthetic wealth that we must
try to offer to all. Contrary to those who want to confine
underprivileged children to «useful mathematics» (in the
sense of creating minimal automatic responses with no
practice in deductive reasoning), | think that we must
attempt to allow all children to exercise a right to abstrac-
tion (for which mathematics teaching offers the best oppor-
tunity), the formative element in the loftiest activities of the
human mind.

Certain mathematicians, conscious of the collective res-
ponsibility they bear for the harm done by misuse of their
discipline, recognise that it is their duty to react. Academic
failure at the present time is no longer solely the failure of
pupils, it is the failure of the whole educational system,
and, if teachers fail in their struggle against this failure, the
responsibility will fall on those whose mission it is to train
teachers, in other words, those working in tertiary educa-
tion. The mathematical community must conscientiously do
its duty towards the school system through the initial trai-
ning of teachers and inservice training (with
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special emphasis on recent research on mathematics tea-
ching) for practising teachers, as well as by the de-
velopment and improvement of the forms of support
necessary for all those for whom it cannot be provided by
the family context.
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EQUALS: An Inservice Program to Promote the
Participation of Underrepresented Students in
Mathematics

Sherry Fraser

Mathematics has been called the queen of the sciences.
She could also be called the gatekeeper to the job market.
Too often, students who might find job satisfaction in a
scientific or technical field are unable to enter that field
because of inadequate preparation in mathematics. Why is
it that students, especially female and minority students,
stop taking mathematics in high school, as soon as it
becomes optional to do so?

Many women and minority students don’t see the rele-
vance of mathematics to their future lives. This perceived
lack of usefulness of mathematics contributes to the high
dropout rate. If students don’t see the need for math they
do not take the elective mathematics courses and effecti-
vely screen themselves out of many potential careers.
Another factor in students dropping mathematics is their
lack of confidence in their ability to be successful in doing
mathematics. Traditionally, mathematics has been seen as
a male domain. In the United States it is socially accep-
table, especially for girls, not to be good in math. Unless
the student feels competent and confident in doing math-
ematics she or he will not continue on when the courses
become optional.

Students need support from their teachers, counselors,
parents, and peers if they are to continue on in their mathe-
matics education. Intervention programs that develop stu-
dents’ awareness of the importance of math to their future
work, increase their confidence and competence in doing
mathematics, and encourage their persistence in mathe-
matics have the best chance of success. Thus, EQUALS
uses these strands - awareness, confidence and compe-
tence, and encouragement in its programs.

EQUALS is a mathematics inservice program at the
Lawrence Hall of Science, University of California,
Berkeley, serving teachers, counselors, administrators,
and others concerned with keeping women and minority
students in mathematics education. It focuses on methods
and materials for the kindergarten through twelfth grade
level that will help attract and retain underrepresented stu-
dents in mathematics. Since 1977, 10,000 educators have
participated in EQUALS programs. Six national sites have
been created to disseminate the program throughout the
country.

The EQUALS program includes multiple approaches to
the issues of access and retention. At first, EQUALS
mathematics instructors—all former public school tea-
chers—set out to sharpen the participants’ awareness that
disproportionate numbers of women and minority students
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decide not to continue on in mathematics in high school
and are thus unprepared to enroll in vocational or college
programs requiring quantitative skills. To develop a com-
mitment to recruiting and retaining students in mathema-
tics, participants must have an investment in the issues. So
we ask participants to investigate specific conditions indi-
cating their schools’ performance in bringing women and
minorities into mathematics (such as comparing math cour-
se enrolments of males and females or surveying students’
career aspirations). The participants then become the
experts on the situation in their schools. They begin to defi-
ne the problem and are ready to work on solutions with
others.

Secondly, EQUALS provides teachers with learning mate-
rials and methods that engage them in doing mathematics
with competence and enjoyment. EQUALS participants
encounter logic, probability and statistics, estimation, geo-
metry, and nonroutine applications of arithmetic for pro-
blem solving. These are areas of mathematics that are
relevant for mathbased occupations and in which women
and minority students tend to lag behind males and majo-
rity students in achievement tests. The learning environ-
ment must be one that is cooperative and non-threatening.
EQUALS models the kinds of teaching approaches we
hope to encourage in the classroom, such as providing
time for people to work together on math problems and
other new materials; minimizing the fear of failure and
encouraging risk taking; providing manipulative materials
to use in making abstract math concepts concrete; and
helping people develop a range of problem-solving strate-
gies that suit their style of teaching and learning.

Recognizing that a number of people must have a stake
in such a program of change, the EQUALS approach has
been to build, where possible, coalitions of administrators,
teachers, and parents who will work cooperatively to
spread EQUALS through their schools. EQUALS partici-
pants are strongly urged to teach fellow teachers and
parents the math activities they've learned in the program,
as well as some of the startling statistics about women’s
and minorities’ disadvantage in employment and earnings.
They bring to their classrooms or schools women and
minority men who work in math-based professions or
skilled trades. These people serve as role models and
encourage students to think about their futures in terms of
necessary and realistic work.

These activities help teachers convince themselves and
co-workers at school of the importance of EQUALS goals
and generate support for the often difficult task of inserting
EQUALS into a text-and-test dominated math syllabus.
The activities also reinforce the idea that EQUALS partici-
pants are collaborators in the effort to make mathematics
meaningful and productive for students who otherwise may
be filtered out of a wide range of occupational choices.
During the year-long program, EQUALS participants keep
journals of their experiences using EQUALS in the class-
room. The journals reveal that many EQUALS participants
identify strongly with the math-avoiding students for whom
the program is designed. Again and again the program is



experienced as a breakthrough for the teachers them-
selves. A feeling of personal achievement perhaps contri-
butes as strongly as the practicality of the curriculum and
the vitality of the workshops to the program’s unusually
high evaluations — mean scores of 4.5 and above on a
scale of 5 in teachers’ ratings of the workshops, and fin-
dings that at least 84% of participants apply EQUALS
immediately and continually in their classrooms. Schools
sending teachers to EQUALS report that in two or three
years they observe increased enrolilments of previously
underrepresented students in advanced mathematics
classes and more favorable attitudes about mathematics
among all students. Most recent pre- and posttest data
indicate that EQUALS teachers and their students are
improving in their problem-solving skills as well.

Because of the need expressed by teachers for more
experience with computers, and its usefulness as a tool in
the mathematics curriculum, EQUALS in Computer
Technology was developed and offered for the first time
this year. Whether they have participated in a math or com-
puter workshop, EQUALS teachers experience astounding
growth, particularly in leadership skills, because they are
encouraged to speak up, make presentations, and deliver

ideas. Small victories are quickly acknowledged. As the
person grows, his or her commitment to the program and
the people who fostered that growth remains. As a result,
we have advocates everywhere, whose support, in turn, is
crucial to us.

What we have learned from the thousands of teachers
with whom we have worked is renewed respect for the dif-
ficult work they do each day without the public support they
so desperately need. Many elementary and secondary
schools are alienating environments where teachers are
placed in adversary roles to students, parents, and admi-
nistrators. When they come to a program like EQUALS,
which provides a non-threatening, supportive environment
where they can take risks, make mistakes, and learn new
skills, their response is one of gratitude and enthusiasm.
What this tells us is that there is little opportunity for coope-
ration and creativity in their own schools.

Our task then, as math educators, is to remember and be
sensitive to the many difficulties facing teachers as they try
to strengthen their mathematics programs and to provide
them with the respect and resources they need to accom-
plish their goals. As teachers grow in their confidence and
competence in mathematics, so will their students.
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FAMILY MATH

Virginia Thompson

Background

Several years ago, we were asked by teachers in our
EQUALS inservice program to think about ways to provide
parents with ideas and materials to work with their children
in mathematics at home. Many parents had expressed
frustration in not knowing enough about their children’s
math program to help them or in not understanding the
mathematics their children were studying. In 1980, the
EQUALS program received a three-year grant from the
Fund for the Improvement of Postsecondary Education
(FIPSE) of the U. S. Department of Education to develop a
FAMILY MATH program for parents and children to learn
math activities together that would reinforce and comple-
ment the school curriculum. Although the activities are
appropriate for all students, a major focus has been to
ensure that underrepresented students — primarily
females and minorities — are helped to increase their
enjoyment of mathematics.

The 12- to 16-hour FAMILY MATH courses provide
parents and children (kindergarten through 8th grade)
opportunities to develop problem-solving skills and build
understanding of mathematical concepts with «hands-on»
materials. Parents are given overviews of the mathematics
topics at their children’s grade level and explanations of
how these topics relate to each other. Men and women
working in math-based occupations meet with the families
to talk about how math is used in many occupations; other
activities are used to demonstrate the importance of
mathematics to future fields of study and work.

Course Content

Materials for each series of FAMILY MATH courses are
based on the school mathematics program for those grade
levels and reinforce fundamental concepts throughout that
curriculum. Topics include: arithmetic, geometry, probabili-
ty, statistics, measurement, patterns, relations, calculators,
computers, and logical thinking. The activities included in
this FAMILY MATH sampler illustrate how math topics are
approached. A career activity is also included. In any given
class, four to six activities are presented for parents and
children to do together. They then talk about how they sol-
ved the problems and how these activities help with school
mathematics. Families are then given these and other acti-
vities to continue the help at home. Often, parents will bring
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in new books and activities they've found to share with
other class members.

Participants

Parents learn about FAMILY MATH from their children’s
teachers or principals, at PTA or school site council mee-
tings, through newspaper articles or church bulletins, or
from radio announcements. Classes are offered in the
afternoon or evening at schools, churches, community cen-
ters, community colleges, or the Lawrence Hall of Science.

Impact of the Program

Evaluation shows that families can and do use FAMILY
MATH activities at home and that they have become moti-
vated to continue their exploration of mathematics.
Teachers and principals find that FAMILY MATH creates a
positive dialogue between home and school and a way to
involve parents in their children’s education.

The Future

During 1983 — 84, the FAMILY MATH staff will be offering
workshops to help parents and teachers to learn how to
establish and conduct FAMILY MATH classes; the full cur-
riculum will be published; and a film will be made of the pro-
gram to help disseminate its philosophy and approach to
communities outside of the San Francisco Bay area.

If you would like to be on the FAMILY MATH mailing list to
receive notices of available materials and workshops, plea-
se send your name and address

to:

Virginia Thompson and Ruth Cossey

FAMILY MATH/EQUALS

Lawrence Hall of Science

University of California

Berkeley, CA 94720

We welcome your comments and suggestions for
future FAMILY MATH activities.

Appendix

Growth of FAMILY MATH Classes
in San Francisco Bay Area

Year No. of No. of No. of Total No. of

Offered Classes Sites FamiliesParticipants
1981 -82 6 3 46 67
1982-83 11 8 136 197
1983-84 16 12 345 654

(to date)

Total 33 23 527 918




FAMILY MATH Trainer-of-Trainer Workshops
at Lawrence Hall of Science

Year No. of % Educators% Parents (w/o ]
Offered Participants direct educatio-
nal responsibilities)
1983 115 7%

23%

1984 133 85% 15%

Total 248

Evaluation of the courses, through observations and a fol-
low-up questionnaire, evidences a high level of math-rela-
ted activity undertaken by FAMILY MATH participants.
Over 90% of the 67 parents who attended classes regular-
ly during the first year have played math games with their
children and helped them with their math homework; over
80% have talked to their children’s teacher about their
mathematics progress. Parents have also taken actions for
themselves, including getting a math puzzle or game book
(50%); a math refresher book (27%); or taking another
math class (18%). These numbers compare favorably with
the implementation levels observed during the FAMILY
MATH sessions. It appears that the math-related activities
that are begun during the class are sustained.

In October 1983 and February 1984, we conducted two
2-day FAMILY MATH training sessions for interested
parents and teachers. The response to these workshops
was overwhelming: 140 applied to the October session and
164 to the February one. The logistics of handling that
many people for two days, 6 hours each day, was formi-
dable. Yet, because we could call on the entire EQUALS
staff of 9 mathematics educators, we were able to organi-
ze people into groups of 30 and take them through the con-
cepts and activities of the 12-hour course. Evaluations of
these training sessions indicate extreme satisfaction and
high enthusiasm for the organization and conduct of the
program. Further, participants were asked how they would
use the training by means of a FAMILY MATH Planning
Sheet. From the October session, 51% indicated that they
would establish or team teach a FAMILY MATH course this
academic year and, according to our information, 22% of
them have already done so; an additional 16% have firmly
scheduled a class to begin this spring. In the February ses-
sion, 53% stated they would offer a FAMILY MATH course
either over summer 1984 or during the 1984-85 academic
year. The majority of trainees who did not intend to conduct
classes said that they intended to use the materials in their
classrooms or at home with their children, at faculty and
school board meetings, at church, or at community mee-
tings. Project staff will conduct a follow-up of all trainees in
late spring 1984 to determine the extent of these dissemi-
nation activities.
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Mathematics for All is No Mathematics at All Examples
1. The first example is meant for children of about ten
Jan de Lange Jzn. years of age.

Under the influence of Prof. Freudenthal’s Institute IOWO
(Institute for the Development of Mathematics Education)
Mathematics for ally has been a much discussed item in
the Netherlands for the last decade. Since 1971 lots of
materials were developed for primary education by the
Wiskobas department of IOWO and since 1974 Wiskovon
developed texts for secondary education.

It is not easy to characterise mathematics the way it was
developed during that period, but some of the much-used
slogans were:

Mathematics as a human activity - Everyday-life mathematics -
Mathematics in the world around you.

During the initial years it was not clear how big the influen-
ce of IOWA was, but recent research (1984) carried out by
Rob de Jong showed that the influence of the
Wiskobas-group is very large as of this moment. As de
Jong stated:

«The IOWO-Wiskobas ﬁaradigm for math education can be charac- =% = | & et J
terised as realistic which means among other things: connection with

informal strategies of children, using inspirmg contexts and aiming at

the comprehension of fundamental concepts. «

«The results of the research: Wiskobas characteristics have been Question: «Which camera presents the picture shown?»

traced to a large extent and in correspondence with the original inten-
tions in five series of textbooks taking 35% of Dutch primary school, 2. Another one, for about the same age-group:
and increasing.» A map of part of the Island of Bermuda is presented:

«Moreover: about 80% of the materials used in teacher training can
be characterised as IOWO-like.»

«Finally: when teachers are considering a new textbook, 4 out of s
take a ‘realistic’ method.»

This kind of primary mathematics for all may be illustrated
by the following examples:

Question: «Which drawing shows the situation as it is
seen on the Bermuda?»
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3. At a somewhat higher level are the following examples
(11— 13 years) about straight lines. A very simple pro-
blem: «How can you place three cubes on a straight line»
is illustrated in the following way

A ship is finding its way on a river with numerous shallow
spots. To make navigation easy, a number of signs have
been placed on the border. Now you have to sail Jon the
straight line» formed by two of these signs that form a pair.
As soon as the next two signs are collinear, you change
course. This idea is also used when entering harbours.

;
|
|
|
}
|
i

N
Perry Harbour scale: 3 em ie 1 km.

Here we see a map of a harbour. L;and L are lights. L, is
much higher than L.

The tugboat Constance and its tow are reaching the har-
bour at Perry. The captain of the Constance estimates that
they will pull into port in about 15 minutes. He watches the
harbour lights very closely, especially L, and L.

During the last minutes he sees them like this:

O O @ ©)
@) O O o
1 2 3 4

Assignment: «Draw the route of the last few miles on the
worksheet.»

In a discussion it becomes apparent that the children are
capable of understanding the principle. Some of them are
even able to place themselves in the position at sea and
can translate horizontal information (the L,, L, line) into
vertical information and make the right conclusions.

For lower secondary education quite a number of experi-
mental texts were developed by IOWO. Some 20 booklets,
mainly of a geometrical background, were the result of five
years of experimenting, observing and evaluating. Some of
this can be found back in one of the biggest and most
influential series of textbooks in the Netherlands. Some
continuation of the project — that had to stop when IOWO
terminated all activities in 1980 — takes place at the Foun-
dation of Curriculum Development, especially in the field of
global graphs.

It is interesting to note that the reactions of teachers to
IOWO-like material that is part of an established series of
books is at present more favourable than to the original
material eight years ago. Via those textbooks they some-
times rediscover the original IOWO-material.

Most reactions are like «Mathematics can be fun» and this
seems to surprise teachers even more than students.
Some examples from the original IOWO-Wiskivon mate-
rials:

5. The closer you come, the less you can see. That is also
the problem of the lighthouse man.

The man walks towards the lighthouse. Behind the tower
rabbits are playing in the grass. At home the man tells his
children: «When | approach the light-thouse, | get closer to
the rabbits. Although they don’t run away | see less rabbits
when getting closer. Why?»

g&ig'fs
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6. Question: «Is the tower higher than the bridge or not?
Explain your answerl» Without proper preparation this is a

- [ ]
" Z

very difficult problem. Everybody knows the phenomenon,
but very few people are aware of what really causes it. The
designer hoped that a side view would arise more or less

BRIDGE

gny

spontaneously, but this was not the fact. But as soon as a
side view was suggested the pupils were able to say some
sensible things. Although these problems presented to 12-
to 13-year-olds still offer many difficulties.

TOWER m

I

7. Question: «How do you know the earth is a sphere?»
Answer: «Because when you are at the beach and a ship
is approaching the coast, you first see the upper part, and
only later the whole ship.»

Now this answer may not be completely correct, but the
next one is quite sophisticated: «When you see a picture of
the earth from a satellite, you see a circle.» The teacher:
«But then it can be a flat pie?!» «No, because wherever the
satellite flies, it always is a circle .»

8. Ratio and proportion, as well as the introduction of

angles can be done with shadows, as indicated above. But
there are, of course, other possibilities. One of them is
experimenting with flying model paper planes.

There are numerous plans to build a successful paper
model plane within 15 minutes. This activity alone has, of
course, some interesting geometrical aspects. But the
planes can be used for further experiments. It is necessa-
ry that they fly reasonably, that means more or less in a
straight line.

Interesting is to compare this performance of the planes.
This can be done by observing how far each plane flies in
relation to the height it was thrown from.
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It is obvious that for each student the height h will be diffe-
rent (and more or less the same for one student) and that
the distance flown will vary. Let's compare two planes:

Plane 1 :
h 90 90 90 90 90
d 450 400 360 500 480
Plane 2:
h 120 120 120 120 120
d 600 550 620 550 580

It looks like some more experiments with plane 1 are
necessary to make conclusions about the distance flown.

Plane 2 behaves very decent. One might say it flies
around 580 cm, when launched at 120 cm.

Some additional flights with plane | make it fair to say that
plane 1 flies 480 cm when launched at 90cm.

The question arises: «Which plane is the best?»

This leads right into numerous aspects of ratio, propor-
tions, fractions, angles and percentages.

A rather simple way of solving the problem in a geometri-
cal way is by making scale drawings, cutting them out, pla-
cing them on to each other and comparing the «glide
angles».
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The smallest angle gives the best plane! Why?

Finally, some remarks on mathematics for all at upper
secondary level. Since 1981 experiments were carried out
that will lead to a completely new curriculum for mathema-
tics from August 1985 on. Applications and modelling play
a vital role in this curriculum for Math A, aiming at students
who will need mathematics as a tool. Math B is for students
heading for studies in exact sciences.

Math A seems to be very successful: Applications and
useful mathematics starting in reality seem a fruitful
approach even for students who are poor at «traditional»
mathematics.

More than 90% of the students at present choose mathe-
matics at upper secondary level which is up from 70% in
previous years.

During the experiment 20 booklets were developed for
use by the students.

Many of the ideas from these books are to be found in the
well-known textbook series in the Netherlands: once more
the influence of OW and OC (the research group that can



be considered being the successor of IOWOQO) proved to be
considerable.

As a matter of fact, the experiments with Math A were so
successful that the vice minister of education considered
making math compulsory for upper secondary level.
Some examples of the Math A program are as follows:

Examples

One of the subjects that is part of the Math A program is
periodic functions. And as a special case: goniometric
functions. The latter is not a very popular subject in most
courses as we all know. From the experiments we get the
impression that embedding goniometric functions in the
periodic functions, and in real-ife situations, makes the
subject much more motivating to the students.

9. The book starts with the electrocardiogram (ECG). An
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ECG, taken at 16 different spots on the body looks like this:

From this, one can take the average (over the whole body),
and finally make a mathematical model that look like this :

0s g 028 048

® @ @.@; ®

In an earlier version, it was not explained what exactly cau-
sed the different peaks in the graph. When students asked
questions about the heart functioning, (math) teachers
were unable to explain. So now we explain the relation bet-
ween the pumping of the heart and the ECG.

This first periodic phenomenon offers ample possibilities
for further questioning. For instance:
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This is a part — one period — of an ECG of someone suf-
fering from a heart attack. The P-top is identified.

Explain in what way this ECG differs from the ECG of a
healthy person.

10. An interesting phenomenon that is worth mentioning
within the framework of periodic functions is the biological
clock.

The fiddler crab is very active during low tide, and rests
during high tide.

When the crab is taken away from the beach, the graph
changes dramatically:
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In this case, we say the periodic activity of the crab is
caused by an external biological clock.
The same crab has another periodic phenomenon:

DONKER

KLEUR

LICHT

0 12 0 12 0
NACHT DAG NACHT DAG TIJD IN UREN

It is coloured darker at daytime and lighter at night. Again,
when taken away from its natural environment and placed
in a situation with constant light, the periodic colouring

remains.
The fiddler crab has an internal biological clock as well.

11. The prey-predator model usually is not found in curri-
cula for secondary education. Certainly not in mathema-
tics. We tried to introduce this model in a very simple way.
From a story the students have to draw a graph represen-
ting the growth cycle of the predator (Iynx? and prey (rab-

bit) as well.
From:
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and finally, because of the periodicity to:
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This — not so realistic — story and the graphs are analy-
sed and confronted with real-life graphs, which look pretty
much the same and have the same characteristics.
Also questions are posed about a very simple model:

N, (t) =200 sin t + 400
N,(t) = 300 sin (t -2 :5p) + 500

Finally, the children are given another way of drawing
graphs of prey-predator models, which emphasises the
periodicity of the model:

500
2
Q
g oo t.0
E . q
2 300 :
K 1
~ 200 '
g !
3 100

L
5000 15.000 2%.000
AANTAL PROOIDIBREN

500
x
[y
g 4oo t.0
9 b e e
S Joo " t=1
« ' ‘t:.l
~ 200 '
h 1
: .
< IOO b :

! L
So00 15.000 25.000
AANTAL PRODIDIEREN

5004
x
¢ 400
w
g 300
L4
~ 200
< 1
3 00
< loo

15.000
AANTAL FROOIDIGREN

5000 15.000



Very important within Math A is the activity mathematising
and modelling. This is a complex and difficult matter and
offers lots of discussion.

13. The yearly average tide graph of a coastal town in the
Netherlands (Vlissingen) is indicated in this graph:

Assignment : «Find a simple (goniometric) model to des-
cribe the tidal movement.»

Initially, three rather different models were found by the stu-
dents (17 years of age):

f(x) = 2 sin 1/2x

g(x) =190 sin 1/2x + 8

h(x) = 190 sin pi /6.2

Of course, a lively discussion was the result :

f(x), that was clear was a very rough model : the amplitude
was «more or less equal to two meters» and the per-
iod was 4p or 12.56 which is not «far away» from 12
hours and 25 minutes.

g(x), as the girl explained, was better in respect to the
amplitude: The amplitude of 190 cm, together with a
vertical translation of 8 cm gave exactly the proper
high and low tides which was very relevant to her.

h(x), was more precise about the period. This boy conside-
red the period more relevant «because you have to
know when it is high tide». The period proposed by his
model was 12 hours and 24 minutes, which really is
very close.

After a long discussion it was agreed that:

k(x) = 190 sin pi/6.2 + 8

was a nice model although some students still wanted to

make the period more precise.

Many people think that this kind of mathematics is no
mathematics at all. When Math A was introduced some tea-
chers asked if they really had to teach this. After working
for a year or two with Math A most teachers change their
minds: Math A is full of mathematical activities of a very
high level. On the other hand, we have to consider that the
ultimate mathematics for all is no mathematics — as a
separate discipline — at all: It could be possible that espe-
cially this kind of mathematics disappears when all other
disciplines that use mathematics teach their part of mathe-
matics integrated in the discipline involved.

And so daily-life mathematics for all may disappear in
daily-life sciences or general education.
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Organising Ideas in the Focus of
Mathematics for All

Roland J. K. Stowasser To Hans Freudenthal

on his 80th Birthday

Summary

The history of mathematics offers outstanding examples of

simple, and at the same time, powerful ideas which orga -
nise their surroundings, ideas connected with each other in

a transparent network. Rather Pascal’s «esprit de finesse»

rules the process of thinking, and to some extent, by ana-

logy learning, too.

An impressive example shows that even less able stu-
dents can take profit by such an organisation of mathema-
tical knowledge. There is more hope that a new quality of
mathematics teaching might result from the epistemologi-
cal and historical point of view rather than from the cur-
rently flourishing empirical research, categorising and doc-
toring merely the symptoms.

About Organising Ideas

There is a lot of lip-service and well-intended general advi-
ce for the use of history in math teaching, but very few wor-
ked out examples of the kind | would like to talk about.

In the history of mathematics, | was looking out for ideas

- influential in the development of mathematics;

- simple and useful, even powerful which at the same time
could act as

- «centers of gravity» within the curriculum;

- knots in cognitive networks.

In that sense | call them organising ideas.

In the course of history new central ideas developed by
reorganisation of the old stocks of knowledge allowing to
draw a better general map from those «higher points of
view».

«La vue synoptique» brings to light associations hitherto
hidden.

This does not work by «longues chaines de raison»
(Descartes). Not Euclid’'s «I'esprit de géométries» rules the
process of cognition and by analogy the process of lear-
ning, but rather a mode of thinking related to Pascal’s
«esprit de finesse» paving short ways from a few central
points to many stations. *

Pascal himself provides a splendid example. When 16
years old, he reorganised the knowledge about conics han-
ded over by Desargues unveiling the «mysterium hexa-
grammicumy, ever since called Pascal's theorem: the high
point surrounded by a lot of close corollaries.

«(...) il faut tout d'un coup voir la chose d’'un seul regard, et non par
progrés du raisonnement, au moins jusqu’a un certain degré (...)
(Pascal, Pensées, ed. Lafuma 512 : the difference between I'esprit
de géométrie and I'esprit de finesse.)
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Having cut organising ideas out of the historical context
one is left with the hard task to process them into more or
less comprehensive teaching modules (or even school-
book chapters). The products can be problem fields in
which very few organising ideas instead of dozens of theo-
rems operate as a means of problem solving.

Concentrating on a few simple, and at the same time,
powerful ideas which organise their surroundings and
which are connected to one another within a simple net-
work, offers help for the less able student, too. His inability
derives to a large extent from the fact that he is unable to
organise his thought with respect to a complex field in
which the connections are presented in the usual plain logi-
cal systematical way and where teaching is used to admi-
nister only spoonfuls of the subject matter, disconnected
and without depth.

An Example on the Idea of Congruence
In German schools, pupils have to learn and apply some
special divisibility rules, the end-digit-rules for 5, 25, 2, 4, 8
and the digit-sum-rule for 9 (not morel).

The organising idea behind the different looking types lies
hidden away as it was before Pascal’s paper about a gene-
ralised digit-sum-rule (see appendix to [1]). He wrote the
paper in a mathematician’s fashion: describing the algo-
rithm by some simple examples (9-, 7-rule) and giving a
proof by recursion. His approach is not an appropriate pro-
posal for an interesting lesson on divisibility rules for 11
-year-olds.

Take my approach with the very familiar clock on the face
of which, so to say, Pascal’s idea, and even the more gene-
ral idea of congruence comes to light in a very simple way.
| quote from [1].

«In the 11-year-olds’ daily life experience the clock is just the right
thing to start with. | have a big cardboard clock without a minute
hand. The hour hand is on the 12.

A pupil is called to the blackboard. He is told to write down
the number of hours the hour hand should move. He writes
down an unpronounceable number of hours which goes
from left to right across the blackboard. Three seconds
after the last written figure | put the hour hand on the right
hour. For example, thé pupil writes:
2045010223053123456789024681357902541403.

| put the hour hand on the 7. The pupils check by dividing

through bg 12. One page is filled. Plenty of mistakes. In the
right | %n corner is written the only interesting thing: the
remainder.

The pupils know that | am not a ma?ician, especially that |
am not good at mental arithmetic. Of course | do not'reveal
the trick. The E_uplls will work for it, discover it. A prepared
work sheet asking «what time is it», that means asking for



the remainders reigarding 12, shows a pattern: the remain-

ders of 12 (Zwdlferresté) divided into the powers of 10

(Zehner ﬂte_nzen) from 102 on, are all equal, thank God.
R12 (I0") is constant for n >2.

Every 10th power pushes the hour hand 4 hours ahead.

| assume, otherwise it has to be dealt with, the pupils real-
ly know what the abacus is, that they can see a decimal
number consisting of powers of 10.

Now my mystery trick in arithmetic is solved. No matter
how many dI%ItS there are in front, the hour hand simpl
jumps to and fro among three positions (beyond the tens).

| prefer to do the rotation of the hand mentally instead of on the
actual clock. In the example R ;5 (2106437822) my mental arithmetic
looks like this:

090
QOC
(O

The 22 hours at the end, being out of the routine, put the
hour hand in the final position:

The 11-year-olds even understand my enquiry whether the calcula-
tions on the working sheet confirm that R(10000000000) = 4. The
reason why - hidden reasoning by induction because of the recursi-
\}:elly defined powers of 10 - can be found by 11-year-olds with a little
elp.

Four hours remain from 102 hours after taking away the half days.
From 102 =10.102 hours remain 10 « 4 hours. From 10® hours remain
therefore again 4 hours after taking away the half days. We proceed
in the same way for 104 = 10.103(...)»

So far, the 11 -year-olds have discovered and fully un-
derstood the quick method for remainders by watching the
familiar (Babylonian) clock. There will be no real difficulties
to transform this method so that it can be applied to arbi-
trary non-Babylonian divisions of the day (e.g. 11-, 18-,
37-hour-clocks). Pascal’s idea has been grasped from the
paradigm (12-hour-clock) and transferred, not abstracted
from a lot of examples. As a teacher, | couldn’t but follow
Aristoteles’ advice for teaching, as opposed to research, to
use but one example, the paradigm, which embodies the
idea.
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CSMP: Realization of a
Mathematics Program for All

Allan Podbelsek

Introduction

Focus and Direction from Damerow ‘s Paper

In his paper, «Mathematics for All,»* Damerow raises an
interesting dichotomy relative to mathematics education —
do we continue with a mathematics curriculum designed
essentially for a small, elite group or do we develop a pro-
gram designed to bring more of the essence of mathema-
tics to all students? Stated another way - do we keep the
highly selective framework and methods of traditional
mathematics education but give up the privileged position
of the subject as part of the core of general education; OR,
do we seek to keep mathematics at the core of the curricu-
lum but find a way of teaching the subject to all students?
In spite of 25 years in mathematics education, | still perso-
nally believe in attempting to teach as much of the essen-
ce of mathematics as possible to the general student popu-
lation. Therefore, it is issues related to the latter choice that
this paper will address.

Basis for this Paper

As a student, mathematics was presented to me in the tra-
ditional manner. Because of some effective teachers and
my own desire to see things related to one another, | deve-
loped an interest in and an appreciation of mathematics as
a unified body of knowledge rather than a set of individual,
isolated topics. Consequently, in the past 10 years, much
energy in my work has been devoted to implement a uni-
fied or integrated mathematics program to a subset of stu-
dents in the school system in which | am employed. It is my
hope that someday mathematics programs in the United
States will be unified in nature. Perhaps this will happen by
the turn of the century along with metrication! Through thin-
king about mathematics as a unified body of knowledge
and dealing with teachers, administrators and community
members who were often resistent to such ideas, | develo-
ped a strong interest in the very topics that Peter Damerow
addresses in his paper.

In the past five years, | have had quite a lot of in-
volvement in the implementation. of an innovative,
integrated program at the elementary (K — 6) level.
This program is the CSMP (Comprehensive School
Mathematics Program). CSMP was developed over a
period of several years by mathematicians and math-
ematics educators from several countries. | believe

* Paper presented to the ICMI Symposium at the International
Congress of Mathematics, Warsaw, August 1983. Zentralblatt fur
Didaktik dot Mathematik, 16 (1984) pp. 81-85.

that one of the motivating factors of its founders was the
work of the mathematicians and mathematics educators
whose ideas were published in the 1963 «Cambridge
Report.» From initial leadership by Burt Kaufman, the fede-
rally funded project moved from Southern lllinois University
at Carbondale, lllinois to its home at the Central Midwest
Regional Educational Laboratory in St. Louis, Missouri
(CEMREL).

When lan Westbury called me last fall to discuss the
paper written by Peter Damerow, we discussed the
concept of Mathematics for All.» Immediately, CSMP came
to my mind as an excellent example of a program designed
in the spirit that | thought Peter Damerow had in mind. In a
later letter from Peter Damerow | was surprised to leamn
that he was surprised to know that CSMP was still in exis-
tencel

Purpose of this Paper

Because of my belief that CSMP does represent a real-
ization of a mathematics program for all, | proposed this
paper. It is the purpose of this paper to discuss/ evaluate
CSMP as a possible realizatiorl of a mathematics program
for all. In order to accomplish this task, it seemed reaso-
nable to enumerate some critical attributes of a program
designed around a mathematics-for-all philosophy. In the
next section of this paper, | will elaborate on the attributes
of such a program based on my study of Peter Damerow’s
paper, and my own reading, understanding of mathematics
and experiences in mathematics program development.

In the third section of this paper | will describe CSMP and
evaluate it with respect to the criteria outlined in the second
section. | will also discuss the implementation of CSMP in
Louisville, Kentucky, as well as perceived sufficient condi-
tions for successful implementation of this program in
general. The third section will be followed with some
conclusions and recommendations.

Critical Attributes of a Mathematics-for-All Program

What should a mathematics program for all be like? How
should it differ from many of the various, current programs?
Is it the topics and content included that must differ or, is it
the sequencing of the topics that should change? Is the
classroom structure an inhibiting factor in teaching mathe-
matics for all? Is it the background of the personnel asked
to teach mathematics that serves as a hindrance to teach
mathematics for all? What about the community expecta-
tions? What about the mindset of the teachers of
mathematics — how they have been trained and what their
perceptions of mathematics are?

It would take too much space and time to describe in great
detail the attributes of a mathematics program for all.
However, | believe that using some broad constructs, it is
possible to communicate the essence of what is meant by
such a program. Below is a list of possible goals stated for
the purpose of analyzing CSMP:
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1. Develop the capacity to understand and interpret numerical, spa-
tial, and logical situations which occur in the world in which one
lives

2. Develop a scientific, questioning, and analytic attitude toward
mathematical problems

3. Develop mathematical knowledge, skills, and understandings rele-
vant to one’s personal and vocational needs to include:

a. problem solving

b. application of mathematics to everyday situations

c. estimation and approximation

d. using mathematics to predict

e. reading, interpreting, and constructing tables, charts
and graphs

f. computer literacy

g. understanding and application of basic operations

4. Develop an awareness and appreciation of what is mathematics
by recognising and using the following features of the subject:
a. content dealt with in mathematics
b. types of thinking used within the discipline
c. methods of proof
d. orderliness of mathematics
e. beauty of patterns and structures of mathematics
f. power of mathematical processes, patterns, and structures
g. interaction of mathematics with other areas of human activity
h. every spiraling development of mathematics through the histo-
ry of pcople
i. balance between inductive and deductive reasoning

Most of the above stated goals are self-explanatory. For
any program which proposes to teach mathematics for all,
it is important to examine how the program would teacher
present each of the goals or Subgoals included above.

Evaluation of CSMP as a Mathematics-for-All
Program

Brief Description of CSMP

In its recently published report on CSMP, entitled

«Conclusions and Recommendations of the Evalua-

tion Review Panel,» the Evaluation Review Panel be

gins with a rather concise statement of what CSMP is

all about.

The Comprehensive School Mathematics Program (CSMP) is a dra-

matic curricular innovation in elementary school mathematics. During

its development, conscious decisions were made about how mathe-

matics should be taught. The most important of these were the follo-

wing:
- Mathematically important ideas should be introduced to children
early and often, in ways that are appropriate to their interests and
level of sophistication. The concepts (but not the terminology) of
set, relation and function should have pre-eminent place in the
curriculum. Certain content areas, such as probability, combinato-
rics, and geometry should be introduced into the curriculum in a
practical, integrated manner.

- The development of rich problem-solving activities should have a
prominent place in the curriculum. These activities should gene-
rate topics, guide the sequencing of content, and provide the
vehicle for the development of computation skills.

- The curriculum should be organized into a spiral form which would
combine brief exposures to a topic (separated by several days
before the topic appears again) with a thorough integration of
topics from day to day.

- Whole group lessons should occupy a larger and more important

76

role in mathematics class and teachers should be provided with
highly detailed lesson plans which lay out both the content and
pedagogical development of lessons. Furthermore, training in
both the content and pedagogy of the program should be made
available to the teachers.
These beliefs about the teaching of mathematics were translated
with remarkable integrity into the eventual curriculum materials.
CSMP is a model of one very distinctive way of teaching mathema-
tics and is one of the few that can be studied in detail by mathema-
tics education researchers and teachers. lts implementation and eva-
luation in schools is, in a sense, an experimental test of these dis-
tinctive features.

In this K— 6 program, the objects of mathematical study
are: numbers of various kinds, operations on and relation-
ships between numbers, geometrical figures and their pro-
perties, relations and functions, and operations on func-
tions. Growth in the ability to reason is seen to play an
important role in the study of mathematics. CSMP develo-
pers argue that in mathematics the development of the art
of reasoning goes hand in hand with the growth of imagi-
nation, ingenuity and intuition. In this perspective, elemen-
tary arithmetic takes on the form of «adventures in the
world of numbers. « Individual numbers can assume a per-
sonality of their own in this world. Teaching arithmetic shifts
its emphasis from an obstacle race for mastery of basic
skills to the stimulation of exploring the world of numbers.
Skills such as balancing a checkbook have their place in
real life but are of little interest to a fifth or sixth grader and
are not realistic activities for goals of an elementary school
mathematics program. More genuinely rewarding are the
stretching of the powers of imagination and the challenging
of the mind.

CSMP believes that its program requires a special peda-
gogy which they call «a pedagogy of situations.» A peda-
gogy of situations is described as Zone which is based on
the belief that learning occurs in reaction to the experience
of confronting a situation (real, simulated, or imagined) that
is rich in consequences, is worthy of confrontation, and has
genuine intellectual «content.» As such, a pedagogy of
situations has the following properties:

1. involves children at a personal level,

2. presents an intellectual challenge that is accessible to a broad
range of abilities,

3. provides opportunities for creativity,

4. supports experiences that have mathematical content.

The CSMP curriculum presents a large number of varied,
yet interrelated situations that provide the experiences out
of which mathematics grows. The philosophy of the pro-
gram is based on the idea that there is no reason why very
young children should not have the pleasure of mathema-
tical thinking at an elementary level and of exploring
mathematical ideas.

CSMP uses three languages to express mathematical ideas at a
young child’s level. These languages are: (1) the language of strings,
(2) the language of arrows, and (3) the language of the Papy
Minicomputer. The language of strings is used to help children think
about classification of objects. Its structure is much like that of the
Venn diagram. The language of arrows helps the children think and
describe relations between objects. Its structure underlies the
concepts of function and vector to be studied at a later stage in the
mathematical development of the child. The third language is based



on a simple abacus and is called the Papy Minicomputer. With this
concrete model, children explore and learn number concepts such as
place value and develop computation algorithms.

Four major content strands comprise the CSMP curriculum. These

are:

The world of numbers

The languages of strings and arrows

Geometry and measurement

Probability and statistics

Attached in the Appendix is a «Summary of the
Mathematical Content of the K— 6 Curriculum.»

Some Conclusions of the Evaluation Panel

Below is a summary of the comments made by the evaluation panel.

1. The most important conclusion about CSMP is that it does teach
problem-solving skills better than the standard textbook curricula.

2. The original CSMP belief that merely doing computations as part
of the problem activities will develop computational skills as well
as the ftraditional program does is not justified by test data.
(Modest supplementation removes differences.)

3. CSMP belief that emphasizing problems in a group setting and
posing problems directly in the CSMPlanguages will develop ade-
quate skills in word problems is justified by test data.

4. CSMP student effects should be appreciatively larger when more
experienced teachers use the revised program. (It was found that
often the teacher did not receive sufficient training.)

5. CSMP students probably know more mathematics than the eva-
luation results indicate. (Tests given do not measure all of the
mathematics learned.)

6. CSMP has positive effects on students at all ability levels. (This is
important in a mathematics -for-all situation.)

7. The spiral feature of CSMP may be one of the most widely appli-
cable of all features of the program. (More research is needed to
determine how the mechanics of the spiral curriculum affect stu-
dent learning at different points in time.)

To embark upon the implementation of a program as inno-
vative as CSMP is a complex and difficult task. In the
United States, conditions are not usually conducive to easi-
ly making the kind of changes in teaching mathematics
required by CSMP. The Evaluation Review Panel for CSMP
summarizes these conditions succinctly as follows:

The status quo of mathematics education makes curricular innova-
tion almost impossible. Content and sequencing of topics have
always been heavily influenced by the very traditional, computatio-
nally oriented view of mathematics held by many school administra-
tors, principals, and teachers. Recent increased use of commercial
standardized tests, and state and locally mandated competency
tests, together with public dissemination of the results of these tests,
have narrowed the traditional focus further so that, to a large extent,
these tests effectively control the curriculum. (...)

This accountability movement has placed increased pressure on tea-
chers to have students achieve these goals, even to the exclusion of
other less well measured goals such as problem solving, or less well
understood content such as probability. In the future, successful cur-
ricular innovations are likely to be limited to those which can provide
advance proof of those positive student effects which are valued by
the public as represented by school boards and administrators.

Analysis of CSMP Using Criteria for Mathematics-for-All
Program

In the second portion of this paper (page 4), several goals
that attempt to characterize the essence of the content of a
mathematics program-for-all were listed. In this section,
CSMP is analyzed relative to these goals. Each of the
goals is restated below with comments relative to the
CSMP status with respect to the stated goal.

1. Develop the capacity to understand and interpret numerical, spa-
tial, and logical situations which occur in the world in which one lives.
CSMP: CSMP is rich in situations where students must develop this
capacity. However, the program'’s authors are not so concemed that
these situations be in the «real» world from the adult point of view.
Their goal is to create situations for this goal which are in the «real»
world of the leamer which depends on the age and experiences of
the learner. CSMP does this very well.

2. Develop a scientific, questioning, and analytic attitude towards
mathematical problems.

CSMP: The variety of pedagogical situations through which the
content of the program is developed does an excellent job of focu-
sing on this goal. The detailed dialogue provided for the teacher often
follows a discovery approach in which the students are pushed or
guided to question, analyze, predict or conjecture.

3. Develop mathematical knowledge, skills, and understandings rele-
vant to one’s personal and vocational needs includmg:

- problem solving,

- applications to everyday situations,

- estimation and approximation,

- using mathematics to predict,

- reading, interpreting, and constructing tables and graphs,

- computer literacy,

- understanding and applying basic operations.

CSMP: CSMP emphasizes problem solving, estimation and ap-
proximation, using mathematics to predict, charts and graphs, and
understanding and application of basic operations. Again it takes a
different point of view relative to applications to everyday situations
because everyday situations are seen from the perspective of the
learner. Computer literacy is not included in the written program.
Emphasis on understanding the basic operations is strong. Less
emphasis on mastery of pencil/paper algorithms is predominant in
the philosophy of the program. It is worth noting, however, that great
stress is placed on mental arithmetic.

4. Develop an awareness and appreciation of what is mathematics
by recognizing and using the following features of the subject:

- content dealt with in mathematics,

- types of thinking used within the discipline,

- methods of proof,

- orderliness of mathematics,

- beauty of patterns and structure of mathematics,

- power of mathematical processes, patterns, and structures,

- interaction of mathematics with other areas of human activity,

- spiraling development of mathematics through history,

- balance between inductive and deductive reasoning.

CSMP: CSMP presents to the learner a broad picture of what is
mathematical content. Through teacher led discussions, student acti-
vities and written work, the types of thinking associated with mathe-
matics is illustrated and practiced. Through string activities intuitive
arguments are practised. However, formal proof is not dealt with in
this program which terminates at the end of grade six. The stage is
set for pursuit of proof in grades seven and above. Through explora-
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tions and problem-solving situations, the orderliness of mathematics
is frequently acted out. In CSMPproblem-solving situations, patterns
and structures are prominent. Students are frequently asked to utili-
ze a pattern in order to determine a function rule. In addition, the
power of mathematics is experienced frequently as students use
various structures and models to understand relationships and solve
problems. Interaction of mathematics with other areas of human acti-
vity is seen in some of the special workbooks. Again, these activities
are often those more realistic to the world of the child. The program
is spiraling but no emphasis is made relative to history of people.
There is a nice balance between intuitive/inductive reasoning and
checking guesses in a semi-formal manner.

As is evident in the analysis, CSMP fares very well in
terms of the goals stated in a mathematics-for-all program.
The greatest lack seems to be in the areas of computation
(particularly from a drill and practice/mastery viewpoint),
computer literacy, and history of mathematics.

Implementation of CSMP

In the past six or eight years, CSMP has had fairly ex-
tensive implementation in the United States with con-
siderable success. To successfully implement CSMP at the
local level requires a lot of coordination and special atten-
tion to several areas. These are outlined and discussed
below.

1. Teacher Training. CSMP indicates that 30 hours of training is
recommended to help teachers learn about the program and how to
teach it Much time is required to bring teachers to understand and
appreciate the philosophy of CSMP.

2. Materials. CSMP materials are mostly consumable; therefore,
there is considerable recurring cost which makes the program more
costly to maintain than a traditional one.

3. Community Awareness. Because their children will he bringing
home materials so different from what is brought home in the tradi-
tional programs, there must be a well-articulated plan to acquaint the
parents with the program.

4. Administrative Stagy Awareness. Local school principals and cen-
tral office staff must know and understand some of the aspects of this
program because they are in positions where they often must explain
a program to community members.

In my own school system, Jefferson County Public
Schools, Louisville, Kentucky, initial implementation began
in 1979 for second and third year students. The initial
implementation at the sixth year was in 1982. Overall, the
teachers and parents are quite pleased with the program.
As was expected, teachers were concerned about students
developing a mastery of certain pencil/paper algorithms
especially those that are tested on the achievement tests.
It is very important in our community to show improvement
on achievement test scores and a great deal of the school
system’s image in the community is determined by perfor-
mance on these tests. Therefore, some instruction related
to computation was provided to students from traditional
texts.

The school system’s elementary specialist received over
30 hours of training in St. Louis before assuming responsi-
bility for training teachers for grades one through five. In
1982, | spent three days in St. Louis preparing to train the
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sixth grade teachers.

Early months of implementation for teachers of grades
one through five were hampered by the fact that the tea-
chers had at most two days of training. A few teachers
received no training. Getting them out of the traditional text-
book was not an easy task. Because of these problems,
special care was taken to provide sixth grade teachers with
more training. Thus, | provided 60 hours of intensive trai-
ning to nearly all sixth grade teachers involved in teaching
the program. These teachers were much more confident in
their first year of implementation than were the elementary
teachers.

It was very helpful to have an expert from CSMP come to
our system to provide information to a large group of com-
munity members. Generally, as parents learn and see what
the program can do, they are very supportive .

Getting and maintaining materials and supplies has been
a challenge in our system. The annual cost of consumable
materials threatens the continued use of the program in our
school system.

Recently, a traditional textbook which utilizes some of the
philosophy of CSMP was chosen as a supplement to the
CSMP materials. Perhaps in another five or ten years,
other traditional texts will incorporate some of the CSMP
philosophy.

Sufficient Conditions for Implementation of CSMP

Based on my experiences over the past eight years, the
four areas cited above under Implementation of CSMP»
are absolutely essential. The Evaluation Review Panel for
CSMP strongly supports this claim. In addition, they indi-
cate that the role of the local coordinator in implementing
and managing the program in school districts is vital to the
success of CSMP. Without a skilled and influential person
at the helm, a solid implementation of CSMP is almost
impossible. Someone has to interpret the program and
help teachers, administrators, and parents realize the need
for and importance of the program.

Summary

Some Conclusions

The purpose of this paper was to provide evidence that
CSMP is a realization of a mathematics program for all
based on implications of the Damerow paper. According to
the criteria developed in this paper to characterise a
mathematics program for all, CSMP rates very high. The
program is effective with all ability groups and it does much
to foster problem solving through mathematizations.

Shortcomings seem to be in the areas of computer litera-
cy and history. In addition, CSMP places less emphasis on
computation with paper and pencil than is required by
school systems in order for students to perform well on the
achievement tests.

On the other hand, CSMP is compatible with some recent
trends in mathematics and mathematics education. Some
of these trends are listed below:

1. increased emphasis on problem solving,
2. increased mathematics requirements for highschool
graduation,



3. need to provide teachers with more mathematics
training,

4. increased use of computers in schools,

5. increased interest in discrete mathematics and al-
gorithmic thinking in mathematics.

Some Recommendations
CSMP has much to offer as a mathematics program
for all. However, it must be scrutinized and updated
in several ways. Suggestions of areas in which change
should be considered are listed below.
1. The use of computers must be brought into the
program

2. Logo should be used in the text materials

3. More use of history of mathematics should be in-
cluded

4. Programs should be developed at higher grade
levels to sense as an extension to the present
program which terminates at the end of sixth
grade

5. Ways should be explored to make the program
more cost effective

6. The ICME 5 Theme Group on Mathematics for All should
explore ways that CSMP and other similarlV. Geometry
programs can be supported A. Networks

7. Research should be planned to help develop CSMP. As
this theme group considers issues related to the trans-
formation of mathematics education from the training of
experts into an essential part of general education, |
hope that the contributions made by CSMP toward this
end will be examined and valued. | believe CSMP is
one of a few, if not the only, ex-emplification of a
mathematics program which is built Kin the spirit» of
what should be a mathematics program for all.

Appendix
A Summary of the Mathematical Content in CSMP

Kindergarten
I. The World of Numbers
A. Counting
1. Count dots in pictures.
2. Draw a given number of dots.
3. Find the dot picture that corresponds to a given nume-
ral.
4. Play counting games.
B. Numeration
Recognize and write numerals for whole
numbers.
C. Order

1. Play a game in which whole numbers are located on
the number line.
2. Compare sets to determine which has more elements.

D. Addition and Subtraction
Interpret and draw dot pictures for
simple addition and subtraction stories.

Il. Probability, Statistics, and Graphing Data
Collect and record data in bar graphs.

[ll. Problem Solving and Logical Thinking
A. Reasoning
1. Use clues to identify unknown numbers.
2. Recognize and represent the intersection of two sets.
B. Relations and Functions
Interpret and draw arrow pictures for
simple relationships.
C. Sorting and Classifying
1. Sort and classify objects such as attribute blocks and
centimeter rods.
2. Place dots for objects in Venn diagrams.
D. Patterns
Determine a rule for a sequence of objects.

V. Geometry
A. Networks
Follow one-way roads from one point to another.
B. Taxi-Geometry
Draw taxi-paths from one point to another.
C. Measurement
1. Compare lengths of centimeter rods and
lengths of paths on a grid.
2. Use attribute blocks to compare areas.
D. Transformational Concepts
Work with mirror and «cut-out» activities
that involve reflective symmetry.
E. Euclidean Concepts
1. Recognize circles, triangles, squares, and
rectangles.
2. Do activities that involve spatial relationships and
perspective.
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Mathematics for Translators Specialized in
Scientific Texts — On the Teaching of
Mathematics to Non-Mathematicians

Manfred Klika

Mathematics is the unique art and
science that enables us to cope with the
complexity of economic, social and
technical problems in a rational, quanti-
tative way. The education and training of
students in this field is an international
concern. (Proceedings of ACME 4)
Comprehending that which can be com-
prehended is a basic human right. (M.
Wagenschein)

Introduction
Perhaps you are surprised that | want to present a contri-
bution on a topic which seems to be very specific. Yet in
fact | deal directly with the main questions presented in the
paper of the Organizing Committee of this theme group [3]:
* What kind of mathematics curriculum is ade-
quate to the needs of the maijority, what modifications to
the curriculum are needed for special groups of lear-
ners?
In this paper, the extent to which experience gained in our
project could be transferred to the teaching of mathematics
to the majority will be discussed. Starting with specific
objectives, | will develop my argument to reflect on mathe-
matical education in the future.

The Structure of the Course «Fachiibersetzen «

Because of a large amount of international co-operation,
the need for high quality translations has increased in
recent years, especially in the physical sciences and engi-
neering. A trend-setting degree program has been set up at
the Hochschule Hildesheim for training
«Fachilbersetzern—technical translators in specific techni-
cal fields (at present limited to mechanical and electrical
engineering). The program is aimed at providing the stu-
dents with both a practically oriented and a theoretically
based foundation in linguistic attainments closely connec-
ted with knowledge in technical fields.

The students should acquire the capability of seeing spe-
cific interrelations within their future fields of activity, of wor-
king independently, of working with problems, between dis-
ciplines, with a scientific approach. The close integration of
linguistic and technological studies is achieved by using
the subjects covered in the technical courses of one year
as the basis for exercises in translating technical texts in
the following year of the program (see the table «Structure
of Coursework ‘Fachubersetzen’»).

In order for the students to gain the solid foundation
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necessary for studying technical fields, compulsory lec-
tures are offered on the «fundamentals of technology»
during their first two semesters in which mathematics plays
an important role.

The program is addressed to students who have a special
inclination and ability for languages and who are also inter
ested in physical sciences and engineering. Employment
openings for the graduates include: translators in trade and
industry, national and international agencies, and publi-
shing companies, and linguists in related fields like termi-
nology, lexicography and documentation.

But there may be a problem in the future here. Far-rea-
ching changes are now also occurring in the field of lin-
guistics as a result of advances in electronics; computers
are being used more and more in the work of translation.
Already, future technical translators are being introduced to
the methods and problems of mechanical translation
during their course of study. In the next few years, this
component of their study will be undertaken in conjunction
with a study of computer science. Both «Fachilbersetzen»
and computer science could meaningfully work together in
linguistic data processing.

Up to now research has provided some impressive
results, in particular in the translation of very specialized,
greatly standardized texts. Computers will be able to relie-
ve translators to an increasing extent of routine work, so
that they will be able to devote all of their time to more
demanding linguistic tasks. The linguistic and technical
demands on translators will therefore certainly increase in
the next few years. But | venture to make the following pre-
diction: computers will not replace translators.

Experiences with «Fundamentals of Technology» and
Conclusions Relating to the Overall Aims of
«Mathematics for All»

Because our lessons on technology and mathematics were

closely related, our major aims had to be these: team-work,

co-operation, and the introduction of alternative forms of
instruction.

The customary courses in university mathematics were

either not suitable or not available, so | had to construct a

new mathematics curriculum myself.

Some details about the framework:

- The mathematical qualifications (abilities, knowledge,
skills etc.) of our students are extremely varied. Tests
which have been carried out show that:

* knowledge that can be examined is learnt only for exa-
minations (overemphasising the calculation compo-
nent);

* the abilities of imagination, estimation, and visualisa-
tion are developed to a relatively low level,

* graphs of functions and related equations of functions
are poorly associated with each other;

* even many students who are very interested in techni-
cal subjects lack confidence in their mathematical abili-
ty to solve a problem in the technical field.

- It was not appropriate for me to teach pure mathe-
matics, for, as experience shows, linguistically
oriented students frequently have a weak mathe-
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matical background, and, correspondingly, have little
interest in (purely theoretical) questions in this field. (By
the way, the majority of our students are female. This
has given rise to very interesting new insights on the
topic of women and mathematics, e. g. [10]; our expe-
rience up to now has not shown the existence of the atti-
tudes that are usually attributed to women concerning
technical things.)

The trend to modern technologies (calculators, compu-
ters) appears to be reducing the amount of calculation;
therefore it makes no sense to perform calculations
without calculators and computers in our curriculum.
Furthermore, we cannot exclude the possibility that in
the future the relationship between linguistics and com-
puter science as described above may even change
attitudes towards mathematics and the learning of
mathematics.

There are a lot of important inquiries into the teaching of
mathematics and many critical papers have been written
which show clearly that the present secondary school
mathematics curriculum doesn’t achieve either its own
goals or those expected by others (e.g. [1, 6, 7]). The
remarks made in the section «Selectivity of the School
System» by the Organizing Committee of our theme group
[5] set us thinking, too.

Our own experiences with the first mathematical courses
for technical translators show the same results: the curri-
culum of traditional school mathematics (that is primarily
aimed at formal education and computational skills)
doesn’t prepare the students for questions requiring com-
prehension and sense, particularly those involving central
mathematical terms which are used in technology as
«hand tools.» Students have no idea how to use the dis-
connected details, the significance of which they do not
understand.

A frequent question, Couldn’t we do some practical exer-
cises on this subject?» refers clearly to the problem tou-
ched on above. Through a «retreat into calculation» per-
haps some students believe they come to understand the
facts. No wonder this is the case because at school they
have been led to make exactly the same assumption.
Bauer [2] shows that because only aspects such as
«memory,» «cognition,» and occasionally «production,»
are tested in school-leaving examinations, these are there-
fore the very things that are expected in school mathema-
tics.

(By the way, in our course formulae are used occasionally
and calculations made, naturally, but only to further conso-
lidate comprehension of formulae and concepts.)

But it would be worse to Renounce mathematics as a
substantial part of the core curriculum of general educa-
tion.»[5] The consequence of this would be that the com-
prehension of mathematical interrelations would deteriora-
te further, even more than appears to be the case now.

There is no reason to deny the significance of mathema-
tics for all in the future [6]. On the contrary, it is a very
important objective of mathematical education in the future
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to raise the level of attainment to a higher degree.

How could this be done?

In a recent paper, R. Fischer [4] has argued that «one of
the functions of mathematics education within the official
educational system should be to contribute to a liberation
from mathematics.» This means that mathematics has
become independent in view of its richness and wealth of
material, which he calls its «second nature.» Men are run-
ning the risk that mathematics will control them, and it will
be necessary for them to take steps to avoid this possible
state of affairs. «Mathematics education can fulfil this new
function mainly by emphasizing questions of sense in the
classroom and, thus, questions of the relation between
men and knowledge.»

| feel this is a very important aspect, as it improves the
mathematics curriculum for the teaching of all students.
With regard to the suggestions mentioned above and the
fact that the content of the curriculum has to be structured
in a new way, | see as particularly important the role of fun-
damental ideas.

Fundamental Ideas

A possible answer to some of our main problems in this

theme group «mathematics for all» has to be to point out

«fundamental ideas. « The problems of general mathema-

tical education stem from courses which are too full and

which contain mathematical topics which are too much ato-
mized. Interpretations of the concept of «fundamental
ideas» are varied. My colleagues and | have looked into

the role of fundamental ideas in recent years [9].

What is my understanding of fundamental ideas?

| am going to offer you the following approach: to look at
fundamental ideas from different points of view, to clarify
why and in which way ideas are fundamental. For the pur-
pose of explanation and demonstration, the following com-
plex of questions will be used:

- Is the establishment of fundamental ideas (including the
mathematical topics) related to their position within the
mathematical context? (e.g., relation to theory, conside-
ration of relevant logical structure and the topic-specific
systematical hierarchy, taking into account the training
of mathematicians at a university level, «recruitment
problems» of up-and-coming university teachers.)

- How applicable, or even better, how usable are the fun-
damental ideas and what is their significance in practi-
ce? (e. g. relation to the real-life situation, to experience,
to the-description of the environment, to the demands of
school and work.)

- Which interrelations exist between fundamental ideas
and educational objectives such as mathematical
modelling, argumentation, acquisition of the ability to
use heuristic methods?

In the light of these questions, we divided the concepts
of fundamental ideas into the following aspects:

* central ideas («guidelines») embodied in mathematical

terms and theorems which have importance within the

implied framework of a given theory by being the com-

mon basis of numerous postulates based on that theory



or through which a hierarchical development can be
achieved. These central ideas relate primarily to the
theoretical nature of mathematics. They have only a litt-
le significance within our teaching of fundamentals of
technology. (Central ideas in the sense of didactics are
elementary forms of components in mathematical theo-
ries.)

* major mathematizing models. These are mathematical
ideas (concepts, theorems, methods, etc.) which are
useful for explaining important facts of real life or which
are suitable to serne as the terminological framework for
the mathematical approach to a multiplicity of situations
outside mathematics.

* field-specific strategies are central strategies for pro-
blem solving, especially for establishing proofs, finding
relationships and concept formation in specific fields of
mathematics. These strategies can be characterized as
being suitable for a variety of different problems in a
field.

Examples for major mathematizing models: functions, differential
and difference quotients, integrals, differential and difference equa-
tions, graphs, Cartesian and polar coordinates, systems of equations
and inequalities, vectors, matrices, events, distributions, stochastic
variables, chains, boxes, algorithms, . . .

Examples for field -specific strategies: approximation, linearization,
analogly between algebra and geometry, geometrization, estlmatlon
special algorithms (e. g. of Gaulb), ana ogy between plane and spa-
tial facts, transformation, simulation, principle of counting, testing,
special theorems (e.g. fundamental theorem of differential and inte-
gral calculus), ...

My thesis is that major mathematizing models and
field-specific strategies are apt to structure the process of
mathematical learning with a lasting effect. They have to
involve:

- comprehensive relevance

- sense-creating significance

This is the «higher level» | talked about above before poin-
ting out my views concerning fundamental ideas. R.
Fischer [4] suggests that «it is not necessary and further-
more not meaningful for the next generation to learn all
those things we have learned.» Indeed, there are a lot of
common outcomes which are taught in the present curricu-
lum which are not fun and (I suppose) make no sense any
more.

The majority of our future technical translators have not
continued taking mathematics in their last secondary
years, and there is only a little time to teach some mathe-
matics successfully (within a limit of about 50 hours!). But
there are contexts enough in order to teach mathematizing;
nearly all facts in our

1 QOriginal German in [4], translated by M. K.
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coursework are concerned with fundamentals of technolo-
gy and technical subjects which include the teaching of
mathematizing models.2 We have seen that, apparently
because students were working in a context, they actually
became interested in mathematical concepts because they
became relevant to their studies.

There are a lot of difficulties when students have to inter-
pret graphs and especially when they have to use the
extensive symbolism in mathematics. Interpreting this
notation is necessary for grasping the underlying concepts;
there is no possibility of avoiding these difficulties because
notation occurs in scientific texts. In this respect, the tea-
cher has the task of helping over and over again, and for
the very reason that this may take a long time, it is neces-
sary to start at an early age. And, furthermore, it is neces-
sary to demand questions of sense in the mathematical
curriculum at all times and in all places.

To teach and to learn the process of concept formation is
not easy, but | am convinced that this way is better than the
one the present curriculum provides. This is my last mes-
sage. Perhaps this is a chance to help students lose their
widespread fear of mathematics and mathematical educa-
tion.
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Having a Feel for Calculations*

David W. Carraher, Terezinha N. Carraher, and Analucia D.
Schliemann

In studying the arithmetic of Liberian tailors Reed and Lave
(1981) proposed that there were two qualitatively different
modes of doing arithmetic. The unschooled tailors used a
«manipulation of quantities» approach — an oral,
context-based way of working with numbers — in contrast
to the «manipulation of symbols» approach employed by
their schooled counterparts. It is possible that such diffe-
rent modes of doing arithmetic may be found within the
same individuals, especially if they use maths in everyday
work settings. If so, it could be instructive to look at and
compare these modes and to investigate possible re-
lationships between them.

The present report looks at these two ways of un-
derstanding and doing maths. We will draw primarily upon
a study (Carraher/Carraher/Schliemann, 1982, 1985)
which we conducted among young street vendors in nor-
theast Brazil; but we should recognise, if only in passing,
the relevance, to our analysis, of cross-cultural studies,
particularly those of Gay and Cole (1967), Lave (forthco-
ming), Lave, Murtaugh, & de La Rocha (1984), Scribner
(1984), and Saxe and Posner (1983).

The present study investigated the uses of mathematics
by young schooled vendors who use maths in their jobs in
the informal sector of the economy (Cavalcanti, 1978.) and
who belonged to social classes which characteristically fail
in grade school, often for problems in maths. The study
proposed to compare and contrast the quality of maths per-
formance among the same children in the market place —
the informal setting — and in a formal setting.

In the informal setting, interviewers were customers who
made purchases of fruits, vegetables, or popcorn from the
vendors. In the course of the transaction they posed ques-
tions about real or possible purchases, such as «How
much would 6 oranges cost (at 15 cruzeiros each)?» or
«How much change will | receive if | pay for the oranges
with a 200 cruzeiro bill? « .

The vendors often worked out their calculations sponta-
neously in an outloud fashion, as in the case below:

Customer: «How much is one coconut?»

Vendor (12 years old,3rd grade): «35.»

Customer: «I'd like 10. How much is that?»

Vendor: «Three will be 105, with 3 more, that will be 210

... need 4 more ... that is ... 315 ... | think it is 350.»

* Support for the present research was received from the
Conselho Nacional de Desenvolvimento Cientifico e Tecnologico,
Brasilia.

In cases where the reasoning was not clear, minimal ques-
tioning by the customer was sufficient for the vendor to
describe his steps.

In the above case, the question posed by the interviewer
may be formally represented as 35 x 10. The child’s elabo-
rate procedure consisted in the use of repeated chunked
additions for multiplying. The response of the child could be
formally represented in the following manner: (3 x 35) + (3
x 35) + (3 x 35) + 35 = 350, where the «chunking» is reflec-
ted in the parentheses. Notice also that the vendor must
keep track of successive subtotals («l need four more») so
he knows when to stop.

We gave five vendors (mean age 11.2 years) who had
diverse levels of schooling (from 1 to 8 years) a total of 63
items in the market place. They answered correctly, without
using paper and pencil, in 98.2% of the cases.

Similar or formally identical problems were devised for
testing later in the child’s home under conditions which
were «formal» in the sense that testing was done with the
experimenter and child seated together at a table, paper
and pencil before them, engaged in a school-like task. In
this situation, word problems which involved calculating
with money and computation exercises (with no reference
to real objects or money) were given. The success rates
were 73.4% for the word problems and 36.8% for the com -
putation exercises. A Friedman 2-way ANOVA on ranks
showed the performance of the vendors to be significantly
different according to condition (p = 0.039).

No less dramatic than the quantitative differences were
the qualitative differences in performance depending upon
the condition. The following protocol is that of a 12-year-old
vendor who, in the market place shortly before, had cor-
rectly figured out how much 4 coconuts cost at 35 cruzei-
ros each.

Interviewer (in home situation): How much is
35 times 47

Child writes: Child says:
2 «Four times five is 20;carry the
35 two (which is written above the
x4 three). Two plus three is
200 five . . . times four is 20».

(What happened is that the child added the two onto the
three before multiplying, rather than after.)

It is instructive to look at other contrasts of this sort. M,
aged 11 years, responded correctly and without any appre-
ciable pause when asked in the market place what 6 kilos
of watermelon would cost (at 50 cruzeiros per kilo).

Customer: «Let me see. How did you do that so fast?»
Child: «Counting one by one. Two kilos, one hundred.
Two hundred. Three hundred».

On the formal test, the child's procedure is different:
Interviewer [reading test item aloud]: «A fisherman
caught 50 fish. The second one caught 6 times the
amount of fish the first fisherman had caught. How many
fish did the lucky fisherman catch?»
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Child [writes down 50 x 6, with 360 as the result. Then
answers]. «Thirty-six». [The examiner repeats the pro-
blem and the child does the computation again, this time
recording 860 as the result. His oral response is 86.]
Examiner: «How did you calculate that?»

Child: «I did it like this. Six times six is thirty-six. Then |
put it there».

Examiner: « where did you put it?» [Child had not writ-
ten down the number to be carried.]

Child [pointing to the digit 5 in 50]: «That makes 86».
[Apparently adding 3 and 5 and placing this sum in the
result.]

Examiner [checking to see that the child had not forgot-
ten the original numbers]: How many fish did the first
fisherman catch?»

Child: «Fifty».

Another child, in the market place, is asked to give chan-
ge for a 500 cruzeiro bill on a 40 cruzeiro purchase. Before
reaching for the customer’s change he subtracts by adding
on: «Eighty, ninety, one hundred. Four hundred and twen-
ty.» In the formal test he must solve the problem «420 plus
80». He misaligns the 8 under the 4 and adds, getting 130
as the answer. Though the reasoning was not made expli-
cit, it appears that the child added the 8 to the 2, failed to
lower the zero, but carried the 1, then added the 8 again,
this time to the 4 carrying the 1. The child is once again
given the problem and proceeds mentally, getting the cor-
rect answer.

In sum, then, we are faced with two basic facts: (1) the
performance of the vendors in the market place was sub-
stantially superior to their performance on problems in the
formal setting; (2) the procedures were qualitatively diffe-
rent. Procedures in the formal setting tended to involve
written, right-to-left computation. Procedures in the market
place were oral and used techniques which did not emer-
ge in the formal setting, such as chunked additions for
multiplication problems and subtraction by adding on.
Many issues were raised by these findings, questions such
as

- Are the differences in performance a matter of the
concreteness or abstractness involved?

- Is the important dimension the coral vs. written» conti-
nuum?

-How much can the results be explained on the basis of
poor teaching?

- How does school maths relate to this other knowledge of

computation displayed by the children?

Some of these issues are addressed by subsequent
research which is being reported in this Congress
(Carraher, 1984). Here we would like to address, in parti-
cular, the issue of concreteness vs. abstractness.

It should be noted that there is nothing inherent to fruits
and vegetables which should make the calculations easier.
That is to say, there is nothing particularly mathematical
about produce. An inspection of the protocols does not give
much support to the idea that the vendors had memorised
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the prices: their pacing and subtotals demonstrates that
they work out the problems as they go along. And it should
be recalled that they did the problems in their head, with-
out the benefit of pencil and paper for recording in-
termediary steps.

Perhaps it is not so much a question of relative ease of
the market place problems as the relative difficulty of the
school problems. But one might ask: Why should arithme-
tic be particularly difficult (except for the «weak», «dull», or
«deprived» child)?

An historical consideration of multiplication shows that
what schools teach today as Arithmetic is, in fact, one set
of concepts and procedures among several alternatives. In
modern Western societies, for example, we learn to multi-
ply by «column multiplication». Unknown to most users of
the system, column multiplication is really only one proce-
dure of several which have been invented throughout his-
tory. In ancient Egypt, multiplication was performed by a
«halving and doubling» procedure (see Diagram 1). During
much of the Middle Ages in Europe counters and counting
boards were used for multiplying, as well as other compu-
tations (Damerow/Lefevre,1981). Roman numerals were
used for recording answers but not for actually computing.
Even after the introduction of Indian or Arabic numerals
and new methods for computing, reckoning boards and
counters continued to be used for centuries and there was
resistance among many Europeans to learning to work out
numerical problems on paper. But even paper and pencil
methods varied considerably. In Venice hundreds of years
ago complicated lattices were used for multiplying (see
Diagram 2).

If we try to understand these systems today, we find them,
at least at first, awkward and strange. We begin to unders-
tand what it means to say that numeric systems involve
arbitrary conventions for the manipulation of symbols.
When one uses a computational procedure not fully
understood one is likely to make errors through being out
of touch with what is going on. Even mathematics educa-
tors may have an appreciation for this lack of touch when
they try to take square roots or to multiply determinants.
For most people, such procedures are not clear, and rote
memory must be relied upon. It should be recognised,
however, that some school procedures do begin to make
sense and one may begin to develop an understanding for
what were formerly strange conventions. How does this
happen? How is school mathematics related to the informal
types of maths described in the present report? What leads
to their integration? This remains an important theoretical
as well as a practical issue.

The present analysis strongly suggests that the errors
which the street vendors make when using school taught
procedures do not reflect a lack of understanding of addi-
tion, subtraction, and multiplication but rather a difficulty
with the system of symbol manipulation conventionally
adopted in our societies for solving arithmetic problems.
Borrowing, for example, is a typical stumbling block for
maths as presently taught in schools. It should be recogni-
sed that it is possible to subtract without borrowing, and the
vendors do subtract in this way, using regroupings to de-



compose the problem into one with intermediate steps.
There appears to be a gulf between the rich intuitive
understanding which these vendors display and the
understanding which educators, with good reason, would
like to impart or develop. While one could argue that the
youngsters are out of touch with the formal systems of
notation and numerical operations, it could be argued that
the educational system is out of touch with its clientele.
Bridging this gap would require, it appears, a better know-
ledge on the part of educators of the «spontaneous» pro-
cedures and concepts which pupils bring into the class-
room, or perhaps, leave at the entranceway.
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Diagrarn I: The «Halving and Doubling» Method of
Multiplying

Example : 13x17 -> 17
6 34

3 68-> + 68

1 136-> +136

Answer 221

Explanation: The lesser of the multiplicands (13) is successively
halved, the result being written in the left-hand column. When there
is a remainder ﬂalways of one half), it is discarded. In the next
column, the multiplicand is successively doubled. Those members
of the column which stand opposite odd numbers in the left-hand
column are set aside and summed. 17 + 68 + 136 = 221, the cor-
rect answer to 13 x 17.

Diagram 2: The Diagonal Lattice Method of
Multiplying 907 x 342

9 0 7
2 0 2
3 3
7 0 1
3 0 2
1 4
6 0 8
1 0 1
0 2
8 0 4
1 9 4

Explanation: All the possible multiplications, digit by digit, are made
and the results placed in the boxes. Summing proceeds from the bot-
tom right to the bottom left, then upwards to the top left. Each digit of
the final answer (310 194) is determined by adding the elements of
the corresponding diagonal.
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Can Mathematics Teachers Teach Proportions?

Terezinha N. Carraher, David W. Carraher, and
Analucia D. Schliemann

When pupils learn new topics in mathematics in school —
say, ratio and proportions — one usually assumes that their
problem-solving ability has been expanded. Presumably,
they will be able to solve problems which they were pre-
viously incapable of solving since they have at their dispo-
sal the mathematical knowledge required for proper solu-
tion. But how can pupils tell when this (or any) mathemati-
cal knowledge is called for? And how do they choose which
information to plug into the mathematical routine when
there are many (irrelevant) facts available?

If mathematics is to be useful to everyone, mathematics
teachers must consider carefully issues related to the
transfer of knowledge acquired in the classroom to other
problem-solving situations. When pupils learn a general
problem-solving procedure in mathematics classes, it is
important that teachers concern themselves with ways of
turing these procedures into resources that their pupils
will, in fact, draw upon when actual problems arise.
Following the computational procedures appropriately in
the classroom in no way assures that they will be used
elsewhere when the lesson is over.

The Rule-of-Three is a simple procedure which mathe-
matics teachers present to pupils as a neat formal way of
solving problems involving ratio and proportions. When a is
to b as cis to d, one can find any unknown from the other
three values. The mathematics involved is quite straight-
forward. However, the simplicity of the mathematics in
already-set-up problems may easily mislead one into trea-
ting proportions as a topic which can be readily learned by
pupils in school. A problem must first be seen as one which
calls for a proportionality analysis before the Rule-of-Three
is considered a viable approach to its solution. Besides
general matters of transfer, cognitive development may be
another point to consider; several researchers
(Piaget/Inhelder, 1951; Inhelder/Piaget, 1955;
Piaget/Grizel/Szeminska/Bang, 1968; Karplus/Peterson,
1970; Aguiar, 1980; Lima, 1982) have shown with different
contents that children adopt additive solutions to ratio pro-
blems at earlier stages in development and that it is only
when the stage of formal operations is reached that pro-
portionality reasoning seems to appear.

In order to better understand how knowledge from mathe-
matics is deployed in other school-related subjects, we loo-
ked in this study at how pupils solved three proportionality
problems from physics. We also investigated the tendency
to use the Rule-of-Three in two conditions: (1) when only
the essential information was given; and (2) when relevant
information was given along with information irrelevant for
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solving the problem.

Method

Three problems involving proportions were presented in six
different forms each to 720 Brazilian pupils ranging in age
from 14 to 20 years and in level of schooling from 6th grade
to the last year of high school. This covered a range of six
years of schooling, with the lowest level corresponding to
the year at which proportions are taught in Brazil. Testing
was done collectively in written form and pupils were asked
to select one of six alternative answers to each problem
and justify their choice. Each pupil received a paper contai-
ning one form of each of the three problems; order of pro-
blems on the papers followed the Latin Square.

One problem involved judging the height of a building
from its shadow, when the height and a shadow of a pole
are known. The second involved determining the weight
necessary to balance a scale with unequal arm lengths.
The third problem type involved the size of shadows as a
function of the distance of an object from the light source
and the size of the object. Six different forms of presenta-
tion of the three problems were designed to check the
influence of the following variations upon problem difficulty:
(1) verbal versus diagramatic presentation of the problem;
(2) specific, numeric versus general, algebraic response
form; (3) availability versus non-availability of a formula to
compute solution; and (4) applying a computation proce-
dure to given values versus identifying the relevant para-
meters upon which the procedure should be applied. The
first two variations were orthogonal to the three ratio pro-
blems; the last two were restricted to one or two specific
problems. In all, a total of 18 versions of the problems were
used.

Results
Even though the verbal presentation of the problems expli-
citly mentioned that parameters were directly/inversely pro-
portional — which could have been used by pupils as a cue
to the choice of the Rule-of-Three — the form of presenta-
tion, verbal versus diagramatic, had no effect upon the dif-
ficulty of the items. Further, computing with direct propor-
tions was consistently easier than computing with inverse
proportions; success rates varied between 30% and 46%
for the direct proportions problems and were around 12%
for inverse proportions problems. Success also varied
according to an interaction between response form - nume-
ric versus algebraic and problem type — direct versus
inverse proportions. Computing a response was easier
than indicating a formula when direct proportions were
involved while the reverse was true for inverse proportions.
The relative ease of inverse proportionality problems see-
med to result, however, more from a response bias in the
algebraic items than from a better understanding of the
problem.

Providing students with a formula for the solution rende-
red solution significantly more likely but percentages of cor-
rect responses still remained under 70.



Identifying relevant parameters proved much more difficult
than computing a response for the same problem when the
necessary information had already been isolated. Pupils
were often unable to indicate the relevant parameters. This
type of error cannot usually be observed in mathematics
lessons.

The justifications provided by a sample of 220 pupils for
their answers (660 in total) were analyzed in order to iden-
tify the distinct problem-solving routines used. The overw-
helming majority of responses was in fact not justified:
pupils either provided a linguistic account of their computa-
tions (such as «l multiplied and then divided»), or claimed
not to know enough about the content of the problem (such
as «| have not yet studied this in physics»), or presented
rather vague justifications (e.g., «l followed the logic of the
problem»). When an explanation was clearly given, the
Rule-of-Three was observed with greater frequency (which
varied between 18.6% and 20.6% across the three pro-
blems) than any other specific explanation. It was usually
associated with successful solution when direct propor-
tions were involved while the reverse was true with respect
to inverse proportions.

Several pupils (percentages varied between 7.1 and 32.2

across problems) used a functions approach to the pro-
blems (e.g., «If the shadow of the pole is 3 times its height,
then the shadow of the building is 3 times its height, and
the building is one third the shadow»). This approach often
resulted in error because pupils used additive comparisons
between the measures (e. g., «The shadow is 6 m longer
than the pole, thus the building must be 6 m less than its
shadow»). This type of error can be related to trends ob-
served by Piaget and Inhelder (1951) and several others in
cognitive development. Some pupils observed still other
relations between the measures (e.g., «The shadow is the
square of the size of the pole. For the same reason, the
building is the square root of the size of its shadow»).
A scalar approach (e. g., «The shadow of the pole is one
fourth the shadow of the building. That means that the buil-
ding is 4 times the height of the pole») to the solution was
much less common (percentages varied between 3.9 and
7.1 across problems) than either a functions or a
Rule-of-Three approach; it tended to yield correct res-
ponses with direct proportions and wrong ones with inver-
se proportions. In summary, what both the functions and
the scalar approaches seem to reflect, in general, is an
attempt on the pupils’ part to relate one set of two numbers
in some way and then transfer this relationship to the
second set without much analysis of what type of relation-
ship may in fact hold.

Conclusions

Four main conclusions will be stressed here. First, tea-
chers seem to be somewhat successful in teaching pupils
how to use formulas to solve problems and significantly
less successful in teaching them how to use the
Rule-of-Three. The very low success rates in problems
with inverse proportions uncover the pupils’ difficulties with
this algorithm. Second, analyzing problems and rendering
them amenable to solution by using the Rule-of-Three is
even more difficult for students. This difficulty appears if
pupils must simply point out which information is crucial
and also if they must indicate an algebraic formula for sol-
ving the problem. This result underlines the issues related
to the type of knowledge acquired by pupils in mathematics
classes and those related to transfer of training. Third,
pupils cannot be said to have truly learned proportions if
their competence is restricted to their performance in
mathematics lessons. Hart (1981), working with the daily
life problem of decreasing quantities in a recipe, found
even less indication of transfer than that which was obser-
ved in our study. Finally, it is necessary to turn back to the
theme of this group’s work: If mathematics is to be useful
to everyone, issues related to the transfer of knowledge
from the classroom to other problem-solving situations
must receive a much more systematic treatment both by
researchers and teachers.
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Mathematics Among Carpentry Apprentices:
Implications for School Teaching

Analucia D. Schliemann

One possible source of children’s difficulties when dealing
with problem solving at school may lie in the discontinuity
between formal school methods and the natural strategies
they develop in their daily activities (see
Carraher/Carraher/Schliemann, 1985). Alternative propo-
sals to minimize this gap require a deeper analysis of how
problem-solving skills relate to specific experiences and
how arithmetic training contributes to an improvement in
problem-solving ability in and out of school. Scribner (in
press) has shown that, compared with students, dairy
employees show more variability and more effort-saving
strategies when solving problems related to their job activi-
ties. Lave (in preparation, see Reed/Lave, 1979), working
with Liberian tailors, found that problem-solving pro-
cedures are closely related to practical and school ex-
periences: tailors who learn arithmetic in the shop un-
derstand the general principles of problem solving but have
difficulties with large numbers- those who have been to
school can easily deal with large numbers by means of
school-taught algorithms but more often make absurd
errors that are overlooked. These data provide evidence
for the context-specific approach (see The Laboratory of
Comparative Human Cognition, in press) and suggest that
cognitive skills are closely linked to specific experiences
and practice. However, concerning problem-solving abili-
ties, clearer data, such as those gathered by Scribner and
Cole (1981) on literacy, are still required. In the present
study, carried out in Recife, Brazil, data on problem solving
among a group of professional carpenters and a group of
carpentry apprentices, with different educational back-
grounds, are analysed.

The group of professional carpenters was made up of 12
adults who had had from none to five years of formal
schooling. They learned their profession while working as
assistants to the owner of the shop, in most cases their
own fathers. Their verbal reports suggest that this process
of instruction closely followed the pattern described by
Greenfield and Lave (1982) for informal education.
Naturalistic observation of the daily work of these profes-
sionals revealed that arithmetical problem solving often
occurs when a customer brings to the carpenter a drawing
or a photo of a piece of furniture to be made. The carpen-
ter has then to calculate how much wood he needs to buy
and how much he will charge for the finished product. He
buys wood from large shops already cut into standard
pieces from which parts are to be cut.

The group of carpentry apprentices was composed of 18
adolescents from poor backgrounds, aged 13 to 18 years,
who attended a three-year course of instruction in carpen-
try. All of them were also attending the formal school sys-
tem and had at least four years of school instruction in
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mathematics. Naturalistic observation of the activities in
the carpentry school revealed that: (a) carpentry appren-
tices start their practical training by performing simple tasks
such as cleaning and polishing; (b) teaching is mostly done
by demonstration with few verbal explanations that could
help to improve performance in more difficult tasks; (c)
after one year of the course apprentices begin to build
pieces of furniture; (d) instructions for building each piece
are accompanied by a drawing or a three-dimensional
model of the piece and by a list of all the parts needed,
each one specified in terms of length, width and thickness;
(e) wood is available in blocks, from which each part is cut
with the aid of powered tools; (f) only at the end of the
three-year course are apprentices trained how to make up
a list of the parts required for building a particular piece of
furniture; (g) parallel to practical training, formal classes on
language, arithmetic, geometry and drawing are regularly
offered with great emphasis laid from the outset on mea-
surement and how to calculate area and volume.

In this study, in order to analyse how the two groups dif-
fer in the way they deal with a problem related to their daily
work, each of the carpenters and apprentices was asked to
find out how much wood he would need to buy if he were
to build five beds like the one shown in a drawing (see
Figure 1). They were told that they could use paper and
pencil, if they so wished. While they were trying to solve the
problem, the examiner talked to them and discussed
details of the drawing as well as the steps they followed in
order to find a solution. The sessions were tape-recorded
and were run in the shops during working hours or, for the
apprentices, in a school classroom. An observer took
notes, which were used in the analysis, together with tape
transcripts and written material produced by the subjects.

Results

Results were analysed in terms of arithmetical operations
performed, strategies used to perform operations, dimen-
sions taken into account, and final result.

Tables 1 to 4 show the answers of the first-year appren-
tices compared to those in their second and third year, and
to those of the professional carpenters, in each of the
above-mentioned items. Only one apprentice did not
attempt to perform the task. Two professional carpenters
who had never been to school gave a final answer without
explaining how it was obtained. These three cases were
not included in the analysis that follows.

As shown in Table 1, more than half of the first-year
apprentices preferred to use addition even when multipli-
cation could have been applied as a short cut. Among
second- and third-year apprentices, multiplication was
used by 70% of the subjects and, among professionals by
90%. The correlation between the level of mastery of car-
pentry (considering that professionals are at the highest
level) and the use of multiplication as opposed to addition,
although not very high (Kendall’'s p= 0.37), was very signi-
ficant (z = 2.70, p = 0.0028).



The strategies to solve addition and subtraction opera-
tions were classified into three categories: (a) mental com-
putation, when the answer was immediately given without
the use of paper and pencil; (b) school algorithms, when
paper and pencil were used and the answer was found by
working initially with units, then with tens, followed by hun-
dreds, and so on, with carrying from one column to the
next, whenever needed; (c) mixed strategy, when mental
computation was used for the simpler operations and
school algorithms for the harder ones. Table 2 shows that
mental computation occurred more often-among professio-
nals and that school algorithms were preferred by appren-
tices: 9 out of 10 professionals used head computing in iso-
lation or combined with school algorithms, while only 4 out
of 17 apprentices did the same. The Fisher Exact
Probability Test shows that such distributions differ signifi-
cantly (p = 0.005).

Table 3 shows that more than half of the first-year appren-
tices considered only the length of the parts in their
attempts to solve the problem. Second- and third-year
apprentices considered both length and width or, in most
cases, length, width, and thickness. Professional carpen-
ters always worked with the three dimensions. The corre-
lation between the number of dimensions considered and
the level of mastery of carpentry was very significant
(Kendall's t =0.59,2=4.13, p < 0.0001).

The final answers given to the question «How much wood
do you need to buy if you have to build five beds like the
one in the drawing?», were classified into four categories.
In the first kind of answer, where 9 apprentices were clas-
sified (see Table 4), the dimensions considered were all
added up and a final result was inadequately given as the
number of meters, or square meters, or cubic meters
necessary to build the beds. A second sort of answer, given
by 6 apprentices, consisted of a specification of the length,
the width and, in some cases, the thickness of a huge block
of wood. The length of such a block was obtained by
adding up the length of each part of the bed, the width by
adding up the width of each part, and the thickness by
adding up the thicknesses. The third category of answers
consisted of a list of all the parts with a specification of how
many of each was needed to build one or five beds. Only 2
second-year apprentices gave such an answer. Finally, the
fourth kind of answer, where 8 professionals were classi-
fied, consisted of the compilation of two lists, the first spe-
cifying the parts as seen in the third category, and the
second listing the standard parts usually found in the mar-
ket from which the parts could be cut. Two professionals,
not included in Table 4, after computing the size of certain
pieces gave a final answer in terms of how much money
the five beds would cost. Correlation between the degree
of mastery of carpentry and the kind of answer, considering
that the fourth category was the best of all, was very high
(Kendall's t = 0.85) and significant (z = 5.95, p < 0.0001)

An analysis of the relationship between the answers given
by professional carpenters and the number of years they
had been to school did not reveal any clear trend, the only
noteworthy feature being that the two subjects who decli-
ned to explain how they arrived at a final answer were illi-
terate.

Discussion

The results obtained in this study suggest first of all that,
when faced with a problem-solving task, individuals try to
find an answer that is closely related to their daily expe-
rience: while professional carpenters seek a list of standard
pieces to buy, apprentices try to find the measures of a
block of wood from which parts could be cut. What is most
striking in these attempts is the suitability of professional
carpenters’ strategies to find a solution when compared
with the unsuitability of the apprentices’ approach.
Although the apprentices had had formal teaching on how
to calculate volume, their attempts were unsuccessful and
the results obtained were absurd. However, they did not
seem to perceive the absurdity. It seems that the task was
approached by the apprentices as a school assignment
and they did not try to judge the suitability of the answers.
For the professionals it was taken as a practical assign-
ment and the solution sought was a feasible one. That dif-
ference between a school approach and a practical
approach, as noted by Lave (personal communication),
seems to change the nature of the problem.

Computing strategies, although different, were equally
effective in both groups, for hardly any mistakes were
made. This is an unexpected result bearing in mind that for-
mal school attendance was very different between the two
groups and among the individuals in the professional
group.

Of special importance for education is the fact that, despi-
te receiving special teaching on how to calculate area and
volume, and how to solve formal problems involving these,
apprentices were not able to use this formal knowledge to
solve a practical problem. This fact is even more striking if
we consider that the elements of the problem were part of
their daily experience. It seems then that problem solving
at school has to be taught differently if it is to have any use
out of school. One possible suggestion arising from the
data presented here is to provide, in addition to formal tea-
ching, opportunities for problem solving in practical
contexts. This may improve comprehension and lead to the
discovery of new and more economical strategies and
solutions.
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Table 2: Number of Subjects in Each Sub-group According
Used to Solve Arithmetical Operations

Table 1: Number of Subjects in Each Sub-group
According to Operations Used While Trying to Solve the

Problem

Sub-groups Addition Addition Total
and Multi-
plication

1 st-year

Apprentices 4 3 7

2nd- and 3rd-year

Apprentices 3 7 10

Professional

Carpenters 1 9 10

to Strategies

Sub-groups Mental Mixed School Total
Computation Strategy Algorithms

Ist-year
Apprentices 0 1 6 7
2nd _ and 374 - year
Apprentices 0 3 7 10
Professional
Carpenters 0 0 10 10

Table 3: Number of Subjects in Each Sub -group According to Dimensions

Considered When Trying to Solve the Problem

Sub-groups Length Length and Length, Width Total
Width and Thickness

Ist-year

Apprentices 4 1 2 7

2nd- and 3rd-year

Apprentices 0 4 6 10

Professional

Carpenters 0 0 10 10

Table 4: Number of Subjects in Each Sub -group According to

Kind of Final Answer Given

Sub-group Addition of Block from List of List of
all dimensions adding up parts standard
considered each dimension parts

Ist-year

Apprentices 6 1 0 0

2nd. ang 3.year

Apprentices 3 5 2 0

Professional

Carpenters 0 0 0 8

94



2 cm thick _—+

0.18 m

6x6cm

_{ |e— 043 m —>

jt——————0.64 m————>

95



The Relevance of Primary School Mathematics in
Tribal Aboriginal Communities*

Pam Harris

Introduction

Up until fairly recently (i. e. within the last ten years) it has
usually been the policy of Departments of Education to
expect all schools to use the same mathematics syllabus in
basically the same way, irrespective of the cultural, linguis-
tic, and mathematical background of the pupils. In
Aboriginal schools in the Northern Territory this led even-
tually to a fairly strong backlash from teachers who claimed
that wit is not relevant to our situation», the Bite referring to
either mathematics in general, or to the particular syllabus
they were required to follow, and specific requirements of
that syllabus.

Relevance of curriculum content has long been an issue
in Aboriginal schools and is bound to remain so for as long
as Aboriginal people lack control over the education their
children receive, and non-Aboriginal teachers come from
outside to teach in a situation they do not understand.
Some education administrators are inclined to dismiss the
issue, saying that teachers are using irrelevance as an
excuse for their own laziness and incompetence, and that
good teaching of the set syllabus without adjustments is all
that is needed for Aboriginal pupils to succeed in maths.

Whilst it is no doubt true that some teachers may too easi-
ly give up on teaching maths, rationalising that it is «not
relevant» to their Aboriginal pupils so they Won't do its, the
question cannot be so easily dismissed. Many experienced
and hard-working teachers have questioned the relevance
of the mathematics curriculum in Aboriginal communities in
such comments as «You do your best, but you wonder
what it's all for», «It's not worthwhile to teach them what
they’re not going to use», and «What's the use of teaching
topics that are not needed?».

The question of whether the same syllabus and set
of aims for teaching primary mathematics is equally
suitable for both Aboriginal and non-Aboriginal
schools—and whether it would even be practicable to
have different guidelines—is one which is decided
separately in each state department, and it is not pro-
posed to discuss it here. In this paper | will look at the
broader question of whether primary mathemat-

This paper is part of a larger publication entitled Teaching
Mathematics in Tribal Aboriginal Schools, which is one of four
publications in the Mathematics in Aboriginal Schools Project
series. The Mathematics in Aboriginal Schools Project was a
national research project jointly funded by the Curriculum
Development Centre in Canberra and the Northern Territory
Department of Education during 1980-81.
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ics is relevant for tribal Aboriginal children living in tradi-
tion-oriented communities.

First | will outline some of the factors which discourage
people who are teaching maths in remote Aboriginal com-
munities and which often lead to the protests that it is not
relevant. Then | will consider factors that make mathema-
tics a particularly difficult subject, not just for one group,
such as Aborigines, but for many people in any population.
That should help to put the problems frequently encoun-
tered in Aboriginal schools into perspective. Finally | will
give reasons why maths is relevant in Aboriginal communi-
ties, though the aspects which are most relevant and use-
ful may be different from those which are most obviously
relevant in other types of communities.

1. The Feeling that Mathematics is Not Relevant in
Aboriginal Communities — How it Arises

The feeling which some teachers have that maths — or
most of it — is not relevant in the remote Aboriginal com-
munities where they are teaching seems to come from
three main sources:

1. Negative expectations passed on by other people.

2. The teacher’s own observations of lack of reinforcement
of maths in the pupils’ home life.

3. The cultural and linguistic bias of teaching materials.

4. Discouragement because of difficulties teaching maths

and the pupils’ generally low level of achievement.

If these influences on the classroom teacher’s attitude can
be appreciated by mathematics advisers and those control-
ling curriculum decisions, and if the teachers themselves
can understand some of the forces at work, this should
help to put the question of relevance into perspective and
enable freer communication between all levels of those
concerned with primary maths education in Aboriginal
schools.

1.1 Negative expectations of teachers

It has been reported previously (P. Harris, 1980, p. 19) how
teachers often receive negative attitudes from other people
to the extent that they go to an Aboriginal community
expecting that their pupils will not be able to do mathema-
tics. A stereotype very common in the wider Australian
community is that «Aborigines can only count one, two,
three, many» followed by the conclusion, self-evident to the
speaker, that therefore they cannot do maths. This stereo-
type is based on a mixture of fact, ignorance, and over
-generalisation.

The fact is that most Aboriginal languages do have very
few words for cardinal number. It is common to have sepa-
rate words only for one and two, and perhaps three, and
then words that refer to a few and many, or, as it is often
colloquially said «little mob» and «big mob». However,
there is ignorance about what this really means for
Aboriginal children learning to count (which they most often



do in English), and it is a gross over-generalisation to assu-
me that some lack of counting vocabulary in their own lan-
guage could be taken as evidence of a general lack of abi-
lity to cope with all areas of mathematics. (The lack of num-
ber words in Aboriginal languages has been briefly discus-
sed in P. Harris, 1980, p. 13.)

Contrary to the popular myths, one prominent linguist who
is familiar with Australian languages has argued that the
gap in number vocabulary does not indicate that counting
itself is lacking in the culture. He suggests that it is there
«in the sense that the principle of addition which underlies
the activity of exact enumeration is everywhere present»
(Hale, n. d.).

Although new teachers going to Aboriginal schools may
not consciously espouse the common myths and stereo-
types, they are often confronted with them and, without any
information to the contrary, it is not surprising that many of
the teachers take up their new appointments with low
expectations of what their pupils might achieve in mathe-
matics, and a feeling that there is probably not a great deal
that they personally can do to change the situation.

1.2 Lack of reinforcement of maths in the pupils’ home life
On arriving in an Aboriginal community, the teacher is often
greatly impressed by the difference in lifestyle and living
conditions — differences which they see have implications
for their teaching of mathematics in that place.

Living conditions vary of course, and there are some com-
munities where the pupils are living in conditions not too
different from the teachers’, but in many of the more distant
tradition-oriented communities with which the Mathematics
in Aboriginal Schools Project has been particularly concer-
ned, the teacher will find that their pupils live in makeshift
humpies, beach camps, one-roomed tin huts, or maybe in
nothing at all, just sleeping behind a windbreak. This reali-
ty comes as a shock to some.

As the teacher begins to see the many aspects of
mathematics which do not appear to be reinforced in
the pupils’ home life—aspects which are constantly
reinforced in the home lives of most Anglo-Austral-
ian children—the word «irrelevant» soon comes to
mind. It does not seem relevant, for example, to
teach young children to tell the time on a clock when
the teacher knows that very few, if any, of the pupils
have a clock in their home, their parents rarely men-
tion clock time, and, in fact, about the only time they
see a clock or are expected to use one is in the
classroom. Telling the time seems to be a school-
based activity with neither reinforcement nor useful-
ness in the child’s home life,** in contrast to the situ-

** Notice that these examples are of things that seem irrelevant to many
teachers coming into Aboriginal communities — the validity of this
conclusion will be discussed later. To follow up the question of teaching
clock time in Aboriginal schools, the reader is referred to a publication in
the Mathematics in Aboriginal Schools Project series entitted Teaching
about Time in Tribal Aboriginal Communities, Pam Harris, 1984 publi-
shed by the Northern Territory Department of Education, Darwin.

ation of most children brought up in the Western-European
tradition where the child has usually been surrounded by
clocks and had its daily activities regulated by the clock
almost since it was born, and where the parents often
consciously encourage the child or infants of lower prima-
ry age to learn to tell the time, and assist it in its efforts,
thus reinforcing what the teacher does at school.

Many more examples could be given of areas of mathe-
matics where the non-Aboriginal teacher is often frustrated
in attempts to teach skills and knowledge in contexts that
will be meaningful to the child and will be used and reinfor-
ced outside of the classroom. Fractions, for example, are
difficult to teach, and appear to be rarely used, even in
employment; and how meaningful and motivating is it to
teach measurement of mass (weighing) and measurement
of capacity through cooking activities using written recipes,
when the child never sees a recipe being followed or a
standard measuring instrument being used at home? How
does the teacher teach division in a meaningful context
when the pupils and their families customarily divide and
share in unequal portions according to kinship obligations?
These and many more such questions daily confront the
teacher and require decisions which the newcomer may
not feel qualified to make, not yet having had a chance to
think through his or her own philosophy of education in a
bicultural situation.

Apart from the lack of home reinforcement during the chil-
d’s schooling, there is often also an absence of the moti-
vation which some people have to learn mathematics
because of its uses in employment. In many communities,
both teachers and pupils are well aware that school leavers
have little chance of finding a good job — or any kind of job
at all. For example, the magazine of one large Aboriginal
community, in reporting that a certain young man had star-
ted work with the Housing Association, noted that this was
his first job since leaving school five years before, and that
out of all the young men who had left school over the past
six years, only six were employed at the moment (Junga
Yimi 2 :3).

1.3 Cultural and linguistic bias of teaching materials

Some teachers, sensitive to the different lifestyle, interest,
and aspirations of their Aboriginal pupils, also consider
many of the commercially available teaching aids unsui-
table. The pictures and examples given in work-books
often seem to portray very little that is a familiar part of the
Aboriginal child’s daily life. And of the hundreds of rhymes
and songs available to introduce number and counting to
preschoolers and infants, the majority seem to talk about
subjects that are rather meaningless to Aboriginal children.
While it is possible for individual teachers to overcome this
problem to some extent by making their own worksheets,
using materials in the environment, and adapting the wor-
ding of the number rhymes, the fact that these adaptations
are necessary can be a nagging reminder that the maths
materials were not intended for Aboriginal pupils.
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The fact that all materials are presented only in the
English language seems to be another indication that
mathematics is strictly «whitefella» business, not a part of
Aboriginal culture or current lifestyle.

1.4 Beaching difficulties and low level of pupil performance
Whether the teacher comes with low or high expectations
of their pupils, they are often discouraged by the apparent
low level of performance of many of their pupils in mathe-
matics, and the reports they have heard seem to be confir-
med. The pupils often do not seem to understand or
remember certain things no matter how many times they
are taught or how clear the explanation seems to be.

Some teachers who have previously taught English-
speaking children may find that the methods that worked
before do not seem to work with their Aboriginal pupils, and
so may tend to think that the problem lies with the pupils,
perhaps with some difference in thinking processes which
prevents Aborigines from «catching on» to maths. Other
teachers may have tried hard to bridge the gap between
the home experiences of their Aboriginal pupils and the
background experiences that seem to be assumed in the
maths syllabus, to «make mathematics more relevant in
the home and community» as suggested in the Northern
Territory’'s 1974 Infants Curriculum, but find they are figh-
ting an uphill battle with little support. In such circum-
stances it is easy to come to a general conclusion,
consciously or unconsciously, that the children in that and
similar Aboriginal communities «can't do maths» mainly
because «it's irrelevant» — the mismatch between the syl-
labus requirements and the community’s requirements
seems to be too great.

Before looking at the counter arguments that the study of
mathematics is relevant in Aboriginal communities, we
should first question the extent to which the difficulties in
teaching and learning mathematics which are often expe-
rienced in Aboriginal schools are actually peculiar to those
schools.

2. The Problem in Perspective

2.1 Mathematics is a difficult subject

The fact is that a great many people everywhere, including
many living in sophisticated Western societies, find mathe-
matics much more difficult than other subjects, question its
relevance for themselves, dislike it, and feel that they
«can’t do it».

This frequent rejection of mathematics by otherwise well
educated people has been pointed out (and accepted) by
leading mathematics writers and mathematicians. The first
sentence in Skemp’s Psychology of Learning Mathematics
(1971) talks about «Readers for whom mathematics at
school was a collection of unintelligible rules (. . .)», and
Kline (1962) begins his Mathematics: A Cultural Approach
with the words «One can wisely doubt whether the study of
mathematics is worth-while (...)». And the great French
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mathematician René Descartes (1596 — 1650) told how,
after doing some study in Arithmetic and Geometry, he
found the «hows» and «whys» of the subjects not suffi-
ciently clear, and consequently «was not surprised that many
people, even of talent and scholarship, should (...) have either given
them up as being empty and childish or, taking them to be difficult
and intricate, been deterred at the very outset from learning them (.
. .)» (from leading quotation in Kline,1953, Mathematics in Western
Culture).

There are a number of factors which make mathematics
more difficult than other subjects for both school children
and adults, and these factors apply just as much for

Anglo-Australians and other Westerners as they do for

Aborigines.

(1) Mathematics is very abstract, much more abstract than
any other subject introduced in the primary school.

(2) Mathematics is more sequential than other subjects.

(3) Mathematics learning is more teacher dependent than
other subjects — there is not so much that can be «dis-
covered» by the student working alone.

(4) Mathematics is often taught in a dull, uninteresting way
without any meaningful context or examples.

(5) In some areas of mathematics, especially number
work, it is possible to perform well without the unders-
tanding that will enable the learning to be used later;
thus problems are often not detected by the teacher.

(6) There is less support for remedial work in mathematics
(e.g. compared to the facilities provided for remedial
reading).

(7) There are more teachers who lack confidence in their
own grasp of the subject and their ability to teach it than
there are in the other basic subjects. (For example, an
article in the Arithmetic Teacher, May 1981, states that
in one teacher training program in Ohio, two-thirds of the
students counted over a nine-year period have named
mathematics as their least favourite and most feared
subject.)

In addition to these, there are two more major factors
which affect the teaching and learning of mathematics in
traditional Aboriginal communities.

(8) Learning mathematics and adopting a mathematical
way of thinking is like learning and adopting a second
culture, and,

(9) when this is done in English, then the second culture
has to be learned in a second or foreign language.

These last two points need some further explanation.

2.2 Learning Mathematics is like learning another culture
When an immigrant child, whose family speaks for ex-
ample, only Greek at home, enters an Australian primary
school and is required to learn mathematics in English, this
is not as difficult a task as when a vernacular-speaking
Aboriginal child is required to learn mathematics in English.
The Greek child is already part of a culture which has a
rich tradition of mathematics going back for hundreds and



thousands of years. It is part of that child's way of life and
way of thinking, and the child's task on entering the
English-speaking program is merely to transfer what he or
she already knows from his or her own language into ano-
ther language which is closely related.

The Aboriginal child’s task is different, and much more dif-
ficult. He also has a rich cultural heritage, but it does not
include much of the Western mathematics which is taught
in primary schools. Western mathematics is a new way of
thinking, a new way of ordering the world which is in many
respects at variance with Aboriginal ways. In a sense, it is
another culture. For the Aboriginal student, learning mathe-
matics in English is not a case of transferring ideas from
one language to another; old ideas must be reorganised
and a whole range of new ideas must be learned and
appreciated.

2.3 Aboriginal children often have to learn the

«second culture « of mathematics in a second or

foreign language
Many Aboriginal children have to learn the second culture
in a second or foreign language - English. A N. T.
Department of Education linguist, who is herself bilingual in
English and French, is of the opinion that number and
mathematics are among the most difficult areas of learning
in a second language. This applies even to «those of us
who have all the conceptual knowledge at our fingertips»
(Mary Laughren, pers. comm.). Ways of expressing mathe-
matical ideas such as comparison are very language spe-
cific and the differences between languages are great,
even between closely related languages such as French
and English.

If these language differences and learning difficulties are
so significant for highly educated people who have a simi-
lar mathematical background and speak a closely related
language, how much more significant and potentially
constraining must they be for Aboriginal people whose
mathematical background is quite different and whose own
language is quite unrelated to English or any of the other
languages which have contributed to the growth of formal
mathematics, such as Greek, Hindu, and Arabic?

Having looked at some of the differences which impress
and often discourage those involved in mathematics edu-
cation in tradition-oriented Aboriginal communities, and
tried to put them into clearer perspective, we now turn to
look at the positive side — the assertion that mathematics
is relevant in Aboriginal communities.

3. The Assertion that Mathematics is Relevant in
Aboriginal Schools

3.1 Mathematics is relevant because . . .

Mathematics is relevant and necessary in tradition-oriented
Aboriginal communities as it is in other Australian commu-
nities, for the following reasons —

3.1.1 Mathematics is needed in everyday life, in

employment, and in the conduct of community affairs
People tend to think that the more Aborigines move back to
their homelands and assert their right to live in an
Aboriginal way, as many are doing these days, the less
they will need or want what Western-style education pro-
vides, including mathematics. The practical reality is exact-
ly the opposite. In order for an Aboriginal community to
exist independently and run its own affairs according to the
wishes of its people, there must be at least some in the
group who are fluent in English and competent in mathe-
matics and thus able to communicate confidently with
government officials and other white Australians in the
wider community. The greater the desire for independence,
the more urgent is the need for Aboriginal people to acqui-
re for themselves skills in English literacy and Western
mathematics.

(By stressing the need for skills in Western mathematics
and literacy in English in this context, | am not at all ques-
tioning the value of bilingual/bicultural education programs
in which the early emphasis is on acquiring literacy in the
vernacular and understanding mathematics concepts
which are a part of the traditional tribal way of life. These
vernacular programs, apart from their other advantages,
provide a sound basis for improved performance when the
student must later tackle English literacy and primary
school mathematics taught through the medium of English
as a second language.)

3.1.2 Aboriginal people have requested mathematics
Whenever tribal Aborigines have stated what they want
from education, they have always (in my experience) inclu-
ded high on the list of priorities (a) ability to speak, read,
and write English, and (b) Knowing numbers The reasons
given for wanting to «know numbers» are very practically
oriented to managing their own affairs. See, for example,
comments recorded by H. H. Penny in the report of his
investigation into the training of Pitjantjatjara teachers in
South Australia (1976, p. 18).

3.1.3 Mathematics is necessary for secondary and

most tertiary education
If Aborigines are to achieve their aims of being teachers,
doctors, mechanics, etc. then they must have a good basic
understanding of maths, and the option to choose to do it
at higher levels beyond primary schooling.

3.1.4 Mathematics is a major clue to understanding

the way Anglo-Australians think (in line with

their Western-European cultural heritage)
Morris Kline begins his important book Mathematics in
Western Culture thus:

«(.. .) mathematics has been a major cultural force in Western civilisa-
tion. Almost everyone knows that mathematics services the very practi-
cal purpose of dictating engineering design (v.) It is (...) less widely
known that mathematics has determined the direction and content of
much philosophic thought, has destroyed and rebuilt religious doctrines,
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has supplied substance and economic and political theories, has
fashioned major painting, musical, architectural, and literary styles,
has fathered our logic, and has furnished the best answers we have
to fundamental questions about the nature of man and his universes
(Kline,1953)

To understand the Anglo-Australian culture by which they
are surrounded, Aboriginal people need to have some
understanding of mathematical thinking.

3.2 Some mathematics topics are more relevant

than others
Nevertheless, although mathematics as an area of study is
relevant in both Aboriginal and non-Aboriginal societies, it
soon becomes evident to the teacher in an outback
Aboriginal community that some maths topics (like money,
for example) are much more relevant than others, some
which are accepted without question in other schools
appear to have very little relevance (e. g. fractions, divi-
sion), and yet others appear to be relevant and motivating
only if they are introduced at a different stage from that
recommended in the syllabus and with different emphasis
(examples are the introduction of standard units of measu-
re and learning how to tell the time on a clock).
The teacher soon sees a need to adjust the syllabus to
meet local requirements. This does not imply that the aims
for the endpoints to be reached by the end of primary
school should be changed, but that in Aboriginal schools
these endpoints may be more effectively reached through
a primary maths program that has different emphases, dif-
ferent sequencing, and different teaching methods from
those recommended for Anglo-Australian children.

3.3 Some mathematics topics are more useful than
they at first appear

Adjustment to the syllabus are necessary to meet the
needs of differing local conditions, but newcomers espe-
cially should be wary of making changes, particularly any
which involve not treating a topic because it seems irrele-
vant. Such decisions need to be made only after careful
consideration of the future needs of the child and the rela-
tion of that topic to other parts of the syllabus, and are best
made in consultation with an adviser, where one is avai-
lable.

3.3.1 For example, why teach fractions?

One Northern Territory teacher, an experienced and
conscientious person, once wrote and asked the math-
ematics curriculum unit in Darwin to give her some good
reasons why she should teach fractions, because she said
she could not see the use of them and there seemed to her
to be more important things on which to spend one’s tea-
ching time.

The questions «Why teach fractions?» and «Should we
teach fractions at all?» are often asked in Aboriginal
schools, so | will give here some reasons for teaching frac-
tions and these will serve as an example of the various
aspects to be considered in regard to topics which at first
seem irrelevant.

Aboriginal children, like any others, need an elementary
understanding of fractions because:
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(1) Fraction terms such as «half» and «quarter» are an
integral part of everyday English speech.

(2) Decimal fractions cannot be properly understood if the
idea of fractions (equal parts) is not understood.

(3) Fractions are used in employment, for example in the
hospital (half dose of medicine for a child), when making
out time sheets (time-and-a-half pay for working after
hours), and when stock-taking in the store.

(4) Common fractions cannot be entirely replaced by deci-
mals — not all situations involving fractions can be
handled in decimal form.

In addition, work on equivalence of fractions and simple
addition and subtraction of fractions provides older stu-
dents with extra practice in the four operations which does
not look like the same old «sums» being dished up yet
again. That is important for slower students who have not
achieved in the four operations but are not motivated by
the methods used with younger pupils. One principal in a
large Aboriginal secondary boys’ school reported that he
had found work on fractions very helpful in increasing stu-
dents’ skills in the four operations. This idea is also sup-
ported in some teachers’ guides, see for example page 152
of Mathematics - A Way of Thinking by Robert
Baratta-Lorton. Here | have presented linguistic, cultural,
practical, mathematical and motivational reasons for retai-
ning some work on fractions. These are just some of the
aspects which will have to be considered in every question
of adjusting the content and sequencing of the mathema-
tics syllabus to suit a particular situation or group.
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Bicultural Teacher Training in Mathematics
Education for Aboriginal Trainees from
Traditional Communities*

Kathryn Crawford

Introduction

This paper will discuss the challenges facing an educator
in the development of a bicultural, bilingual teacher training
programme in mathematics curriculum for Aborigines from
traditional communities in Central Australia.

Although many of these challenges stem in particular
from the characteristics of the communities involved and
their particular culture, there are also many aspects of this
educational task that are paralled in any country where
efforts are made to cater for indigenous groups of people
in an education system that has been derived from
Anglo-European cultures.

The course described forms part of the Anangu Teacher
Education Programme (ANTEP) an accredited teacher
training course intended for traditionally oriented Aboriginal
people currently residing in the Anangu communities who
wish to take on greater teaching responsibilities in South
Australian Anangu schools. The course will be directed
from the South Australian C.A.E. but most teaching will be
carried out on site by a lecturer residing within the
communities. Pukatja (Emabella) will be the host commu-
nity for the project.

The programme as a whole represents a significant
departure from conventional teacher education in a num-
ber of ways. Perhaps the most striking difference between
this teacher training course and many others is that from
the beginning, development of the curriculum has been a
co-operative venture between lecturers and educators on
the one hand, and community leaders and prospective stu-
dents on the other.

The extent of this co-operation is indicated by
French-Kennedy’'s (1984) description of the aims of the
curriculum design workshop held in April 1984

«The general aim (...) was to bring together prospective ANTEP stu-
dents; interested Anangu; non-Anangu with demonstrated expertise
in the area; the relevant ANTEP lecturers in charge and the on-site
lecturer for the purpose of considering, in detail, the initial offering of
units. « (p. 3)

The first group of students will commence the course in
August 1984.

The tone of the early negotiations with the Anangu
communities indicated that an interactionist per-
spective on bicultural education and on mathematics
education and curriculum development in particular
would be most appropriate. The rationale for the de-
sign of the two units Teaching Mathematics | and Il

* This is a revised version of a paper presented at the 1984
Conference of the South Pacific Association of Teacher

Education.

that form the mathematical component of the course has
evolved from the urgent need to provide experiences that
will enable students to negotiate the complex interacting
factors from the known in their own culture to a competen-
ce in the use of mathematical ideas from Anglo-European
cultures. The perceived community needs in Westemn
mathematics were eloquently stated by one member of the
community as follows:

«Our children need to know enough maths so they don't get ripped
off.»

Initial discussions with community leaders and prospective

students suggested the following general aims for the cour-

se:

1. Development of student awareness of their cultural

expertise in

a) the Anangu ways of thinking about relationships and
patterns to do with the locations, qualities and quantities
of objects and people in the environment;

b) the needs of the Anangu community to

- affirm Anangu culture and Pitjantjatjara language;

- develop new strategies and mathematical knowledge
to meet the need for dealing with Anglo-Europeans
and their culture;

- explore traditional ways of teaching young children and
the modification of these methods as necessary to
accommodate new knowledge.

2. Widen student awareness of and ability to apply ele-

mentary mathematical knowledge (S.A. Curriculum K—

8) to solve community problems.

To enable students to develop a rationale for teaching
behaviour and methods that are appropriate to the
needs of the children of the community.

Negotiating Meanings Between Two Cultures

Gay and Cole (1967) examine the teaching of mathematics
in a cross-cultural situation. They suggest:

«(...) in order to teach mathematics effectively, we must know more
about our students. In particular we must know about the indigenous
mathematics so that we can build effective bridges to the new mathe-
matics we are trying to introduce.» (p. 1)

The need to build conceptual bridges from the known to the
unknown is not of course an educational problem restricted
to the context of bicultural education. The mathematics cur-
ricula in most primary and secondary schools are notably
dissociated from the everyday concerns of the student
population. This has been a cause for considerable
concern among mathematics educators in an increasingly
technological society. In a bicultural context the situation is
made more serious by the fact that different cultures
emphasise different conceptual schema. Thus, temporal
sequences and quantitative measurement are dominant
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themes in industrialised Western cultures but largely irrele-
vant in traditional Aboriginal cultures. Scientific and tech-
nological thought, the appropriate registers of language
and mathematics as an abstract discipline have developed
over hundreds of years within Anglo-European culture and
reflect these dominant themes particularly at the elementa-
ry level. Experience suggests that for many Aboriginals
from traditional communities the content of the elementary
mathematics curriculum is perceived as incomprehensible
and often irrelevant.

There has been a great deal of valuable descriptive
research by J. Harris (1979), Dasen (1970), Kearins
(1976), Rudder (1983) and others about the kinds of clas-
sification systems arid the rate and order of development of
concepts related to mathematics in differing Aboriginal cul-
tures. The work of Parm Harris! provides an account of the
effect of these differing cultural perspectives on mathema-
tics learning. Her detailed and historical accounts of
Aboriginal attitudes and beliefs about such topics as
money, measurement and number provide a valuable
resource for teachers. Her work is important in combatting
the negative expectations expressed by teachers in such
statements as: Aboriginal children do not generalised

The clear accounts of how Aboriginal children do genera-
lise and why they find school mathematics difficult are ins-
tructive. Her explanations of how these difficulties may be
overcome redirect the focus of the problem from the «fai-
lings» of Aboriginals and Aboriginal culture to the inappro-
priateness of many teaching practices for children from tra-
ditionally oriented communities.

Most recently published curriculum materials such as
those devised by Western (1979), Northern Territory
Department of Education (1982) and Guy (1982), intended
for use by Aboriginal teacher trainees or as resources for
teachers in Aboriginal schools have acknowledged the
implications of J. Harris’'s (1979) statement:

«As the child matures learning to label and order his experiences it
is inevitable that his cognitive development will be very strongly
influenced by Aboriginal systems of knowledge.» (p. 143)

Thus, these materials take care to acknowledge language
difficulties, use materials from a familiar context for illustra-
tion and take particular care in topics such as time and
measurement to provide experiences to facilitate concep-
tual development. However, a closer analysis of such
materials suggests that the teaching procedures and the
content are still culturally biased to the extent that
Aboriginal people are likely to have difficulty relating school
experiences in mathematics to community needs and pro-
blems.

In a community-based teacher training course it seems
that it is possible for the first time to develop procedures for
negotiating meanings between the two cultures. With this
in mind the lecturer's notes at the beginning of the first

module in the course state:
«A co-operative exchange of knowledge is particularly important in
the tutorial sessions because mathematics by its

"Personal correspondence and CDC Mathematics in Aboriginal
Schools Project Series (in press).
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nature involves the use of higher order cognitive skills and problem
solving requires confidence. There is considerable research eviden-
ce to suggest that egalitarian relationships foster these skins better
than authoritarian directions. It is important that student/teacher inter-
action and role play used in the sessions IErowide a suitable model for
interaction with children.» (Teaching Mathematics |, Module 1)

The course has been developed based on a model de-
signed to maximise the possibility of interaction between
the world view expressed by Anangu culture and that of
Anglo-European culture as evidenced in school mathema-
tics. This is achieved by placing an emphasis on the stu-
dent expertise and contribution in providing information
about Anangu world views as a necessary part of the cour -
se. The course is constructed in such a way that students
are invited to participate in co-operative decision-making
about appropriate methods for negotiating meanings from
one culture to another.

Group interaction and co-operation in arriving at solutions
to the problems set by tasks in each module are an essen-
tial component of course experiences. This is a necessary
process if an understood social concensus about the mul-
tiple realities, perceived by Anangu and non-Anangu tuto-
rial group members is to be achieved. Such cognitive inter
action is the basis for the development of a synthesis of
world views and of the clearly understood and generalised
universal premises that will form the basis for future group
decision-making. The outcomes of such a synthesis are in
the changed perspectives that the participants take away
with them.

Figure | below illustrates some of the contexts in which
this approach will be used.

It is expected that in Teaching Mathematics | the mathe-
matical content will be that of the South Australian
Department of Education Syllabus’s Early Childhood sec-
tion (Modules 1 — 10). In the second year of the course the
emphasis will shift to the mathematical content of the upper
grades of primary school. The community has expressed
the desire that teacher trainees should function as a
resource of useful mathematical knowledge within the
community. To meet this need there will be a mathematics
component in the Work Skills Unit that is also included in
the ANTEP programme.
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Context Problem-solving Language Use Mathematical Content Teaching Strategies
Strategies For generalisation For rote learning
and concept of conventions
development
Self group Anangu ways of Pitjantjatjara Increase student Begin with Anangu Begin with Anangu
survival and solving problems vocabulary awareness of learning methods learning methods.
cultural related to: and syntax mathematical ideas and important
activities. classification, development in Anangu culture. cultural themes.
ANANGU space, quantities, to be decided
(Students contribution) measurement. by students. Explore needs for
different knowledge
and ideas to solve
problems arising
from wider experi-
ence including
Anglo-European
contact.
Cultural Used as a basis Methods for Compare and con- Compare and con-
Group interface. for discussion bridging cultural trast with different trast with course
decision-making of: differences. methods that are outcomes.

important in
individualised
society.

ANGLO-EUROPEAN
(on-site lecturer and
resources contribution)

Wider contexts
including:
Anglo-European
contact

— trade

— employment, etc.

Anglo-European
ways of solving
problems in 2 more
complex and
industrialised
culture.

Use of appropriate
English vocabulary
as necessary and
appropriate.

1. Early Childhood
curriculum content.
Early Primary.

2. Middle grades
5—8 curriculum
content. S.A.
curriculum.

1. Establish relation-
ships or patterns

(use visual input as
appropriate).

2. Change contexts.

3. Change quantities
(if appropriate).

4. Develop links with
other related concepts.
5. Use the new knowl-
edge to solve problems.

1. Use of song, rhythm
and movement.

2. Practice.

3. School experience
in using skills.




A system of clustered modules has been used in the
course so that conceptual construction links between rela-
ted topics are made as explicit as possible.

The diagram below illustrates the first 20 modules of
Teaching Mathematics I. See appendix for a more detailed
description of the form of a particular module.

Figure 2

Module 1
What is mathematics?
Anangu needs and problems in mathematics

Classification Comparison and Ordering

Modules 2—5 Modules 610

2. Classification and 6. Comparison 1 — feeling objects.
Grouping 1 — Anangu way. 7. Comparing people —

3. Classification and ordering and posture.
Grouping 2 — according to 8. Ordering objects and
position. events.

4. Classification and - .
Grouping 3 — size. 9. (g?rool:-':gsa.nng and ordering

5. Teaching methodologies 10. Developing teaching methods
for classification. for comparing and ordering.

Early Ideas of Number Measurement

Modules 11-15 Modules 1620

11. Anangu terms for quantity 16. Measurement of length and

— uses. distance.
12. 1:1 matching — showing 17. Measurement of area.
more-same-less. 18. Measurement of volume.
13. Equivalence — exchange 19. Money — how much?
mes — trading.
ga racing 20. Money — equivalence,

14. Using grouping to
describe quantities < 10.

15. Counting to 10.
Counting by 10’s.

i.e. how much work?
how much pay?

how much money?
how much food?

The experiences provided for students during the course

have been chosen so that the links between mathematical
ideas as expressed in traditional Anangu culture, the sett-
lement community, Anglo-European culture and the school
curriculum are emphasised.

More modules are constructed to promote an exchange of
ideas between the distinctly different conceptual frame-
works of the two cultures. The diagram below shows some
of the ways in which this occurs.
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Figure 3

Student Contribution

Ideas, information of
mathematical content
of Anangu culture.

Knowledge of traditional
community teaching
methods and resources.

At all points emphasis is placed on practical exper-
imentation and application of ideas in the community and
the local school. The teaching staff at Ernabella school has
been most supportive of the programme and is enthusias-
tic about allowing students to expand their practical expe-
rience within the school as their skills increase.

Communication Between Cultures

During the development of this course it has been neces-
sary to pay considerable attention to the communication
difficulties of a bilingual programme. For some of the rea-
sons expressed in the previous section, language difficul-
ties are particularly evident in the mathematics area.
Barbara Sayers (1983) suggests that language difficulties
are a particular problem in the teaching of mathematics.
She goes on to describe her experience at the
Wik-Mungkan community at Aurukan:

«| have understood what was said in terms of understanding the lin-
guistic aspects of the language, but | have not understood the mes-
sage they encoded. Such messages are incomprehensible because
| did not understand the presuppositions on which they were built,

nor the Abori%:nal concepts which were involved. To sum up, | could
understand what was said but not what was meant.» (p.3)

The reverse situation occurs all too often when math-
ematics is taught in Aboriginal schools.

Some proficiency in English has been required for selec-
tion to the ANTEP course. However, on-site experience at
Ernabella suggests that:

Discussion

Co-operative decision-
making about connec-
tions, vocabulary,
methodology for
communication.

Group role play and
rehearsal of teaching -———
experiences.

Individual and small
group tasks in school
and community.

Group evaluation of
experience.

Contribution from
Lecturer/Curriculum
Resources

Comparison with and infor-
~«—1 mation about related ideas
in Anglo-European culture,
e. g. Settlement Store,
Mechanics Workshop.

-

Examples of Anglo-European
curriculum materials.

1. Bilingual presentation of materials is essential.

2. Articles and workbooks should include English and
Pitjantjatjara translations.

3. Participant responses were always in Pitjantjatjara with
the exception of one person.

4. Difficulties will be experienced in translating some
English words into Pitjantjatjara particularly in the field of
mathematics.

The course has been designed with considerable empha-
sis on an activity-based process/discovery Iearnin% design
to maximise thé possibility of concensus about the mea -
ning of language generated by students (in either langua-

e

It has also seemed appropriate to maximise the superior
visual/spatial skills of the Anangu people, and the precision
of the Pitjantjatjara language in this respect, by illustrating
concepts by role play or diagram as far as possible. For
example, in Module 7 of Teaching Mathematics |, posture,
which is an effective and important means of communica-
tion within the Anangu communities, is used extensively in
an action-based activity to convey ideas about seriation.
During the development of the course students will be
encouraged to develop techniques for using graphic dis-
plags to convey relationships.

The Ernabella school has an Apple computer. Work has
already been done Klich2 'in converting spatial

ames known to community elders into a form suitable
or presentation on a video screen. The prospective
students have already expressed much inter-

2 Personal correspondence.
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est in learning to use this computer. The development of

cultural symbolism through the use of Apple Logo software

seems an extremely promising medium for the introduction
of Euclidean notions of geometry and sequenced procedu-
ral skills.

It has become evident that there is insufficient information
available about the use of Pitjantjatjara language in relation
to mathematical concepts. In any case there has been
some suggestion from members of the community that lan-
guage development in the vernacular is somewhat depres-
sed among settlement children. It seemed advisable to
include in the course some action-based research for stu-
dents directed at the collection of information about the
ways in which Pitjantjatjara language is used to describe
mathematical ideas.

This seemed an important aspect of their learning becau-
se:

- On-location experience with Aboriginal teacher aids sug-
gests that their assistance of children even when
expressed in the vernacular consists of, often incomple-
te, attempts to translate Anglo-European ideas rather
than the out-of-school modes of expression. Confusion
results.

- The procedure seems likely to provide experiences that
will heighten student awareness of mathematical ideas
and concepts within their own culture.

- Eagleson et al. (1982) suggest that Aboriginal English is
a restricted code. It is restricted, not in the sense that it
is inferior but because it has been developed as a
means of communicating ideas derived from Aboriginal
world views. The syntax of this fomm of English often
follows that of the vernacular. Without further develop-
ment and clarification it is usually not an appropriate
means of communicating mathematical ideas from
AngloEuropean cultures.

- The collection of information of this kind seems likely to
heighten the awareness of both students and educators
of points where confusions about mathematical
concepts is likely to arise.

The inclusion of these types of exercises in the course
was confirmed as a useful innovation by David Wilkins, lin-
guist, of Yipirinya school in Alice Springs. The teachers at
that school have found a similar approach most useful,
especially for mathematics. Prospective students were
enthusiastic about the idea since it affirms their cultural
expertise and provides opportunities for consultation with
community leaders about precise vocabulary.

The procedure as it has currently been developed
involves collecting taped information of children and adult
language usage to describe certain situations. For
example, a child may be blindfolded and directed through
a maze of carefully placed obstacles by the rest of the
group to elicit information about vocabulary and syntax
connected with location and direction. The school linguist,
on-site lecturers and students then use the collected infor-
mation as a basis for language development in the verna-
cular and as a source of information about conceptual dif-
ferences between cultures. For example, Anglo-Europeans
tend to describe direction in terms of Left and Right,
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many Aboriginal groups use the four points of the compass.

There does not appear to be a set policy for bilingual tea-
ching in the Ernabella school. In general, the linguistic
resources available and the language competence of chil-
dren in either language govern the level of verbal discour-
se. In a bicultural context it is necessary to actively affirm
language registers that are appropriate for discourse about
science, technology and mathematics. This register of
English language is not normally evident in the langua-
ge-arts curricula of Australian primary schools. The teacher
training experience provided in the courses described
above, emphasises the use of small group co-operative
tasks and elaborated ideas as logical and meaningful com-
munication. It is hoped that these will provide students with
the necessary skills to allow for needed curriculum change
and a rationale for the appropriate use of first the vernacu-
lar and then English as a useful medium for instruction in
mathematics.

Conclusion

The emphasis in the teacher training course described
above has been in the development of a rationale for
connecting the conceptual frameworks (with respect to
mathematics) of two very different cultures.

Experiences have been provided to increase student awa-
reness of the mathematical ideas within Anangu culture.
Strategies have been suggested and opportunities provi-
ded for the development of a rationale for teaching proce-
dures that will assist children as they move from one cultu-
ral context to another.

To this end, the course has been constructed on a pro-
cess model where information is collected and students are
encouraged to play an active role in the decision-making
about outcomes. Language development in both English
and the vernacular will be an important factor in this pro-
cess.

The visual/spatial knowledge and the heightened aware-
ness of relationships that are characteristic outcomes of
Anangu culture will be used in teaching procedures that
emphasise these aspects of mathematics rather than
demanding prior mastery of incomprehensible algorithmic
procedures.

It is to be expected that there will be some problems to be
negotiated as the course proceeds. At this stage, however,
it seems that success, in terms of student competence as
teachers and a more appropriate learning environment for
the mathematics curriculum in Anangu schools, may well
depend on the extent to which students are enabled to acti-
vely participate in building bridges between the two cul-
tures for themselves. Only then will they become truly com-
petent as teachers in a bicultural context.
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Appendix
Module 7

Comparison || — (comparing people)

Lecturer’s Notes

The purpose of this exercise is to expand direct com-
parison according to one attribute to seriation strategies.
The use of people appears appropriate since limits on
behaviour and location between different members of the
community are likely to be familiar ideas.

You will need: large sheets of paper and felt pens.
Student activity: Explain to students that the following acti-
vity is one way of ordering by comparison of an attribute
using personal orientation to show a relationship.

Tutorial Session

1. a) All students to compare heights in the following way.
As two people approach, the taller person turns side on
and put hand on hip, the shorter person turns side on
and puts hand in air

e.q.
o
4 % that is: A
L is taller
. L than
B

A B

b) Practice this until all possible pairs have been tried.

c) After two students have approached each other, as in
the above diagram, a third approaches. If he is shorter
than A and B he stands next to B side on with hand in
air. B places hand on hip facing C.

A%y

If he is taller than A the following arrangement is made:

ft 4 %

d) Students should try different patterns using the rule that
one can only have one person on either side, e. g. a per-
son with both hands on hips can only be approached by
two shorter people, and a person with both hands in the
air can only be approached by two taller people.

e) Change the rule so that when both hands are used one
should be up in the air and one on the hip.

Rt

The resulting arrangement should be as above. A fifth
person approaching the group may:

- join at the tall end if he/she is the tallest;

- join at the short end if he/she is the shortest.

Find a position between two people in the line so that
he/she stands appropriately with one hand in the air and
one hand on hip.

2. Discuss the activity. Note the similarity of hand on his
shape to > symbol used in mathematics. Seek sugges-
tions from students for other actions or postures that
may be suitable. How else might people be compa-
red/ordered? Age?, kinship?, totem?, weight?

3. Devise suitable ways of recording results or ordering
activities. How can we show the relationship between
people?

4. Discuss ways of using this activity and this type of expe-
rience when teaching children to order objects accor-
ding to attributes such as smoothness, length, weight.
How can the relationship between objects be shown?

Practicum ] ) ]

The grouij should devise an ordering lesson suitable for
young children (seek modification and improvements). This
activity should be carried out with a small group of children
(< 10). The results should be reported next session.
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