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Preface

Evaluation and asscssment in science and mathematics education is
the topic of two Unesco titles: this resource document, and the
forthcoming Volume III of ‘Innovations in Science and Technology
Education’,

In August 1988, The Sixth International Congress on
Mathematical Education (ICME 6) brought together in Budapest,
Hungary, some 2,500 mathemaltics educators from seventy-two
countries. One of the Theme Groups was devoted to evaluation and
assessment in mathematics education. From the forty-seven papers
presented in the thirteen sessions of this theme group, a selection
was made to constitute this resource document.

This document complements ‘Mathematics for All', which also
appeared in Unesco’s Science and Technology Education Document
Series (Volume 20). As Thomas Romberg reminds us in his survey
paper, the goals of a ‘mathematics for all’ policy are different
Jrom what happens in mathematics classrooms, and evalvation and
assessment quantify this difference. Part 2 of the document
centres around the Second International Mathematics Study, which
examined the mathematics curriculum from three points of view:
the intended, the implemented, and the attained. National
initiatives in evaluation and selected topics make up the final
parls of the document,

Unesco wishes to express its appreciation to the editor,

David Robitaille, to the twenty-iwo authors of papers, to the
University of British Columbia for preparing the manuscript, and
to ICME 6.

The views expressed in this report are those of the authors
and not necessarily those of Unesco.

We welcome comments on the contents of this document,
which should be sent to: Division of Science, Technical and
Environmental Education, Unesco, Place de Fontenoy, 75700 Paris,
France.



Introduction

In recent years, an increasing amount of international attention in the
mathematics education community has been focussed on evaluation and assess-
ment. The organizers of ICME-6 acknowledged the leve! of interest in this topic
by including a Theme Group on evaluation and assessment in the conference
program to provide a forum for international discussion of evaluation activities in
mathematics education. The members of the pane! responsible for arranging the
work of the Theme Group included Antoine Bodin (France), Raimondo Bolletta
(Italy), Desmond Broomes (Barbados), David Robitaille (Canada; Chief Organ-
izer), Toshio Sawada (Japan), and Julia Szendrei (Hungary).

Over a four-day period, 13 sessions were scheduled for Theme Group T4,
and 47 papers were accepted for presentation by scholars from 13 countries.
Because of limitations of space, it has not been possible to publish atl of the papers
accepted for presentation; in fact, only 15 are included in this collection. Brief
summaries of all the papers presented a1 ICME - 6 may be found in the official
proceedings of the conference.

The papers included here have been divided into four groups. The first
group consists of one paper, and that is the Survey Paper prepared for the
conference by Tom Romberg. The second tection consists of papets dealing with
findings from the Second IEA Mathematics Study which was conducted in some
20 countries in the early 1980s. The next group of papers focusses on national
initiatives in evaluation in mathematics, and includes several papers on this topic
from the United Kingdom. The final set of papers deal with a variety of topics in-
cluding evaluation of students’ problem-solving activitics, diagnostic asscssment,
and evaluation of students’ understanding of selected concepts.

Preparing a st of papers for publication requires a considerable amount of
work in the best of circumstances. When the papers are submitted by authors from
13 countries, in a variey of formats, and In varying degrees of readiness for
publication, the task can assume very large proportions indeed. 1 have been
fortunate to have Liighly skilled and very dedicated assistance in thistask,and 1am
very grateful to all those who helped in any way. First of all, I would like to thank
Lot Teichman, a student in the teacher-education program at the University of
British Columbia, who transferred all of the papers into Microsoft Word™ for the
Macintosh microcomputer. My thanksalso go to Brian Kilpatrick, a technician in
the Department of Mathematics and Science Education at U.B.C., who provided
technical support and advice and Michael Howell-Jones, of Education Audio-
Visual Services of the Faculty of Education at U.B.C., who produced the camera-
ready version of the document using Pagemaker ™ . A special word of thanks goes
to my colleague, James Sherrill, for proof-reading the entire set of papers so
conscientiously.

1wouldalsolike tothank Unesco, and particularly Ed Jacobsen, for agreeing
to publish this set of papers. Finally, 1 would like to thank Nancy Sheehan, Dean
of the Faculty of Education at the University of British Columbia, {or providing the
resources needed to have the papers prepared for publication.

Daud F. Robitaille

Vancouver
January, 1989
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Part 1

Survey Paper



EVALUATION: A COAT OF MANY COLORS

Thomas A. Romberg

“EVALUATE: tojudge or determine the worthor
quality of* Webster's New World Dictionary, 1985, p. 484

Evaluation in education has evolved from an
initial and single concentration on measurement of
achievement in otder to make judgments about stu-
dents, to the current and growing interest in providing
information to support policy and program decision
making. To make those latter judgments, information
fromstudentsabout theirmathematicalachievementis
usually used. Thus, in this paper both the methods of
gathering information from studentsand the use of that
information to make a variety of judgments are exam-
ined.

Theassessmentof studentperformance inschools
hasa long history. However, contemporary models for
both the gathering of peformance data and the use of
the information for polizy and program decision mak-
ing have only evolved during the past quarter-century.
The purposes of this survey paper are:

1. to relate the gathering of assessment data to
educational decision making;

2. to trace the history of this evolution. The assess-
ment history begins in the 19th century and the
cevaluation history In the 1930s. However, in both
cascs, the developments in the past decade ate
stressed;

3. o illustrate the strengths and weaknesses of two
contcmporary social policy evaluation models.
These are: evaluations of the impact of new
mathematics programs, and large-scale profile
evaluations; and

4. to describe four tecent teends in evaluation and
assessment.

Although the history and trends In assessment
and cvaluation are not unique to school mathematics,
the emphasis and examples in this paper are all on
asscssing mathematical performanceand theuse of that
informationininstructional and policy cortexts. Also,
the examples have been selected to teflect the variety
of models, methods, and procedures used throughout
the world.

The principal point which should be under-
stood is that at present there Is considerable disparity
between theory and practice. Academic considera-
tions about goals, decisions, methods of gathering in-
formation, and validity of thatinformation are in sharp
contrast to the political and practical expectations of

many governments and administrators. What is pos-
sible differs from what is done.

Educational Decision Making

The following examples are given to illustrate
the relationships between measures of achievement
and the variety of situations in which that information
is used to make judgment (hence, the title of this

paper):

1. A student has decided to study biology znd would
like to know whether she has the prerequisite
knowledge to enroll in a biometrics coursc.

2. The admissions committee of a tertiary Institution
must select 100 students from some 800 who have
applied for an engineering program.

3. A teacher would like to grade students on how
well they understood the chapter on simultancous
lincar equations just completed.

4. An official in a Department of Education has been
asked to provide a legislative committee with infor-
mation about pupil perfformance in mathematics.

5. A publishing company s interested in developing
text to teach specific concepts of statistics to
students in middle school. It necds feedback from
teachers about the adequacy of the materials (i.c.,

what things were successful and what things were
not) so that Improvements could be made.

6. A researcher interested In early cognitive develop-
ment with respect to mathematics would like to
assess preschool children's ability to handle certain
mathematical relationships, such as comparison of
two scts with tespect to numerosity.

7. An employcer Is interested in the mathematical
capability of job applicants.

8. An official must decide which students are to be
admitted to academic high schools and which to
technical schools.

The prepaiation of this poper was suppoited by tho Ford Foundation, the U.S. Department of Education. ond the
University of Wisconun-Modson. The opinions expressed In this popet oo those of the author and do not necessorly
toflect the views o7 the Ford Foundation, the U.S. Depariment of Education, ot the YAsconsin Contot for Education

Roseotch.




These examples are only a few of the typical
judgment situations in which information from stu-
dents about their mathematical performance ure fre-
quently faced. Inaddition, they reflect the diversity of
judgment (qualification, selection, placement, diagno-
sis, grading, profiling, researching, and soforth) as well
as the variety of personnel involved in those decisions
(students, administrators, teachers, developers, em-
ployers, and researchers).

Based on these examples, I have assumed that
information from students about their mathematical
achievementisimportant;and thatinformationshould
influence educational decisions. The scenarios cited
here are but a few examples of the many decisions
facing educators throughout the world. Whether
achievement data as a source of information actually
influences schoolingdecisionsisa separate and distinct
empirical question. Nevertheless, valid data about
student achievement should be available and used
when making many such decisions.

Also, we must ask: How should such informa-
tionbeelicited? The answerto thisquestionisbasedon
a second assumption. The methods of gathering infor-
mation (how data s collected, from whom, and how it
isaggregated, organized, and reported) depends on the
decisions to be made.

From these assumptionsand theexamplesgiven
above, | belleve three elements of the decision-making
process should be considered.

1. The decisions must be specifically identified.
Gathering information without an explicit
purposc in mind wastes time and resources.
Although it is now fashionable to create data bases
under the assumption that having such data will be
uscful, it has been shown that such data bases are
rarcly used or of value unless the purposes for
which the data are to be used have been considered
first.

2. The implications of the judgments to be made (or
the questions to be answered) must be examined.
This Involves considering error in measurement,
the errors in judgment (both Type 1 and Type 11)
that one is willing to tolerate, and whether the
decislons are {rrevocable. Teachers may be willing
to accept considerable measurement error when
administering chapter tests because they can rely
on other information to judge a student’s progress;
a developer may be willing to live with high
judgment errors in the development of a new
instructional unit; while an admissions committce
should seek minimal measurement ecror in choos-
ing which applicants to accept to a program.

3. The “unit” about which the decisions are to be
made must be determined (individuals, groups,
classes, schools, materials, research questions, etc.).
It has long been common practice to test all
students on every item in every test; data from
individuals can then be aggregated at any group
level for any purpose. This practice is extremely
wasteful, both in terms of cost and time. For
example, the administration of a standardized test
merely to publish the results in the local press (as
is common in the United States of America ) is
wasteful both of student time and the cost of
administration and scoring. Profiling school
performance can be accomplished more efficiently.

In summary, to assess student performance in
mathematics, one should consider the kinds of judg-
ments that need to be made and tailor the assessment
procedures in light of considerations about those deci-
sions. Thisis particularly important because the infor-
mation is being used by policy makers to make pro-
grammatic decislons.

History of Assessment and Evaluation

The history of the measurement of human
behavior, with primary reference to the capacities and
educational attainments of school students, may be
divided roughly Into four periods. During the fiest
period, from the beginning of historical records to
about the 19th century, measurement in education was
quite crude. During the second period, embracing ap-
proximately the 19th century, educational measure-
mentbegan toassimilate from various sources the idzas
and the scientific and statistical techniques which
were later to result in the psychometric testing move-
ment. The third period, dating from about 1900 to the
1960's, can be characterized as the psychometric pe-
iod. The final period, dating from the 1960's to e
present, s the policy-program evaluation period.

Rarly Examlnations

The initiation ceremonles by which primitive
tribes tested the knowledge of tribal customs, endur-
ance, and bravery of young men prior to admission to
the ranks of adult males may be among carlicst exami-
nations employed by humanbeings. Use of acrude oral
test was reported in the Old Testament, and Socrates
is known to have employed scarching types of oral
quinting. Elaborate and exhaustive written examina-
tions were used by the Chincse as carly 232200 B.C. in
the selection of their public officials. These illustra-
tions may be classified as historical antocedents of
performance tests, oral examinations, and essay tests.
However, there Is no evidence that different individu-
als ever took the same tests, and all judgments were
made by officials in a manner similar to examinations

given to doctoral students today.




Educational Testing in the 19th Century

Three persons made outstanding contributions
to 19th-century developments. The ideas of these
men—Horace Mann, George Fisher, and J. M. Rice—
appear to be forerunners of developments during the
present century.

The first school examInations of note appear to
be those instituted in the Boston schoolsof 1845 in the
United States as substitutes for oral tests when en-
rollments became so large that the school committee
could no longer examine all pupils orally. These writ-
' ten examinations, in arithmetic, astronomy, geogra-
phy, grammar, history, and natural philosophy, im-
pressed Horace Mann, then secretary of the Massachu-
setts Board of Education. As editor of the Common
School Joumal, he published extracts frem them and
concluded that the new written examination was supe-
tior to the old oral test in these respects:

1. It s impartial

2. It is just to the pupils.

3. It s more thorough than older forms of
examination.

4. It prevents the “officious interference” of the
teacher.

5. It “determines, beyond appeal or gainsaying,
whether the pupils have been faithfully and
competently taught.”

6. It takes away “all possibility of favoritism.”

7. It makes the information obtained available to all.

8. It enables all to appraise the case or difficulty of
the questions.

(Greene, Jorgenson, & Gerberich, 1953)

Although these ideas are those represented by
modem tests, the instruments themselves were inade-
quate. However, in successive Issues of the Common
School Jowrnal, Mann suggested most of the elementsin
examinations thatare found in contemporary measure-
ment (e.g., timed responses by studerts to idendcal
sjuestions).

To Reverend George Fisher, an English school-
master, goes the credit for devising and using what were
probably the first objective measures of achievement.
His “scale books,” used in the Greenwich Hospital
School as eatly as 1864, provided means for evaluating
accomplishments in handwriting, spelling, mathemat-

"{cs, grammar and composition,and several other school
subjects. Specimens of pupil work were compared with
“standard specimens” to determine numerical ratings
that, at least for spelling and a few other subjects,
depended on errors In performance (Greene, Jorgen:
son, & Gerberich, 1953). Scoring procedures for many
examinationsstill follow thisprocedure (e.g the English
“O" -level exams).

The use of test information fot program evalu-

ation was first developed by ). M. Rice, an American
dentist. In 1894, he developed a battery spelling test.
Having administered a list of spelling words to pupilsin
many school systems and analyzed the results, Rice
found that pupils who had studied spelling 30 minutes
a day for cight years were not better spellers than
children who had studied the subject 15 minutes a day
for cight years. Rice was attacked and reviled for this
“heresy,” and some educators even attacked the use of
a measure of how well pupils could speil for evaluating
the efficiency of spelling instruction. They Intended
that spelling was taught to develop the pupils’ minds
and not to teach them to spell. It was more than t:n
years later that Rice’s ploneering resulted in significant
attention to objective models in educational testing
(Ayres, 1918).

The Psychometric Perlod

This era began shortly after the tum of the
century. Although the historical antecedents sketched
in the preceding paragraphs were essential prerequi-
sites, developments first in mental testing and shortly
after inachievement testing are at the roots of this era.

General Intelligence Tests. Attempts to measure gen-
eral Intelligence, or ability to learn or ability to adapt
onesclf to new situations, had been made both In the
United States of America and in France. The finst in-
dividual test was developed in France, and the first
group test was developed some yearslaterin the United
States of America.

Individual intelligence scales were originated in
1905 by Binetand SimoninFrance. Theirfirstscale was
devised primarily for the purpose of selecting mentally
retarded pupils who required special Instruction. This
ploncerindividual-intelligence scale wasbasedoninter-
preting the relative Intelligence of different children at
any given chronological age by the number of questions
of varied types and Increasing levels of difficulty they
could answer. These characteristics were all re-embod-
led in the 1908 and 1911 revisions of the Binet-Simon
Scale and remain basic to most individual Intelligence
scales today. The 1908 revision Introchiced the funda-
mentally Important concept of mental age (MA) and
provided means for obtaining it (Freeman, 1930).

The firse group Intelligence test was Army Al-
pha, used for the measurement and placement of
Americanarmy recrults and draftces during World War
1. It was the product of the collaboration of varlous
psychologists working on group Intelligence tests when
the Unlted States entered the war.

Aptitude Tests. The incasurement of sptitudes, or
those potentialitics for success in an area of perform-
ance that exist prior to direct acquaintance with that
area, was closcly related to intelligence testing. Early
attempts to measure general intelligence tested many




specific traits and aptitudes, but that approach was
abandoned after Binet showed that tests of more com-
plexforms of behavior were superior. It was soon appar-
ent, however, that general intelligence tests were not
highly predictive of certain types of perfformance, espe-
cially in the tradesand industries. Mu.ssterberg’s apti-
tude tests for telephone girls and streetcar motormen
were followed by tests of mechanical aptitude, musical
aptitude, art aptitude, clerical aptitude, and aptitude
for various subjects of the high school and college
curricula prior to 1930 (Watson, 1938). Spearman’s
(1904) splitting of total mental ability into a general
factor and many specific factors had its influence on
this moveinent.

Achlevement Tests. Modern achievement testing was
stimulated by Thomdike's (1904) book on menal, so-
cial, and educational mcasurements. Through his book
and his influence on his students, Thomdike was pre-
dominantly responsible for the early development of
standardized tests. Stone, a student of Thorndike's,
published the first arithmetic reasoning test in 1908.
Between 1909 3nd 1915, a serfes of arithmetic testsand
scales for measuring abilities in English composition,
spelling, drawing, and handwriting were published
(Odell, 1930). Literally thousands of standardized
achievement tests have been published during the lase
half-century.

The reasons for presenting this brief history of
testing are threefold. First, what is referred to as the
modcm testingmovement began with aselection prob-
lem (Binet & Simon) and a placement problem (Army
Alpha). ltwasassumed that asingle measure (e.g. MA)
or index (e.g., IQ) could be developed to compare
individuals on what was assumed ¢o be a general, fixed,
unidimensional trait. In turn, the procedures that
evolved In developing and administering these tests
were used in sptitude and achievement tests. Second,
the testing procedures now consldered typical in many
countries were developed for group administration of
carlyintelligence tests. Such testsare comprised of a set
of questions (items), cach having one unambiguous
answer. In this sense, such tests are “objective” since
subjective Inferencesare not necessary. Allsubjectsare
administered the same items under standard (nearly
identical) situations with the same Instructions, time,
constraints, etc. Furthermore, subjects’ answers canbe
casily scored as correct or not, the total number of
correct answers tallied, tallies transformed, and trans-
formed scores compared. Psychometres involving the
application of statistical procedures tosuch tests devel-
oped a8 a fleld of study in the 1920s.

Most importantly, it should be understood that
the testing movementwasaproduct of anhistorical era.
It grew out of the machine-age thinking of the indus-
trial revolution of the past century. Business, industry,
and, in particular, schools have been conceived, modi-
fied, and operated based on this mechanlcal view of the

world since before the tum of the century.
The Policy-Program Evaluation Period

Information about student achievement has
long been used by teachers and educators to make de-
cisions about students. However, the use of that
information for wide-scele policy or program judg-
ments is recent. It began with the burst of reform
policies associated with the mid-60s Great Society
initiatives in the Unlted States. Federal-level insis-
tenceonevaluation of those initiatives was thrust upon
a iargely unprepared field. Little expertise existed in
the agencies responsible for carrying out evaluvations in
areas as diverse as bilingual education, career educa-
tion, compensatory programs, reading, or mathemat-
ics. In fact, in the United States the initial training
institute on program evaluation was held at the Uni-
versity of Illinois in 1963 (Directed by Lee Cronbach).

That early work followed the notions of Ralph
Tyler (1931), the “father of educational evaluation.”
His conception of evaluation involved comparison
between intended and observed program objectives.
Tyler's mode! of evaluation in education dominated
until the 1970s when that approach, like traditonal
social sclence models, were found inadequate as guid-
ance for policy and practice. That evaluation model
was based on the hypothetico-deductive traditions of
“hard science.” It focused on outcomes, and sought
“significant differences.” Initial evaluations of federal
education programs used experimental methodology
to assess student achlevement and program accom-
plishments. Asapplied, thisapproach paidlitde atten-
tion to the context of program activities or the proc-
esses by which program plans were translated into
practice (Eash, 1985; O'Keefe, 1984). Talk about
cvaluation Included faitly rigid rules for “good” design
and “sclentific” cvaluation. In particular, they gath-
ered data on student performance using standard
achicvement tests.

In summary, evaluation for policy and program
purposes began in the 1960s by attempting to apply
“scientific” principles using notions from experimental
sciences. Theinformation from students was from tests
bascd on the psychometric assessment technlque out-
lined above. Agaln, this approach to evaluation is a
product of “industrial age” thinking.

Two Socfal Pollcy Evaluation Models

Policy makers (legislators, povernmentofficials,
school administrators, ...) must make many decisions
related to the teaching and learning of mathematics.
In this section, two evalvation models often used by
policy makers are examined in detail so that their
strengths and weaknesses are apparent.




Program Bvaluaton

Attemptstoevaluate the Impactof new curricu-
lum programs involved the comparison of the perform-
ance of a group of students who had studied mathemat-
ics from that curriculum with an alternate group (most
oftena non-equivalent group). Performance was meas-
ured from both grouys based on scores derived from the
same instrument. Inidally, in the United States, stan-
dardized tests were used; later it became common to use
criterion-referenced tests.

Norm-referenced standardized tests have be-
come anannual ritual in most American schools. Such
tests are designed toindicate a respondent’s position in
a population. Each test is comprised of a set of inde-
pendent, multiple-choice questions. The items have
necessarily been subjected to a preliminary trial with a
representative pupil group so that it is possible to
armange them in the desired manner with respect to
difficulty and the degree to which they discriminate
among students. Also, the test is accompanied by a
chart or table to be used to transform test results into
meaningful characterizations of pupil mental ability or
achievement (grade-equivalent scotes, percentiles,
staninez, 31¢.)

Three features of such tests merit comment.
First, although each test is designed to order individu-
als on a single (unidimensional) trait, such as quantita-
tive aptitude, the derived score is not a direct measure
of that tralt. Sccond, because individial scores are
compated with those of a norm population, there will
always be some high and some low scores. This {s true
even if the range of scores is small. Thus, high and low
scores cannot faitly or accurately be judged as “good” or
“bad” with respect to the underlying trait. Third, test
items are assumed to be equivalent to one another.
They are selected on the basis of general level of
difficulty (p-value) arvd some index of discrimination
(e.g., non.- spurious biserial correlation). Furthermore,
noclaimismade thattheitemsare representative of any
well-defined domain.

The primary strengths of standardized tests are
that they are relatively easy to develop, Inexpensive,
and convenlent toadmiznister. Furthermore, the results
arc comprehensible since standard procedures are
followed. Their primary weakness is that they are often
used fordecistons they were notdesigned toaddress. For
example, aggregating standardired scoresforstudentsin
aclass (school, district, etc.) to produce a class profile of
achlevement (class mean) is very Inefficient. The tests
provide too little information In light of the high cost
involved. Infactithasbecome clear that such testsare
of little value for most evaluations since the items are
not sclected as representative of the mathematical
domains In the curtculum.

Unfortunately, In the United States their use

appears to be more strongly related to political, rather
than educaticnal, uses. For example, it is ¢laimed that
elected officialsand educational administratorsincreas-
ingly use the scores from such tests in comparative
ways—to indicate which schools, school districts, and
evenindividual teachers give the appearance of achilev-
ing better results (National Coalition of Advocates for
Students, 1985). Such comparisonsare simply mislead-
ing. One can only conclude that standardized tests are
unwisely overused.

Criterion-referenced tests are a product of the
behavioral objectives movement in the 1960’s. They
were developed to provide teachers with an objective
set of procedures with which to make instructional
decisions. Item development was based on the identi-
ficaticn of a set of such behavioral objectives as: “the
subject, when exposed to the conditions described in
the antecedent, displays the sction specified in the verb
in the situation specified by the consequent to some
specified criterion™ (Romberg, 1976, p. 23). Items
randomly selected froma pool designed to represent the
antecedent conditions and the same action verb are
given to students. From thelr responses, diagnosis of
problems or judgments of mastery of objectives can be
made.

Three features of these tests should be men-
tioned. First, they usually are designed as part of a cur-
riculum to be administered to individuals at the end of
some instructional topic. Often, they are given indi-
vidually, and teachens’ judgments are made quickly.
Second, they have occasionally been used In group
settings. Forexample, the comprehensive achievement
monitoringscheme (Gorth, Schriber, & O'Relilly, 1974)
periodically assesseses student performance on a set of
objectives. Third, decistons about pedormance are
made with respect to some a priori criteria.

The strengths of objective-referenced testslieIn
their usefulness In instruction. As long as instructon
on some toplc focuses on the acquisition of some spe-
cific concept or skill, such tests can be used to Indicate
whetherornot the concepthasboenlearned or the skill
masteted. Furthermore, such tests are scored easily and
are readily Interpretable.

Four weaknesses need to be discussed. First, the
specification of a set of helravieral objectives fraction-
ates mathematical knowledge. In no way Is it possible
to reflect ti¢ interrelatedaess of concepts and proce-
dures in any domain. Sccond, objective-referenced
tests are costly to construct because hundreds of objec-
tives are included in any Instructional program. Third,
simple aggregation across objectives 1s not reasonable
since objective:are interdependent. Fourth, and most
importantly,itemsfor higherlevel orcomplex problem-
solving processes are very difficult to construct and are
usuallyomitted. Infact, as used, these tests reinforce the
factory metaphor of schooling. They cleatly do not




reflect how students reason about problem situations,
Interpret resulis, or build arguments.

The problem faced by most program evaluators
in the 1960’s wasa residue of the “sclentific” traditions.
The only evidence deemed of value was student per-
formance at the end of treatment when compared with
thatof an alternate trearment group, and the evidence
was gathered from elther a standardized test or latera
criterion referenced test. The results of such examina-
tioris (e.g. The National Longitudinal Study of Mathe-
matical Abilities, Begle & Wilson, 1970) did not show
that the new program was uniformly superior to the old
program, but rather that different curricula are associ-
ated with different pattems of achievement.

Policy Profiles

Profile tests are intended to provide informa-
tion on a variety of mathematical toplics so that policy
makers can compare individuals or groups in terms of
those toplcs. Profile tests have become very popular.
They have been developed for seveml major studies of
mathematical pedformance, Including the National
Assessment of Educational Progress (NAEP) in the

United States, the First International Mathematics
Study (FIMS), the Second Intemational Mathematics
Study (SIMS), and the Assessment of Performance
Unit (APU) in England.

Five features of profile assessments distinguish
them from prior tests. First, they make no assumption
of an underlying single tralt; rather, the tests are de-
signed to reflect the multidimensional nature of mathe-
matical content. Second, items similar to those used In
standardized or criterion-referenced tests are used.
However, it must be acknowledged that the mathemat-
ics profiles developed by the APU in England (Foxman
et. al., 1980, 1981) differ from most other profile
assessments in the cholce and form of items or exerclses
administered. Thelr exercises include a variety of
open-ended questions, performance tasks, etc. Third,
the unit of Investigation {s a group rather than an
individual. Matrix sampling Is usually used so that a
wider varlety of items can be included. Fourth, com-
parisons between groups are shown graphically on
actual scores 50 that no transformations are needed.
(See, for exarnple, Figures 1 and 2.)
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Finally, validity Is determined (n terms of con-
tent and/or curricular validity. Mathematicians and
teachers are asked to judge whether Individual (tems
weflect a content by behavior cell in a inatrix. In face,
the usual approach in profile testing Is to specily o
content by behavior matrix. For example, toestablish
aframework foran ltem domain, a content by behavior
grid wasdeveloped for each target populationin SIMS
(Weinmwelg & Wilson, 1977). The content dimen-
sions for both GGrade 8 and Grade 12 populations were
intended to cover all toplics likely to be taught in any
country. For Grade 8, the content outline contained
133 categories undet five bruad clascifications: acith-
metic, algebra, geometry, statistics, and measurement.
For Grade :2, the content description was broader,
containing 150 categories under seven headings: sets
and relations, number systems, algebra, yeometry, ele-
mentary functions and calculus, probability and statis-
tics, and finite mathematics.

Fot each population in the SIMS study, the
behavior dimension referred to foue levels of cognitive
complexity expected of students: computation, com-
prehension, application, and analysis. This classifica-
tion Is adapted from Bloom’s taxonomy of educational
objectives (1956). The adaptation involved replacing
*knowledge” with “computation”, and eliminating the

higher levels of synthests and evaluation. Data from
such testscan then be reported in several ways. Finst, it
can te reported in terms of items or cell means. For
example, In Figure 1, the means are presented for six
Items on a tople (each given adifferent Instrument) for
different students 2 different grades in the province of
Ontario, Canada (McLean, 1982). Second, item scores
can be aggregated by columns to yleld cognitive level
scores ot by rows to yleld topic scores (w:c Figure 2).

A strength of profile achlevement tests is that
they can provide useful Information about groups, and
zre particularly useful forgeneral evaluationsof changed
cducational policy that directly affects classroom
Instruction. However, profile achievement tests are
weak in four specific areas. First, because they are de-
signed to reflect group performance, they are not useful
for Individual ranking or diagnosis. An individual
student takes only a sample of items. Second, they are
somewhat more costly to develop, and harder to ad-
ministerand score than pror tests. Third, because they
yleld a profile of scores, they are often difficult to
interpret.

Finally, however, the primary weakness of most
profile achievement tests center on the outdated as-
sumptions undetlying the two dimensions of content-




by-behavior matrices. The content dimension in-
volves a classification of mathematcal toplesinto “in-
formational” categorics. As 1 (1983) have argued:

“Informational knowledge” is material that
can be fallen back upon as given, settled,
established, assured in a doubtful situation.
Clearly, the concepts and processes from
some branches of mathematics should be
known by all students. The ernphasis of
instruction, however, should be “knowing
how" rather than “knowing what” (p. 122).

Furthermore, items in any content category are
tested as if they were independent of one another, a
practice that Ignores the interconnections between
ideaswithinawell-defined mathematical domalin. Sch-
ocnfeld and Herrmann (1982) cautioned about the
problemsinhcrentin testing students onisolated tasks.

If they succeed on those problems, we and
they congratulate each other on the fact
that they have leamed some powerful
mathematical techniques. In fact, they
may be able to use such techniques
mechanically while facking some
rudimentary thinking skills. To allow
them, and ourselves, to believe that they
understand the mathematics Is deceptive
and feaudulent (p. 29).

Thus, the ftems should reflect the interdependence
(ratherthanindependence) of ideasina content domain.

The behavior dimension of matrices has always
posed problems. All agree that Bloom's Taxonomy
(1956) has proven useful for low-level behaviors
(knowledge, comprehension and application) but dif-
ficult for higher levels (analysis, synthests, and evalu-
ation). Single-answer, multiple-cholce {tems are nct
tcasonable at those levels. One problem is that the
Taxonomy suggests that “lower” skills should be taught
before “higher” skills. The fundamental problem (s the
Taxonomy's failure to reflect current psychological
thinking, and the fact that it is based on “the nalve
psychological principle that individual simple behav-
toes become Integrated to form a more complex behav-
tor” (Collis, 1987, p. 3). In the past 30 years, our
knowledge about learning and how information s
proccessed has changed and expanded.

In summary, profiling Is important but current
profile testsfail to reflect the way mathematicat knowl-
odge 1s structured or how information is processed

within mathematical domains.
Trends

In this zection four trends are described. The
first three are academic or theoretical trends apparent

intheliterature onassessmentand evaluation. Thelast
Isaconservative political and practical trend which, in
some respect, runs counter to the other trends.

The Trend In Program Evaluation

Far from the limited altematives of “treatment/
control” or randomized designs (see Campbell & Stanley,
1966), contemporary evaluators have developed a
diverse assortmentofevaluation approachesfromwhich
to choose, given purpose, context, program stage, etc.
In contrast to the 1960's “one right way” today evalu-
ators have multiple (and not always compatible) ap-
proaches. Thistrendbeganin the 1970'swhen scholars
trained indisciplines other than experimental psychol-
ogy were asked to assist in educational evaluations.
Scholars like Michael Young (1975), Michael Apple
(1979), and Tom Popkewitz (1984), whose training
was In anthropology, sociology, and political scivnce,
brought the methods of information gathering »nd
analysis of those disciplines to evaluation. Infact, the
list of names of designations for the new methods and
models can be confusing to someone unfamiliar with
thefieldof evaluationand the controversies that under-
lie the various empirical procedures. Forexample, the
catalogue of choices now avallable to evaluators In-
cludes: goal-frec evaluation (Scriven, 1974); advocate
cvaluation (Stake & Gjerde, 1974; Reinhard, 1972);
connolsscurship (Eisner, 1976); user-driven evaluation
(Patton, 1980); ethnographic evaluation (Fetterman,
1984); responsive evaluation (Stake, 1974); naturalis-
tic inquiry (Guba & Lincoln, 1981).

These diverse approaches to evaluation differ
onmany dimensions. Chicfamongthemare the role of
the evaluator (from educator to management consult-
ant to asscssor to advocate), role of the client (from
active stakcholderand collaborator to passive reciplent
of evaluation product), to overall design (from experi-
mental orquasi-experimental to exploratory),and focus
{on process—formative evaluation—or outcome —
summative evaluation). Each of these dimensions
corresponds to the contingencles upon which evalu-
ation cholces are based: purpose, decision context,
stage of program devclopment, status of theory or
knowledge base, etc. One consequence for product
development was the specification of four stages of
evaluation : 1) product design stage— this involves
developing a needs assessment; 2) product creation
stage — this involves gathering formative data to im-
prove the product; 3) product Implementation stage —
this involves demonstrating differences between prod-
ucts and making sure appropriate support services are
available; and 4) product itluminative stage—this
involves an in-depth examination of how the product
is actually used (Romberg, 1975).

Anotherconsequence hasbeen the use of a con-
vergent strategy: i.e. using several different evaluation
models with the same program. For example, in the
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IGE Evaluation Study which 1 directed (Romberg,
1985), we gathered data about reading and mathemat-
ics in schools in four phases. Phase | involved large-
scale survey procedures (including the usc of astandard-
fzed test). Phase 2 wasafollow-up study examining the
validity of the Phase 1 data. Phase 3 was an ethno-
graphic study of six exemplaty IGE schools. Finally,
Phase 4 was a detailed examination In Grades 2 and 5
using time-on-task observations and the repeated ad-
ministration of criterion-referenced tests.

Note also that evaluation experts began calling
for better and different Instrumentation *~ qather infor-
mation about student pedormance. Overall, while
program evaluation models have proliferated and the
questions which they must address have become clear,
the Information used to answer questions too often still
comes from inappropriate tests.

It is only recently that it has become apparent
thatthekind of evidence one needed to gather tojudge
many programs is, of nccessity, different from that
obtained from conventional assessment procedures.
Tests given in a restricted format (eg. multiple-cholce
ftems) and in a restricted time fail to capture the
important aspects of doing mathematics. During the
past decade rescarchers have developed a plethora of
procedures for gathering information from students:
think-aloud interview procedures, pedformance tasks,
projects (both Individual and group), hierarchical rea-
soning tasks, ctc. Unfortunately, with onc notable
exception, these procedures, because of cost of admind-
stration, have not been used in program evaluations.

The exception is the cvaluation of the Hewet
Mathematics A Project in the Netherlands (delange,
1987). In thatevaluation five different rasks were used
to gather information: timed written tests, two-stage
tasks, take-home task, an essay task, and an oral task.
Togethertheoverall picture of howwell studentslcamed
from thatprogram s greatly enriched 3s a result of using
information from the five tasks than would have been
possible using any one.

Trends in External Assessment

While past assessment procedures are useful for
some purposes and undoubtedly will continue to be
used, they are products of an carlier era in educational
thought. Like the Model T Ford assembly line, objec-
tive testswere considercd an example of the application
of modern sclentific techniques in the 1920s. Today,
we are both technologicallyand intellectually equipped
toimprove on outdated methodsand instruments. The
teal problem is that all three forms of tests (profile,
standardized, and criterion-referenced) are based on
the same set of assumptions: an essentialist view of
knowledge, a behavioral theory of leaming, and a
dispensary approach to teaching. It should be obvious
that new assessment techniques need to be developed

which are consistent with a different view of knowl-
edge, learning, and teaching.

New evaluation models are being developed
which demand new assessment procedures. One new
approach Is based on the specification of mathematical
domainsand the development of items that reflect that
domain (Romberg, 1987). In tumn, this assessment
approach grows out of the extensive research on such
domains. A good example Is the work of Gerard
Vergnaud with respect to“conceptual fields” (cf. 1982).
The principles that are followed in this approach in-
clude:

Peinclple 1. A set of specific and important
mathematical domains need to be identified,
and the structure and interconnectedness of
the procedures, concepts and problem
situations in each of the domains would need
to be specified.

Note that this approach Is different from the
current approach to specifying the mathematical con-
tent of a test In that networks are being defined rather
thancategories. Thismeans that the Interconnections
of concepts and procedures with problem situations are
as Important as mastery of any node (c.g. a specific
procedurcs). Forexample, consider the following exer-
cise in sccond grade addition and subtraction:

Sue recelved a box of candy for her
birthday. She shared 27 pleces with her
friends and now has 37 plcces left. How

many pleces of candy wete originally In
the box!

Tosolve thisexercise, achildwould be expected
first to represent the quantitative information with the
subtractionsentence{3- 27 = 37. Second, the sentence
should be transformed to the addition sentence
27 + 37 =0 ; then the additdon performed to yleld an
answer. Whatlsimportantis that the child mustknow
that separating situations can be represented by sub-
traction sentences, that subtraction sentences can be
transformed Into equivalent addition sentences, and
that there are procedures for performing additions, ete.
Each piece of knowledge, while important, contributes
to a solution process or way of reasoning about a
sitvation that is more impottant than any single con-
cept or process.

Principle 2. A varlety of tasks should be
constructed that reflect the typical

ptocedutes, concepts, and problem situations
of that domain.

This is the key principle in that the envisioned
tasks are not just a more clever set of paper-and-pencil,
multiple-choice testitems. Although some typical test
items may be appropriate for determining mastery of
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some specific conceptorprocess,manyofthe tasksmust ~ subtraction given above. Some would ask students to
be different. For example, some should be exercises ~ communicate thelr understanding of a representation,
which require the studenttorelate severalconceptsand ~ such as the following graphical representation (sce
procedures such as the example from addition and Figure 3).

The map and the graph below describe a car journey from Nottingham to
Crawley using the M1 and M23 motorways.
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- | WA
] i | JFE|
] I 1|
11 ;}{ ] I
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i A ]
] A i I
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,;.' llv’;-/"n,., //‘ | | | ' ' |
Yl 1 0 ] |
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0 -\ ? A 3
CRAWLEY Q1 M2 Time (hours)

Describe each stage of the journey, making use of the graph and the map. In

particular describe and explain what is happening from A to B; B to C;
LtwoD:DwoEandEtwoF. C -

Figure 3. Interpreting a Journey. (Swan, 1986, p.12)
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Other tasks may emphasize the level of reason- process, such as gather data, measure an object, con-
ing associated with a set of questions about the same  structafigure, work in a group to organize asimulation,
situation such as the followling superitem (see Figure 4). etc. And still others may be open-ended like the
Still other tasks may ask students tocarryoutaphysical  following “roller coaster” problem (see Figure 5).

This Is a machine that changes numbers, It adds the number you put In
three times and then adds 2 more. So If you put In b, It puts out 14,

tf & Is put out, what number was put In?

1f we put In 8 5, what nunber will the machine put out?

If we got out & b1, what nunber was put In?

If x Is the number that comes out of the machine when the number y s

put In, write down a formula that will glve us the value of y whatever
the value of x.

Figure 4. An Example of a “Super Item”. (Collis, Romberg, and Jurdak, 1986, p.12)
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The plcture above shows the track of a frea-wheeling roller-coastar, which
Is travelling at a walking pace between A and 8,

1. Vrite a paragraph describing how you think the spead of the rollers
cosster varles as It travels along the track. (Use tha latters A
and 0 to help you In your description.)

2. Kow sketch a graph which thows how the speed varles as [t travals
along the track, (Don't expect to get it right the flirst tine,)

Figure 5. Interpreting a Roller-Coaster. (Swan, 1986, p.12)
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These illustrations demonstrate that there are
several different aspects of doing mathematics within
any mathematical domain. To be ah'e to assess the
level of maturity Inadoraainan individuat or group has
achleved requires thata rich set of tasks be constructed.

Principle 3. Some tasks in a particular
domain would be administered to students via
tailored testing (and for groups via matrix
sampling as well).

Not all tasks for a domain need tobe giventoa
student or group to determine the level of maturity.
The technology is available to systematically vary sev-
eral aspects of any exercise or problem situation. For
example, for the subtractionexercisc under Principle 1,
one could vary the situations (join-separate, part-part-
whole, comparison, etc.), the size of the numbers, the
transformations, and the computational strategics
(counting, algorithms, etc.).

Principle 4. Based on the tasks administered
to a student in a domaln, their complexity,
and the student’s responses to those tasks, the
information should be logically combined to
yield a score for that domain.

Note that this score is not just the number of
the correct answers a student has found. Instead, (it
would Involve Boolean combinations of information
(such as, following Inferential rules like “if | and

, then "}. The intent of the score is that it
teflect the degree of maturity the student has achieved
with respect to that domain. Note that this assumes all
students are capable of some knowledge In several
domalns.

Pelnciple 5. Construct for cach individual or

group a scote vector over the appropriate

mathematical domains. Thus, for any
individual one would have several scores (X,,
X,s ..o X,) where X, is the scorc fora
particular domalin.

Note that thissimply rzinforces the notion that
mathematicsisa plural noun. Rather, mathematicsen-
compasses scveral related doinains.

In tummary, awareness of a problem, such as the
nced foraltermative testing procedures for school mathe-
matics, docs not mean solutions are easy. 1t may rake
years to replace current testing procedures in schools.
Nevertheless, this should not deter us from exploring
plausible altematives. What is needed are tasks that
provide students an opportunity to reflect, organize,
model, represent, argue etc. within specific domains.
Constructing, scoring, scaling, and interpreting re-
sponses to such tasks for domains will not be easy, but
in the long run, worth the eflort.

Trends in Assessment by Teachers

One striking consequence of the scientific, psy-
chometric assessment procedures has been to deskill
teachers. Extemal objective assessment was deemed
better than professional judgment. Today, too many
teachers are no longer trained In evaluation and lack
confidence in thelr ability to judge student perform-
ance (Apple, 1979). Aware of this, a trend toempower
teachers isemerging. For example, the Graded Assess-
ment Project in England (Close & Brown, 1988) pro-
vides teachers with procedures to assess performance.
This theme is central to the North American NCTM
Evaluation Standards (1988). Itisalso a major compo-
nent in the Australian MCCP project (Clarke, 1987);
and {s a focal part of the CGI research project at the
University of Wisconsin (Peterson, Carpenter, Fen-
nema, & Locf, 1987).

Practical-Political Trend

In most of the world, it is generally agreed that
the educational system, asa whole, and the teaching of
mathematics, in patticular, need to change. Demands
arc being made of govermments, politicians,andadmin-
istrators for funds to bring about this reform. In turn, of
course, administrators have a right todemand that evi-
dence be gathered that their moniesare well spent, that
changes are made, and that the changes make a differ-
ence. Valid pupil performance dataisthe kind of infor-
matlon demanded.

However,governmentalexpectationsabout such
datain the United States and Great Britain revert back
to the scientific-experimental notions of the past:
behavioral objectives, norm.- referenced scores, Bloom's
Taxonomy, ... Forexample, “attalnment targets” in the
new national curriculum In Great Britain are merely
new labels for behavioral objectives. The use of SIMS
items for policy profiles (c.g., in ltaly and in some partts
of the Unlted Srates) continues the practice of not
assessing problem-solving strategics, communication
skills, level of reasoning, ctc. These, along with other
examples, make it clear that there Is considerable
disparity between current theory and these practical
demands. The demandsfor information arc legitimate.
The validity of procedures is suspect.

Conclusions

Thefieldof assessmentand evaluation hascome
a long way during the last quarter century. However, a
lot needs to be done. Growth in domains has been
replaced with general levels of performance.

Unlesschangesare made in thewayinwhichin-
formation is gathered from students, we will only con-
tribute to the ongoing difficulties of sterile lessons,
further deskilling of teachers, and so on. Instead, we
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need toconcelve of curricular evaluationsand of assess-
ments of individual progress in light of mathematical
maturity in specific domains.

1. Current testing procedures are unlikely to
provide valid information for decisions
about the current reform movement.

Curtent tests reflect the ideas and technology of
adifferent eraand world view. They cannotassesshow
students think or reflect on tasks, nor can they measure
interrelationships of ideas.

2. Work should be initiated (or extended) to
develop new assessment procedures.

Only by having new assessment tools that reflect
authentic achievement in specific mathematical do-
mainscanwe provide educators with appropriate infor-
mation about how students are performing. Of neces-
sity, this implies that considerable funds be alfocated
for rescarch and development. Only when new instru-
ments are developed will we no longer be bound by old
assessment procedures rooted in the traditions of the
Industrial Age.

3. The emerging varicty of evaluation models
need to utilize assessment procedures which
reflece the changes in school mathematics.

Today, school mathematics Is changing the
cmphasis from drill on basic mathematical concepts
and kills to explorations that teach students to think
critically, to reason, to solve problems. The criteria for
judging level of performance by a student or group of
students should be based on these notions. This will
involve the student’s capability—when posed with a
problem situation ina specific mathematical domain—
of communicating, reasoning, modeling, solving, and
verifying propositions. Also, the index or scale devel-
oped to measure performance should reflect the stu-
dent's level of maturity in that domain.
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CURRICULUM-LINKED ASSESSMENT: A MODEL BASED ON THE
SECOND INTERNATIONAL MATHEMATICS STUDY

Kenneth J. Travers

The Second International Mathematics Study
(SIMS) was a comprehensive survey of the teaching
snd learning of mathematics In the schools of some
twenty countries (educational systems) around the
world. The Study was conductedunder the acgis of the
International Association for the Evaluation of Educa-
tonal Achievement. In the Study, detailed informa-
tion was obtained on the content of the implemented
mathematics curriculum, what mathematics was actu-
ally taught by the teachers, and how that mathematics
was taught. Student achievement and attitudes were
assessed using Intemationallydeveloped tests and ques-
tionnaires thatwere takenby random samples of mathe-
matics classes In cach country. The Study was targeted
at 13.ycarolds in most countries (12-yearoldsin Japan
and Hong Kong), and at those students at the end of
secondary school who were enrolled In advanced col-
lege-preparatory mathematicscourses. Thelowerlevel,
younger group was called “Population A”; the older
group, “Population B".

For cach target population, toplics were tested
that reflected an Interational consensus of mathe-
matical content judged to be important by pancls of
expeits in cach country. Asa result, the fitof the tests
to the curticulum varied somewhat from country to
country. Datawere obtalnedfromteachersastowhether
the content had been taught to the students who were
tested. Thisinformation, called “opportunity-to-leam,”
provided a backdrop for interpreting the achicvement
scores. Ineach participating country, SIMS was carried
out by a nationally recognized educational research in-
stitutionundet the direction of anational committee of
specialists in mathematics education and educational
research.

TheFirstInternational Mathematics Study took
place in 1954 in twelve countries. Eleven of these
countries, including the United States and Japan, par-
ticipated in the second smc.!y in 1980-82.

In the United States, students in approximately
500 mathematics classcooms in about 250 public and
private schools randomly selected from aceoss the
country were tested at the end of the 1981-1982 school
year. (A number of countries, including the United
States, also tested the students at the beginning of the
school year.) The countries (systems) taking partin the

Study were:

Belgium (French & Flemish) Luxembourg
Canxdz (British Columbia & Ontario) Netherlands
Erqiland and Wales New Zealand
Finland Nigeria
France Scotland
Hong Kong Swarlland
Hungary Sweden
Israel Thailand
Japan Unlted States
The SIMS Model

The Second Intemnational Mathematics Study
was based on three aspects of the curriculum: the In-
tended curriculum, the implemented curriculum, and
the attalned curriculum. The intended currdculum is
reflected in curriculum guides, course outlines, syllabi,
and textbooks adopted by school systems. In most
countries, national curticula emanate from a ministry
of education or similar body. In the Unlted States such
statements of Intended goals and curricular specifica-
tions come from the Department of Education In cach
state and from local districts. Thus, it was constderably
more difficult to describe the intended currculum for
the United States than for almost any other country
that took part in the study.

The Iimplemiented curriculum focuses on the
classroom, where the teacher intermprets and puts into
practice the intended curriculum. Teachers exercise
their own judgment In translating curriculum guides
and adopted textbooks into programs for their classes.
Hence, thelr selection of topics or patterns for emphasis
may not be consistent with those intended.

To identify the Implemented currdculum, a
numberof questionnaires were developed for classcoom
teacherstocomplete. Forexample, teacherswere asked
whether or not they had provided Instruction for each
of the items on the achievement tests. They were
questioned about such matters as the use of calculators
in their classes. They were also asked to provide
detailed information on the number of class periods
that they devoted to specific topics and subtoples and
onhow they presented and interpreted this mathemati-
cal content to their classes.

The attained curriculum s what students have
leamed as measured by tests and questionnaires. Exten-
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sive achievement tests were designed to assess student
knowledge and skills in areas of mathematics desig-
nated as Imporcant and appropriate for the students
being tested. Thefitbetween these tests and the actual
curricula in individual countries varied considerably.
The tests contained {tems that were less appropriate in
some countries than In others. Furthermore, the tests
could not possibly contaln an adequate range of ltems
to fully represent all curricuta in all countries.

The student outcome measures also included a
number of opinion surveys and attitude scales. These
were devised to elicit student views on the nature, im-
portance, ease, and appeal of mathematics in general
and of selected mathematical processes.

The SIMS model provides an array of back-
ground informationfor viewingstudentoutcomes. That
is, one can regard cross-national pattemns of achicve-
ment in the light of the content of the (intended) cur-
riculum In each country and teacher coverage (oppor-
tunity-to-learn) of that content. Therefore, the model
cnables a triangulation on student outcomes. For some
countries, two additional sources of datawere available.
Those data pointsare (1) pre-test data — students were
tested at the beginning of the school year, as well and
(11) classroom process data — detailed information on
how the teacher handled the subject matter as it was
presented during the school year.

SIMS as a Model for Assessment

The SIMS model lends ftself to powetful ap-
proachces to program (curriculum) asscssment. Note,
for example, Cronbach’s (1964) distinction between
cvery-pupll testing and evaluation for course improve-
ment. Cronbach has noted that the concem In every-
pupll testing Isfor precise and valid comparisonsamong
individuals (for purposes, say, of makingdecisions about
promotion, selection or reporting). As Cronbach has
noted:

Much of test theory and test technology has
been concemed with making measurements
precise. Important though such precision is for
most declsions about individuals, 1 shall argue
that in evaluating courses we need not struggle
toobtain precise scores for Individuals...(p. 233)

SIMS, as an activity In program asscssment (as
contrasted with testing for making decisions about in-
dividual students), has the following features.

1. Currlculum Coverage — item sampling

Since the interest in program assessment is not
in scores for individual students, but in how well a body
of subject matter has been leamned by a cohort of
students, SIMS used an item-sampling scheme for test-

ing. Under this plen, a comprehensive set of mathe-
matics {tems was responded to by the entire class.
However, within the class, subsets of items were an-
swered by a fraction of the students. (The eighthgrade
test has only 180 items and the twelfth grade test has
136 items.)

2, Test Scores

In program evaluation, interest resides not in a
single test score, butinachievementat the subscoreand
item level. As Hamisch and Linn (1981) point out, 2
score of 10ona 20 (tem test could have been arrived at
in 184,756 ways. Agaln, Cronbach (1964) states:

Outcomes of Instruction are multidimensional,
anda satisfactory investigation will map out the
effects of the course along these dimensions
scparately ... Toagglomerate many typesof post-
course performance into a single score Isa mis-
take, since failure to achizve one objective Is
masked by success in another direction. More-
over, since a composite score embodies (and
usually conceals) judgements about the impor-
tance of the varlous outcomes, only a report that
treats the outcomes separately can be useful to
educators who have different value hierarchies.
(page 236)

3. Currculum-linked vs. currculum-free testing

Much of large scale testing In the United States
cntalls tests of general Intellectual development or
aptitude thatareoftenused ascriteriaforschoolachieve-
ment or effectivencss. SIMS, by contrast, focuses on
the mathematical content of the curriculum, as found
inthe syllabusor textbook, as taught by the teacherand
as learned by the student.

As Madaus (1979) has stated:

It has been argued that although tests of general
Intellectual development ot Intelligence do not
measure the behavioral objectives of specific
programs, they are in fact the best criteria we
have of general educational development
(Cooley and Lohnes, 1976). This may be so, but
itseems odd tomeasure whatis admittedlyaside
cflect of education while at the same timeignor-
ing the moredirectresults of particularcurricula
and courses. ...Conclusions about the directin-
structional eflects of schools should not have to
rely on evidence relating to skills taught inci-
dentally. (Madaus, et al., 1979).

Curricutum Analysis within the SIMS Framework
SIMS was developed on the basis of a survey of

the mathematics curriculum for each rarget population
in each participating country. Consequently, informa-
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tion about the curriculum is a fundamental product of
SIMS. A framewotk for studying the curriculum, and
in developing the intemational item pools, was a grid
that consists of rows for mathematical toplcs and col-
umns for behavioral levels at which the topics are
considered.

The design of SIMS facilitates a detailed analy-
sis of curriculum for a country or educational system.
Activitlesthatmay beundertakenat the systemtevelin

order to assemble information that is useful to have in
order to better understand SIMS data include:

a. A detailed look at the system’s mathematics curricu-
lum, from the perspective of the SIMS grid and Item
pool. Information s provided not only on the content
dimension (what subject matter Is in the curriculum),
buton the behavioral dimension (whatcognitive levels
are percelved to be emphasized in the curriculum).

b. Identification of curriculararcas that are emphasized
or not emphasized (again with respect to SIMS).

Theabove Information is most useful in helping
to interpret data from the teachers on opportunity to
leam (e.g. Towhatextent doteacherscover vectors,an
important topic inthe curriculum?and studentachieve-
ment (¢.g. Canlow studentachievementin probability
be attributed to low teacher coverage!?)

Why Replicate SIMS?

SIMS provides a mechanism whereby an educa:
tional system (a state, a province, or a school district)
canobtaindetailed informationonitscurriculumasin-
tended, Implemented and achieved. The excrcise of
analyring the content of the intended curriculum can
serve to identify, within a common framework, those
aspects of mathematics that are emphasized and those
that are of less Importance. With such data in hand,
curticulum supervisors are then able to make mom
informed decisions about the system's goals for mathe-
matics education. Since the SIMS framework is intee-
national in scope, educational personnel have the
opportunity to make comparisons not only with their
own national system, but with those of othet countries.

At the level of the implemented curricutum,
dataonteachercoverzge of vadous topks can be useful,
for example, as 2 basis for designing in-service pro-
grams. Considera system where achievementin proba-
bility and statistics is found to be much lower than
desired. Assume further that it is found that teacher
coverage of these toplcsis low. 1t may be that the topics
are in Chapter 15, at the end of the textbook, and
teachers tend to not get that far. Or it may be that
teachers avoid the topic since they feel unprepazed to
teach it. Programs of professional development could
then be designed to assist the teachers in greater man-
aging Instructional time to er~Aa Letter coverage of

important topics. Alternatively, workshops could be
devised to upgrade teachens' subject matter and instruc-
tional competencies.

Another use of a SIMS replication may be that
of a tool for assisting In Implementing a new curmicu-
lum. Inthistime of currcularchangea variety of frame-
works are being proposed for revising the Instructional
program for a school or district. The SIMS model may
provide “benchmarks” for use in assessing the degree to
which curriculum reform has occurred over a period of
time. For example:

Intended Currlculum, The SIMS curriculum analysis
can help identify aspects of a system’s curriculum that
arcaligned with the desired plan (framework) aswell as
those aspects still needing refinement.

Implemented Curriculum. An analysis of the data on
teacher coverage (opportunity toleam) can helpiden-
tify toplcs and strategies that need further attention
(say, through in-service programs).

Summary

The Second International Mathematics Study
Is based on a model that views the cumiculum as
intended (c.g. content of syllabl, courses of study), as
implemented (content actually taught by the teacher),
and as attained (mathematics learned by the student).
Consequently, patterns of achievement (either within
ot between educational systems) may be examined
against a background of dewailed Information on the
contentof the curriculumboth asintended te be taught
and as actually (reportea to be) taught. Such detailed
curricular data may be usetid to curticulum supervisors
and evaluators, for exampie, as they assess present
curricula, plan new programs and seck todocument the
extent to which curricular Innovation has taken place.

The kinds of data which may be obtained from
SIMS replications within countdes include:

a. Background data of a great variety: e.g., character-
istics of schools, teachers and students.

b. Curricular content data: ¢.g. what topics are in the
curriculum for cach target population, ir the various
countries.

¢. Teachercoverage data: e.g. between countries: What
topics receive what level of coverage? Isalgebra taught
to junior high school age students (12-13 yr3.) (n all
SIMS countries? Within countries: e.g. Are all stu-
dents, or only those in upper academic tracks, taught
algebra?
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CALCULUS IN THE HIGH SCHOOLS OF THE UNITED STATES OF
AMERICA AND CANADA (ONTARIO)

Michael K. Dirks - David F, Robitallle . John Leduc

The teaching of calculus at the secondary school
level inNorth America has been and remalns a contro-
versial matter. On the one hand, some college and
university mathematiclans argue that this course be-
longsexclusively within thelrjurisdiction (Henry, Jones,
and Kenelly, 1985). They may question the equiva-
lence of the high school course with their own as well
as bemoan the lack of basic preparaton which in-
coming high school students have in pre-calculus top-
ics. On the other hand, some educators assert that in
countries such as Japan and the Soviet Union a much
greater proportion of the age cohort successfully studies
calculus at the secondary level, and imply that thisfact
enhances the ability of these countries to compete
industrially oe militarily (Wirszup, 1980). In thisreport
data collected in 1981-82 as part of the Second Inter-
national Mathematics Study are used to describe the
teaching and the learning of calculus at the secondary
level in the United States and in the Canadian prov-
ince of Ontario. A number of achievement compari-
sons with other jurisdictions are also included to pro-
vide a better basis for drawing conclusions.

The Teaching of Calculus

Approximately 125 Grade 13 classes from Ontario
and 175 Grade 12 classes from the United States
participated in the Second International Mathematics
Study at the senlor secondary level. Not all of these
classes studied calculus, however, and the present re-
pottisbased on responsesfrom the 62 Canadianand 44
American classes who were in fact taking 2 calculus
course, and whose teachers completed the Calculus
Questionnaire.

Of the 44 American classes, 43 reported spending
a full year on calculus and the other spent more than
one semester but less thana yearon the subject. Ofthe
62 classes inOntario, 51 reported spending a full school
ycaron calculus, 10 spent more than a semesterbut less
thana year,and one class studied one chapter of calcu-
lus. Twenty six of the tcachers in the United States
reported that thelr students took the Advanced Place-
ment (AP) examination, with 23 raking the AB exam
and 3 taking the BC exam. None of the Canadian
schools indicated that their students had taken the AP

cxamination.

Currkulum Materlals and Course Content

The two groups differ markedly In the textbooks ©

they uted, a8 well as in the smount of supplementary
matcrials which teachers reported producing for thelt

classes, The Canadian teachersused six different texts
with two of these texts accounting for 55 classrooms.
At least a doen different books were used in the
United States and only one was used In more than five
classrooms. Of all the different texts in use, only two
were used in calculus classrooms in both countries and
onlyinfive classrooms. The majority of the Canadian
teachers reported using a text which provided a “some-
whatintuitive treatmentof calculus”and which “might
be described as ‘pre-college’ calculus texts” (Alexan-
der, 1987). Most of the American teachers reported
using a standard, college-level calculus text.

While only a minority of teachers supplementcd
the text with materials which they developed them-
selves, those inOntario did so more frequently thandid
thelr American counterparts. Forexample 14ofthe 36
Canadian teachers who taught integration by trigono-
metric substitution indicated that they had developed
supplementary materials while only 2 of 32 American
teachers 1eports developing such materials for this

topic.

The Calculus Questionnaire was designed to ob-
tain information on the teaching of 21 topics. Teach-
crs were asked whether or not they taught the tople,
how it was taught (as new material, reviewed, and
extended, or assumed as prior knowledge), how diffl-
cult the toplc was to teach and to leam, what infiu-
enced thelr decision to teach a toplc, and whether or
not the toplc was in the text.

Responses from teachers in Ontario and from the
United States indicated that 10 of the 21 toplcs were
almost universally taught In both judsdictions: limitof
afunction;limitas x approaches Infinity; derivative of
a polynomial function; derivative of a sum, a diffec-
ence, a product, and a quotient of functions; chainrule
fordifferendation; Implicitdifferentiation; related rates;
relative extrema; definite integral as the arca undera
curve; and calculus of exponential and logarithmic
functions. These toplcs were taught in most classes as
ncw material, with a few of the American classes
treating the toplcs as materal to be reviewed and
extended.

The percent of teachers who Included cach of the
21 topics in their courses, of who assumed that a topic
had been previoudy leamed, are displayed in Table 1.
Since teachers very rarely indicated that a toplc was
assumed as prior xnowledge or reviewed, this informa-
tion Is not thown scparately. Table 1 also includes the
petcent of teachers who responded that a tople was In
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the student text. The results indicate that American ~ Onuardo. This is particularly true for the toplcs of
students were more likely to cover more of the typical continuity, arc length, methods of integration, and in-
first year college calculus toplcs than were studentsin ~ determinate forms.

Table 1
Frequency with Which Toplcs Appear in Classes and Texts

Taught or assumed Present in text
Topic as prerequisite
(Percent) (Percent)
USA Ontario USA Ontario

Limit of a sequence (&) 95 68 70
Limit of a function 100 97 98 69
Limit as x approaches infinity 98 98 96 66
Continuity 100 56 93 30
Derivative of a polynomial function 100 100 98 81
Derivative of a sum, difference

product or quotient of functions 100 98 98 18
Chain rule for differentiation 100 98 96 81
Implicit differentiation 100 98 96 81
Related rates problems 95 98 93 79
Relative extrema 98 92 96 73
Definite integral as arca 100 94 98 %
Arc length 67 34 82 35
Calculus of logarithmic and

exponential functions 98 92 96 81
Indeterminate forms and I'Hopltal’s

rule 66 18 75 14
Integration by trignometric

substitution (L] 57 93 41
Integration by parts 82 54 82 47
Integration by partial fractions 57 57 80 46
Numerical integration 64 25 80 27
Series 24 57 48 43
Partial derivatives 7 10 46 9
Multiple [ntegrals 2 8 39 9

Data were also gathered on the number of class periods The boxplots indicate that American teachers tended to
spent on cach of the twenty-one topics, and results for devote more periods to most of these topics than their
the twelve most frequently taught topics are displayed Canadian countcrparts,

in Figure 1.
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Figure 1. Duratlon of presentatlons for selected loplics.

Classroom Actlvities, Instructional Aids, and
Applications

Teachers were asked to cxtimate “e percent of
time within a typical period that was spent on each of
three typesofactivities: teacherpresentation orteacher
led review, teacher and student discussion of home-
work, and student activities and supervised study. The
estimates wece remarkably similar with medians for
both the United States and Ontario near 40, 30, 2nd 20
percent tespectively. Canadian teachers tended touse
slightly more time for presentation and review and
slightly less time on homework.

Few teachers of calculus appear to make use of
teaching aids other than the textbook, the overhead
projector, and the hand-held calculator. In particular,
only one-fifth of the American teachers sald they made
use of moviesin theircourses while almost noCanadian
teachers did s0.  Twenty-five percent of Americans
reported using physical models compared with 15 pee-

cent of the Canadians. In contrast, calculators vere
used Inalmost every Canadian classtoom and in 80 per-
cent of American ones. Computers or micro-comput-
ers were used in only about ten percent of the classes
surveyed. This figure, one would hope, may have risen
sharply since these data were collected.

Calculushasapplicationstn many fields of studyin
the physical, biological, and social sclences. However,
these teachers reported that the vast majority of the
time they devoted to applications in their calculus
classes was in the areas of applications in the flelds of
physicy and engincering. Applications from business
ranked a distant third, as is shown in the boxplots in
Figute 2.
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Applicationsfromchemistry, biology,and the social
sciences were almost never considered. Given the im-
portance that calculus now has in these areas and the
number of students who will study them in college, this
would seem to be anunfortunate state of affairs. Teach-
ers, curriculum developers, and textbook publishers
should be aware of the need to broaden thelr coverage
of the applications of calculus, and calculus courses and
textbooks should include many more examples of appli-
cations from othee areas.

Teachers were also asked about sources of applica-
tions. Most teachers indicated that the applications
they presented were drawn from both the textbook In
use and from supplementary textbooks. Inaddition, 34
percent of the Americans and 60 percent of the Cana-
dians reported creating applied problems themselves.
Other sources, such as professional journals and meet-
ings, were seldom mentioned. Teachers were ssked
specifically if they utilized the UMAP application
modules, but none reported doing so. [t must be added,
however, that Implementation of the UMAP matedals
was directed at the university, and not at the high
school level.

Content-Specific Teaching Methods

Oneof the unique aspects of the classroom process
questionnaires developed for use In the Second Inter-
national Mathematics Study was the collecting of data
related to the methods used by teachers to teach spe-
cific concepts and skills. The Calculus Questionnaire
explored how teachers handled some of the basic for-

mulas, concepts, and theorems of calculus.

Formulass A number of formulas involving the
derivative and the integral are usually developed in a
first course in calculus. Each formula might be devel-
oped through a formal proof, in Informal derivation, or
it might be stated without any derivation or justifica-
tion. Intum, teachers' expectations for students might
alsovary. Teacherswere asked about the teaching of six
such formulas, and their responses are summatized in
Figure 3.
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Figure 3. Mode of presentation and level of epeclation for vatious formulas.

Taken at face value it would seem that the Cana-
dian teachers are much more formal In their presenta-
tions and expectations for these topics. Differencesare
especially large for student expectations. For example,
slightly more Canadian teachers than American teach-
ers gave aformal or Informal derivation of the quotient
rule for derivatives: 89 percent compared with 82
percent.  Many more Canadian teachers, however,
tequired that their students also be able to provide a
justification of thisresult: 53 percentcompared with 33

percent. Similarly, although Canadian teachers were
only slightly more likely to provide a derivation of the
chain rule for their students, they were four times as
likely to expect that their students would alsobe able to
justify thistesult. ltcanbe argued that without holding
students responsible for justifying the formulas which
they learn at some level, as the Canadians are more apt
to do, these formulas will be less meaningful and more
casily forgotten.
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Questions were also asked relating to the teach-
Ing of four basic concepts: limits, continuity, the
derivative, and the integral. The questions and
responses are given below,and when these responses
are compared to those In Figure 3 some interesting
questions arise.

Limits and Continuityt To determine which of
several approaches were used in the teaching of the
concept lim f(x) = L as x approaches g, teachers were
asked to indicate the methods which they used from
several cholces. The statement and cholces that they
were given and the frequency of responses are listed
below in the box.

Several observations can be based on these re-
sponses.  First, the frequency with which teachers
reported using graphical arguments to support the
concept of the limit of a function at a particular point
is surprisingly low. It might be expected that graphs
would be universally employed but barely half of the
Ontario teachers reported using them. The American
teachersused graphical arguments more ofcen, butover
a third did not do so.

A second observation has to do with the epsilon-
delta and deleted neighborthood approaches to limits.

Both of these approaches were used much more fre-
quently in American classcooms. A formal epsilon-
delra definition was given by over 80 percent of the
American teachers but by less than 20 percent of their
Canadian counterparts. Thisisprobablya reflection of
the college texts usvally used in the United States.
Since the AB version of the Advanced Placement test
does not include questions on epsilonics, preparation
for this test would not in and of itself require teachers
to use this formal approach to limits. Whether or not
students’early encounterswith the limitconceptshould
involve epsilonics isa matter for debate. It would scem
clear, however, that if such a formal approach is em-
ployed thatitshould be accompanied by a graphical in-
terpretation. From the responses to this question,
however, it appears that a sizeable number of teachers
usedelta-epsilondefinitions without supporting graphs.

As with the questions on formulas, teachers were
asked what was expected by way of student concept
attainment. Specifically, they were asked what they
expected thelr students to be able to do after the
concept lim f(x)=L as x approaches a had been taught.
The statement and choices that they were given and
the frequency of responses are listed in the box on the
next page.

Ontario 87% USA 82%
Ontario 18% USA 82%
(c) Iuse the concept of limit of a sequence.

Ontarlo 62% USA 21%

neighborhood of L.
Ontario 3% USA 48%

functions.
Ontarlo 52% USA 64%

Ontaclo 3% USA 0%

In the teaching of the concept of 'le. f(x)=1L
(a) 1discuss how as x “gets close to a,” f(x) “gets close to L."

(b) 1 use the formal definition of epsilon and delta.

(d) T use the concept of elements in a deleted neighborhood of a being mapped Into a

(e) Idevelop it intultively with graphical arguments involving the graphs of particular

(f) 1did not discuss limits with the target class.
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Ontario 94% USA 89%

Ontario 13% USA 71%

Ontario 6% USA 77%

Ontario 3% USA 52%

X2 X

Ontario 2% USA 23%

Ontario 3% USA 0%

After teaching the conceptof lim f(x) = L I expect my students to be able to:
- a

(a) evaluate the limit of a first degree polynomial function.

(b) state the epsilon-delta definition of the limit of a function.

(c) give an epsilon-delta proof that the limitof f(x)=2x+5 is9as x— 2
(d) give an epsilon-delta proof that the limit of f(x)= -x!z is -} asx o2

(e) use the epsilon-delta definition of a limit of a function to prove that if
lim f(x) =L and lim g(x) =M, then limf(x)+g(x)=L +M
—3a X—a

() 1did not discuss limits with the target class.

Since Canadian teachersseldomusedepsilonlcs, it
is not surprising that they seldom expected their stu-
dents to do so. The rather high level of student expee-
tation in the United States is somewhat surprising,
however, considering the much lower expectations
observed above forjustifying formulas. Over 70 percent
of the American teachers expected thelrstudents tobe
able to state an epsilon-delta definition and to employ
ittojustify limits of linear epsilon-delta proofs for limits
of simple rational functions. The expectation that
students could prove that the limit of the sum of two
functions cquals the sum of the limits was much lower.
Justover20 percentof the American teachers expected
student proficiency for this task.

Teacherswere alsoasked if they presented aformal
definition for the concept of continuity of a function.
The responses elicited are consistent with those for the
limitofafunction. Teachers in the United States were
fat more likely to use a formal epsilon-delta approach
than those in Ontarlo. Almost 70 percent of the
American teachers uscd a formal definition to prove
that functions were continuous at specific points com-
pated to just over 20 percent of the Canadians

Teachers were then asked what they expected
their students to be able to do after the concept of
continuity had been taught. While almost 70 percent
of Americanteachersexpected theirstudentstobe able
to state and apply a formal definition of continuity, the
corresponding figure in Ontario was only 14 percent.

Cleatly, teachers in the two jurdsdictions held
differing views on the importance of continulty. Atthe
most basic level, nearly 2ll of the American teachers
expected their students to be able to identify graphs of
continuousand discontinuous functions compared with
just half of the Canadians.

Derivatives Teachers were asked how they intro-
duced the derivative of a function f(x) at x=a. The
differcnces so notable in the approaches to the first two
concepts practically disappeared in this section.
However, the similarity may be misleading given the
underlying differences In approach to limlt and conti-
nuity. The statement, cholces and frequency of re-
sponsces arc listed at the top of the next page.
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When introducing the derivative of a function f(x) at x=a, | discuss:

(a) the rate of change of ¥{ f( x) )with respect to x in the function.
Ontario 73% USA 713%

(b) the limiting position of a secant line connecting the points (x,f(x)) and
(a.f(a)), as x approaches a, on the curve y=f(x).
Ontario 94% USA 86%

Ay
(c) Al:TO(_A_x)
Ontario 87% USA 82%

(d) and use a formal definition of the derivative such as
fla+ h)— f(a)
h

f(a)= lll m
Ontario 95% USA 98%

(e) Idid not discuss derivatives with the target. class.
Ontario 0% USA 0%

While a formal definition was almost universally ering the importance of this notion in applying the

given for the derivative, over a quarter of the teach- derivative, such an omilssion scems quite odd.
ersin! oth jurisdictions reported that they did not
interpret the derivative as a rate of change. Consid- Teachers' expectations for thelr students are pic-

tured through the following responses:

Consider the following form of the definition of the derivative of a function fat a point a:
flat k)~ f(a)

f(a)= llirn —
-0
(a) 1do not present this definition, or any equivalent form, to my students in the target

class.
Ontario 0% USA 2%

(b) I present this definition, but 1 do not expect the students to either remember it or
use it.
Ontario 3% USA 2%

(c) 1present the definition and I expect the students to be able to use it in deriving
general results about derivatives of specific functions, such as finding f (2) for
(%)= X -x+4
Ontario 86% USA 96%
(d) I present the definition and expect the students to be able to use it in deriving

general results about derivatives.
Ontario 71% USA 64%

(e) 1 present the definition and expect the students to be able to use it in testing
furictions, such as y=x, for the existence of derivatives at points such as x=0.

Ontario 14% USA 50%
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These responses indicate that teachers in both
places expect that students will be able to state and
apply the definition of derivative. Canadian teachers
apparently expect their students to be able to use the
defin'tion to derive such results as the sum and
product somewhat more frequently than the Ameri-
can teachers who were much more apt to expect
their students to use the definition to test specific

functions for derivatives at particular points.

Integration: The last major concept covered in
the questionnaire was the definite integral. The ques-
tions were limited to an outline of a definition of this
concept. The statement, cholces and frequency of
responses are given below:

might involve:

Ontario 51% USA 16%

(b) 1 present this definition but do not use it.
Ontario 14% USA 18%

Ontario 0% USA 0%

1
Ixzdx
Ontario 25% USA 61%

definite integral.

Ontarlo 2% USA 2%

evaluating definite Integrals.
Ontarlo 8% USA 2%

Ontarlo 0% USA 0%

Consider a formal definition of the definite integral as the limit of a Riemannian sum which might

‘ n
Jf(x )dx = 'lvi_.n.\.Z(I(c,‘))(xm— x,)
. k=o

(a) Ido not present this definition of the definite integral.

(c) 1did not discuss any interpretation of the definite integral with the target class.

(d) I present this definition and use it to find the value of certain definite integrals, e.g.,

(e) I present this definition and use it to present some general theorems about the
() 1 present this definition and then immediately drop it in favor of specific rules for

(g) 1did not discuss the definite Integral with the target class.

The responses indicate that while teachersinboth
jurisdictions discuss and interpret the definite integral,
onlyhalf of the Canadians use a formal definition based
onthe idca of a Riemann sum. The Canadian teachers
clther teach the definite integral very Informally or
they use adifferent definition. The majority of Amer-
can teachers employ this definition to evaluate specific
integrals. Teachers were atked fn another question-
nalre {tem If they interpreted the definite Integral in

terms of arca under the graph of 2 function and 98 the
work done by a variable force. Teachers universally
used the first Interpretation while only a single Ameri-
can teacher used the sccond.

The last questionnalre item desling with the con-
cept of integration asked teachers how they dealt with
the sequence of introducing the definite integral and
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the notion of the anti-derivative. The vast majority, 84
percent of the Canadian teachersand 91 percentof the
American teachers, indicated that they introduced the
anti-derivative first. Tenand five percent respectively
reversed the sequence. The remaining teachers, about

the anti-derivative.

Major Theorems: The questionnaire probed the
presentation of theorems through a set of choices
dealing with three major theorems. the teachers’ re-

five percent in both cases, did not teach the conceptof ~ sponses are displayed-in Figure 4.
¥
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(Rema'ndat did not present)

Flgura 4. Presentation of three Important theorems,

A marked diffecence between the high school
calculus courses in the United States and Ontario
occurs for these three theorems. While these three
theorems were universally partof the American curric-
ula, this was not the case in Ontarlo. None of the
Canadian teachen included the Intemmediate Value
Theorem In their courses, and only ten per cent In-
cluded the Mean Value Theorem. Sixteen percent of
Canadian teachers did not present the Fundamental
Theorem of Calculus to their students. It is most
surprising that this theorem would ever be omitted ina
calculus counse which, as these did, includes both
differentiation and integration

The Learning of Calculus

The leaming of calculus at the secondary school
level in Notth Americaisexamined using achievement
tesults on 25 of the test items that were used In the
Sccond Intemnational Mathematics Study (SIMS) for
the 62 Canadian and 44 American classes discussed
sbove. Of the 25 {tems, 13 dealt with differentiation
toplcswhile 12 dealtwith integration toples. Theitems
will be referred toherc using thete SIMS code numbers.
Based on the teachens' reports, all but two of these
items, numbers 73 and 122, can be considered part of
the curricula of vittually all 106 classes. These
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classes. These items test basic material that docs not
extend beyond the first semester of a typlcal college
course in calculus.

Evaluating achievement results is a complex and
often contentious matter. What might appeartobea
satisfactory level of perfformance toone observer might
be judged quite inadequate by another. In the final
analysis each reader must render his or her own in-
formed judgement. To assist in the process compara-
tive achlevement data Is provided for several other
jurisdictions which participated in SIMS: viz, England
and Wales, Japan, NewZealand, and Sweden. InJapan,
New Zealand, and Sweden approximately the same
percent of the age cohort were enrolled in a course In
which calculus was studied, 11 or 12 percent in each
case. ForEngland and Walesand the United States the
corresponding figures were six and five percent, respec-
tively. ForOntario Grade 13 the figure was 19 percent.
Thus, the English and American groups are the most
elite which the Canadian group is the least elite. This,
obviously, has some relevance on the level of perform-
ance to be expected from each group. Achievement

levels for the items and for groups of tems for each of
the six jurisdictions are shown in Table 2.

In Table 2 the differentiation and integration
items have been divided into two groups. The items
grouped togetheras Differentiation 1 and Integration 1
deal with basic techniques while the items grouped
together in the other two categories deal with simple
applications. Considering the entire test, the perfform-
ance of the Canadian students is the lowest of all of the
jurisdictions surveyed. The Americans performed ata
level comparable to students in Sweden and New
Zealand, but substantially below students in England
and Wales and in Japan.

Table 2
Outcomes for 25 Calculus Test Items
(Percent Correct)
lItem or Group United Canada Japan Sweden England New
States  (Ontario) & Wales Zealand

14 82 79 17 7 n 85
72 62 63 56 52 70 58
106 4 63 73 57 80 B84
118 61 4] 62 34 63 43
Differentiationl 70 62 67 54 3 68
28 57 56 62 25 50 43
57 24 22 54 16 39 12
88 54 60 54 44 68 65
104 55 46 74 59 59 50
111 29 30 56 43 41 29
112 47 35 62 47 49 32
117 54 58 86 59 80 58
119 49 42 60 39 48 48
122 25 20 56 27 31 kY]
Differentiation 2 44 4] 63 40 52 42
15 85 4 83 n 88 83
13 19 21 51 28 47 25
103 71 58 80 18 81 <7
107 80 15 4 53 86 74
109 20 4 67 56 35 14
113 69 56 73 15 18 60
114 39 28 51 25 38 32
116 39 k3| 41 28 46 33
Integration 1 52 46 56 52 62 49
29 60 54 81 M 67 70
44 27 25 58 59 46 47
58 n 38 66 43 41 26
115 41 26 55 48 40 44
Integration 2 40 36 65 56 49 47
All ltems 50 45 63 48 58 49
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Achievemsnt In Advanced Placement classes

Duc to the rather lacklusterachievementof the 44
American calculus classes on the calculus items, it is of
interest to know if the 26 classes that were preparing to
take the College Board Advanced Placement (AP)
examdid any better thar; the other 18 classes. Willizzas
(1986) addressed this question by analyzing the, results
on 46 of the test items. His suhtest included some pre-
calculus items as well as some calculus items that were
notincluded in the above analysis. Since,in the United
States, both a pretest and posttest were given, it was
possible to determine if there was a difference between
the two groups at the beginning of the calculus course.
Williams® analysis showed that no etatistically signifi-
cant difference existed in pretest scores. By the end of
year, however, his analysis showed that the AP classes
had learned more. They scored an average of 14,8, 5
and 7 percent higher than the non-AP classes on limits
and continulty, differentiation, and applications of
differentation subtests, and the total analysis test, ce-
spectively. These results were significant at the G 05
level indicating a high level of probability that AP
classes outperformed non-AP classes in the United
States on these topics. The AP classes also did better,
but not at a statistically significant level, on basic
integrailon. The AP classes did not do better than the
non-AP classes on applications of integration.

Williamscould notexplain, on the basis of his data,
why the AP classes outperformed the non-AP classes.
This result {s, however, consistent with other research
that has shown that AP high school students in the
United States tend to achieve as much or more than
American university students studying calculus (Haag,
1977 and Dickey, 1982).

Summary and Conclusions

There seem to be major differences in the calculus
courses as offered In Ontarlo and in the United States.
Many of these differences probably stem from the differ-
ences in basic texts being used. In the United States
college level calculus text predominate while in On-
tario the texws used most frequently have apparently
been written specifically for the secondary level.

The American classroom curriculum is generally
more extensive at both the beginningandtheendof the
course. Much more emphasis Is put on the foundation
areas of limits and continulty, with epsilon-del ta defint-
tions and proofs playing a key role in clazseoom pre-
sentations 38 well a3 In student learning objectives in
the Unfted States. The Intermadiate Value and Mean
Value ‘Theotems are studied In the United States but
not in Ontario. Finally, such copics as arc length,
integration by parts, indeterminate forms, and volume

of surfaces or revolution aze taught more often in
American high school calculus courses than in such
courses in Ontarlo.

American teachers who took part in thisstudy em-
phasized the foundation areas more often and usually
expected their studenu to be able to do epsilon-delta
proofs. They did not, however, justify the formulas
which theypresentedlatet intheircourse asoftenas the
Canadiansdid. Canadian teacherswere much more apt
to give thelr students a formal proof of the chain rule
than the American teachers, for example. There was
also a closer relationship in the Ontardo classrooms
between the level of rigor in teacher presentations and
the level expected of students for these formulas.

The use of graphs was employed by the majority of
teachers to supplement algebraic presencations. How-
ever, while one vould expect all teachers to use graphs
in discussing the limit of a function at a point and In
presenting epsilon-delta arguments, a large number of
teachers in botk jurisdictions chose not to do so.

The calculator was the one Instructional aid, in
addition to the busic text, used by the vast majority of
all teachers. Onlyarelatively small number of teachers
used movies, models, or computers. Applications of
calculus were almost always drawn from the context of
the physical sciences and were taken from textbooks or
created by the teacher.

The achievement of calculus students in both the
United States and Ontarlo Is probably less than satis-
factory overall and certalnly so for those {tems dealing
with applications of basic concepts. American students
tended to outperform their Canadian counterparts
scoring five percent higher on the 25-item test. All
seven of the items in which one jurisdiction outscored
the other by over ten percentage points were in favor
of the Unlted States.

A key element In assessing these achievement
results {s the percent of the age cohort served by these
high school calculus classes within each furisdiction.
With this in mind, the overall results achieved in
Ontario’s Grade 13 classes tend to look better while
those in the United States tend to look worse. In
Ontaro about 19 percentof the age cohort are entolled
inGrade 13 calculus. Thisiscomparativelya veryhigh
percentage and can be used to justify somewhat lower
achlevement results than might be otherwise consid-
ered satisfactory. Achievement on the Integration
items in Ontardo still must be constdered poor, how-
ever.

The American achievement results must cause a
good deal of concem when the very elite nature of the
high school cakeulus population isconsidered aswell as
thehigh degree of appropriatencssof the 25 ftems to the
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basic course content as reported by the teachers.
American results were only glightly above those ob-
tained in Sweden and New Zealand where the percent
of the age cohortenrolled in calculus is twice as large as
in the United States. The results were considersbly
below those obtained in England and Wales, and in
Japan. Only in the forrner case is the population about
as small a percent of the age cohort as in the United
States. Certainly, these results should cause American
mathematics educators to reflect on the expectations
which existforcalculusinstructionin American schools
as well as the adequacy of the precalculus instruction
which students are currently recelving. The situation
appears less problematic where Advanced Placement
programs are in place, however.
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PARTICIPATION AND OPPORTUNITY TO LEARN AS FUNCTIONS OF
STRUCTURAL & ORGANIZATIONAL FACTORS OF SCHOOL SYSTEMS

Edward A. (Skip) Kifer

When international comparisons are made using
data from the Intemnational Association for the Evalu-
ation of Educational Achievement (IEA) studies, the
focus most often is on results of the achievement tests.
There isa general interestinknowing which systemsdo
best and which not so well when comparing test scores
which, presumably, reflect more or less knowledge and
skills in a particular content area.

There are, obviously, other ways to compare these
systems. One such way, and the theme of this paper, is
to look at how policies and practices of differenteduca-
tional systems distribute opportunites to their stu-
dents. The results of the Second |IEA Mathematics
Study (SIMS) are particulstly appropriateinthisregard
since mathematicsis perceivedas such a crucial subject
area in virtually all systems.

What types of students are given what types of
opportunities within these varied educ:itional settings
is the focus of this paper. Questions of when and how
studentsarcselectedintodifferentcurricula are consid-
ercd paramount, since that selection detcrmines the
kind and amount of mathematics to which a student

will be exposed to.
The Samples

Two gruaps of students, onc of students 13 years
oldand a second thatincluded studentsin thefina' year
of secondary school encolled in advanced, university-
preparatory mathematics courses, were targeted for the
study. Those samples were justified on the following
basis: Population A (students 13 yearsoldand typleally
in grade clght) was chosen because it may be and often
Is the last time that all students are taking mathemat-
Ics. Hence, grade elght represeniz the polnt where the
minimum amount of mathematics Is given by a system
to all its students. The second group, Population B, is
a sample of those students who theoretically have
recelved the most mathematics that a system delivens
priot to university of tertlary education. In the SIMS
study, these students are the mathematics specialists in
the secondary schools of these educational systems.

This paper examines results from both popula-
tions. Who participates in what kinds of mathematics
available at grade cight scrves a3 an Indicator of how
opportunitics are distributed within an educational
systemwhen cach student is taking mathematics. How
much mathematics {s glven to how many students and
to what kivds in Population B are of intercst because
they reflect the importance of mathematics to that
system.

Results discussed in this paper come from a subset
of systems that participated in the survey. The reason
for not using results of each system is that the surveys
were implemented differently from system to system.
Crucial to a discussion of Population A results are
measures taken both early in the school year (a pretest)
and at the end (posttest). Only elght systems Imple-
mented studies with those features. For the Population
B section of the paper, two systems (Hungary and the
United States) are featured. These two were chosen
because they approach differently both the retention of
studentsin schoul and exposure of studentstoadvanced
mathematical knowledge.

The Symbolic Importance of Mathematics.

1EA’s second mathematics study wasfirst a study of
mathematics — issues of curriculum, students’ achieve-
men:t, and pedagogy were emphasized — but because of
the place of mathematicsin schools, it couldnot be only
that. With increasing demands for technical expertite
coming from the broader soclal arena, greater weightis
placed on mathematical skills and @lents than on out-
comesfromexposure toother traditional content areas.
In order to be in greater demand in the job market, or
to qualify for more prestigious higher education, a
student must navigate the best mathematics a system
hastooffer. Since the school hasa virtual monopoly on
such training, the demands on students and schools are
obvious. If axccess In mathematics Is a key to later
success, and schools determine who gets what mathe-
matics, then mathematics becomes a symbol of modemn
schooling.

Varlation In Tracking Policles - What Mathematics
for Which Students?

Because there was, In elghtof the systems, a pretest
administered at the beginning of the school year, it is
possible to describe the allocation of students to class-
roomsand schools. Average scoresbetweenclasstooms
withinschoolsandbetween schools refiect policiesthat
are adopted In terms of whether of not students are
sotted and tracked Into more or less homogencous
classrooms or schools.

If,for Instance, students were assigned randomly to
classrooms (oe systematically asstgned to classcooms to
Insute heterogencity) within a school, one would ex-
pect the average pretest score for each class of students
to be about cqual. If students were aselgned to class:
rooms acconding to achievement levels in previous
grades or on the basis of en sptitude test, and if the
highee scocers were assigned to one class and lower
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scorers to another, one would expect average scores to
vary greatly between classtooms i the same school.
Similarly, if students attended schools on a random
basts (or were assigned to schools to promote equity),
school averages would be about equal. If, however,
there were selection according to prior achlevementor
if students whose background characteristics correlated
with achlevement were clustered in separate schools,
then one would expect substantial differences between
school means.

NT USA
FRA BFL
NZE THA

to both systematic allocation of students to classrooms
(desplte a provincial policy to the contrary) and differ-
ent demographic characteristics of the schools. The
pattems in France and Ontario show minor differences
both between classrooms and between schools, and in
neither cass are they of the magnitude of classroom
differencesinthe United States or school differencesin
Belgium Flemish. Itappears, therefore, that neither the
French nor the Ontario schools have yet begun to sort
according to measutes of achievement or aptitude.

JPH

LEGEND

Figure 1. Varlance decomposition of Population A Pretest.
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Figure 1 contains the results of a variance decom-
position of the Core pretest in each of the elght “longi-
tudinal” systems. In thatfigure, areas of the circles are
roughly proportional to the total variance in achleve-
ment for each system. The wedges within the circles
tepresent percentages of total variation that Is found
between students, classrooms, and schools. Those
circles which contain only two wedges deplct systems
thatdid not sample two classrooms per school. Inthose
cases, the variation [s labelled student and school vari-
ation although theoretically the wedge for school con-
tains both the classroom and school variance. That s,
the between classroom variation, if any exists, is a part
of the between school variation not the between stu-
dent.

Issues of exposure to instruction and participation
in mathematics in Population A are tied to policles of
how students are allocated to classrooms or school. If
there isa common curriculum and no attempt is inade
to place particular students in special classes, then
participation and exposure are more or less common for
each student. If there is some kind of tracking within
the system, then gi-estions can be asked about whether
decisions to track are related to the kinds of mathemat-
ics experience students are given.

The differences between systems are dramatic.
Notonly are the total variances (individual differences
within a system) of strikingly different magnitudes, but
also that variaton is divided (how individual differ-
ences are responded to) In distinct ways. In Japan, for
instance, almost all of the large total variation is be-
tween students. Since there is such a small amount of
between school varfation, variation between classes in
the same schoo!l must likewlse be small,

Onccaninfer that the Japanese elthee ignore indi-
vidual differences when assigning students to class-
rooms, or they Implement policies that produce equal-
ity among ¢lassrooms and schools. There I3 no homo-
gencous grouping In mathematics in Japanese schools
atthisgrade level and theee appears to be no sorting by
school.

In bold contrast to the Japancse pattern of varl-
ation stands that of the Unlted States. The tnagnitude
of the between classroom component in the latter is its
single larpest component and exceeds comparable val.
ucs in all of the other systems.

Othersystems, too, have distinctive patterns. New
Zealand, desplte the fact that It purports to have a
national curriculum, reflects a pattern very similar to
the United States. The between school differences in
Belgium Flemish are a reflection, one assumes, of the
fact that there are different school types (vocational,
general and technical) and different organiting au-
thorities for students at this grade level. The between
school differences In Thailand can be hypothesized to
reveal differences between urban and rural schools,
while those in British Columbia apparently are related

The Belglum Flemish, New Zealand and United
States of America Cases.

It is obvious from Figure 1 that different systems
have different policies insofar as the allocation of stu-
dents toclassrooms or schoolsis concerned. Inanother
papet (Kifer, in press), | have done detailed analyses of
the nature and consequences of such policies in Bel-
gium Flemish, New Zealand and the United States.
Here I will highlight those findings rather than portray
them in detail.

Different Types of Tracking Have Different
Consequences

Belgium Flemish at this grade level has different
types of schools for its pupils, and those pupils are
exposed to different amounts of mathematics. The
United States has different types of mathematics class-
rooms within each school, and In those classrooms
students are exposed to radically diffetent types of
mathematics. In New Zealand schools, students are
sorted Into classrooms by, apparently, measures of pre-
vious achievement and then glven elther more or less
mathematical content.

‘The most dramatic example of how tracking poll-
clesinfluence what mathematical content students are
exposod to comes from the Unlted States. Figure 21sa
series of Box and Whisker Plots which describe, by four
distinct classroom types in the United States, teachers'
ratings of the Opporttunity to Learn (OTL) the mathe-
matics reflected by the SIMS achlevement test. OTL
was gathered by ssking cach teachertolook ateach test
item and decide whether o not the material necded to
answer the question correctly had been taught to the
stucents.
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Itisevident from Figure 2 that ¢orting students and
differentiating the curriculum are two sides of the same
coln. Those students, for example, who are in Algebra
classes (the high track in the United States) are ex-
posed to very different kinds of material than those in
other types of classrooms.

Though not nearly so dramatic as what Is found in
the United States, tracking of students leads to Jiffer-
ent types of exposure to mathematics in both Belgium
Flemish and New Zealand as well. Those differences,
however, are both smaller in magnitude and of a diifer-

ent kind. In thrse two systems, students in “beteer”
tracks tend to be exposed to more mathematics.

The Sorting Is Inefficient

In cach of these three systems it can be assumed
that procedures used to allocate students to classrooms
are meant to be rational and efficlent. The analyses
suggests, however, that if these systems are operating
meritocratically — that Is, It Is desired that the best
students be In the highest tracks and vice versa — they

are not doing very well.
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Figure 3 shows the distributions of pretest scores by
school typein Belgium Flemish. Whatisworthyof note
is that a substantial number of students in vocational
and technical schools have pretest scores on the SIMS
test that are above the average for the traditional and
comprehensive schools. Hence, if the selection were
done by the system (as opposed to Individual choice)
and based on merit, quite a number of students have
been mis-classified.

In the United States, of those students in the top
10 percent of the distribution of pretest arithmetic
scores, only one-half are placed in algebra classrooms.
Of the students in the top quarter, slightly less than
one-third wete in algebra.

For New Zealand, students who appeared to be
high scorers in one schoot would be placed among the
low scorers in another. Hence, they too were makinga
substantial number of classification errors if meiit or
prior performance were the means for students to get
preferable curricular experiences.

The Tracking Has Social Consequences

Notonly istracking inefficientand error prone but
the practice also has social consequences. Analyses
(Kifer, 1984) of whether there were background char-
acteristics of students related to participation in the
various tracks indicated social biasesin thatallocation.

Figure 4 deplcts the relationship of Father’s and
Mother’s educational levels and whethera student was
inahighorlow scoring classroom inNew Zealand. The
high scoring classrooms had a disproporstionate number
of students whose fathers or mothers were highly edu-
cated. Conversely, low scoring classrooms were dispro-
portionately populated with students whose fathersand
mothers had lower levels of education. In the United
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States, students who are white, female, and come from
wealthy homesare placed In the favored tracks. Those
who are not white, are boys, and are not wealthy are
more likely to be placed, regardless of test score, in the
lower level classes. Classand gender effects are present
in Belgium Flemish but to a much lesser degree than
what is found in either the United States or New
Zealand.

The Cates of France, Japan and Ontario.

It is not the case that some systems track or sort
students and others do not. It 1sa matter of when the
sorting occurs not if it will occur. Yet, the systems of
France, Japan, and Ontario have in place, apparently,
policies which attempt to insure that virtually all stu-
dents are exposed to common material at the Popula-
tion A level.

Remembering that this population was chosen
because in most systems it is the grade level where all
students still take mathematics, these three systems
have chosen to make the educational experiences of
the young common ones in mathematics. Later, each
will sort.

Thisegalitarianapproach to mathematicsinFrance
is a result of national changes Instituted in the educa-
tional system during the late 1960's. Concerns were
expressedat thattime about the tack of common oppor-
tunities available to students of this age cohort. Selec-
tion into types of curricula occur in France during the
upper secondary school, rather than duting this rela-
tively carly period of a student’s school fife. These
results suggest that the new system gives more students
a more ¢qual chance of golng In the most desirble
cducational route by guaranteeing equal opportunitics
through the elemeatary school years.
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Figure 4. Percent of students by classroom type and educational level of parents in New Zealand.
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For Japan, whose sample is one grade level earlier
than others In this set, entrance into upper secondary
school {s the demarcation of the change from common
opportunities to differentiated ones. These decisions
— which students entervihich type of schools — occur
about three years later than this grade level and are

based primarily on entrance examinations.

For the Ontario system, sorting occurs at the next
grade level. Asstudents enter the sccondary school, a
number of different types of measures are used to
determine which curricula they will participate in. The
extent to in which background characteristics of stu-
dents are related to participation in the most favored
curricula obviously cannot be addressed with these
data. A data set for the subsequent year would be
needed to address these problems.

Summary

Population A systems provide a contrast between
those which have more or less egalitarian policies
(France, Japan, Ontario) versus those with merito-
cratic one (Belgium Flemish, New Zealand, USA).
Which is the preferred set? Some would argue that the
merits of egalitarian versus meritocratic educational
practicesshouldbefoundindifferencesinachievement
ratherthand.fferencesinopportunitiesorinequality of
participation. Previous JEA studics suggest that com-
prehensive schools do not negatively affect the per-
formance of the most talented. And, selective schools
do not necessarily enhance the performance of those
who are enrolled there. Such analyses, however, have
been based on older populations of students and may or
may not be appropriate in this context.

Thercislitle, ifany, directevidence of the efficacy
in terms of achievement of either the egalitarian ot
merltocratic apptoaches and practices among the par-
ticipating systems. Since these are national systems
and thisisasample survey, variableswhich may operate
to produce high or low performance and which distin-
guish between the systems or the contexts in which
they operate, are simply notavailable. Itwould, there-
foce, take an extremely strong inference tostate thatin
terrns of cognitive achlevement, as measured by the
SIMS test, there (s 9 decided advantage of one sct of
practices ovet the others.

Nevertheless, thece may be findings and indirect
cevidence within the study that would allow one to
ptefee the practices of the egalitadan systems — Can.
adaOntado, Frarce and Japan —over theothers. Firse,
Population A studentsin both France and Japan scored
well on the cognitive tests and showed rather remark:
able gains on subscts of the items. And, in previous
analyscs, it was shown that Canada Ontario, which (s
both comparable in terms of vadance and achievement
tothe United States, showsslightly geeatergrowth than
docsthe Unlted States. Inaddition, the pattersof galn

for the two systemsare very similar. Hence, straightfor-
ward comparisons, though arguably weak by nature of
the design of the survey, show superiority on the part of
egalitarian practices.

Logic, too, supports these egalitarian policies and
practices. If a system wishes toselect the most talented
students and provide them with the best educational
opportunities, then the longer that the selection is put
off, the better it will be.

The sorting of United States students, forinstance,
starts much earlier than the Population A grade level
where the tracks are firmly in place. If a mistake in
selection is made prior to grade eight, the child’s school
career is obviously affected. And, there are no system-
atic ways, even if the child has the required talent, to
rectify the mistake. The child could be very good but
still be in 2 low track because early in his or her career
anerrorwas made. If, hewever, there were no tracking
or selection in the United States, and there were no
concomitant differentiation of curriculum, no opportu-
nitieswouldhave been thrown away. Hence,the longer
a system waits to sort the more likely it {s to have a
developed (in the talent sense) an identifiable cohort
onwhich tosort. Since these three systems — Canada,
Ontario, France and Japan —have not yet sorted, thete
practicesare preferred tothose of other systemsbecause
they up until now have made fewer errors in the
selection process.

Population B

As will be shown later policics »dopted at the
Population A level influence profouadly what can be
done at Population B. Yet, the Issues of participation
and exposure to mathematics content ate different for
the two populations.

Virtallyall studentsare taking some type of mathe-
matics in the 13 year old population; by the end of
secondary school, depending on the system, cither a
large proportion of the cohort Is no fonger enrolled in
chool or not taking mathematics or beth. Figure §
shows those ptoportions. The estimated precentof the
cohortstillin school ranges from ahigh value of over 90
in Japan to a low of 17 In New Zealand and England.
The percent of the cohort taking advanced noathemat.
les courses ranges from a high of S0 percent in Hungary
to lows of 6 petcent in Isracl and New Zealand.
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Figure 5. Particlpation In schooling and advanced mathematics: Population B,

Tta United States has a relatively high rate of
retention (82 percent which is second to Japan) and is
in the middle in terms of the proportion of the cohort
taking advanced mathematics.

Across these systems, two phenomena are evident.
First, therehasbeena selection made acrossthe student
cohott. Thatls, not all students progress through these
systems until they reach the terminal year of secondary
schooling. Depending on the system, studentattrition
can be a matter of dropping out of school and entering
thejob marketor ftcan be that there Isanother, earlier,
school leaving polnt whete the majority of students get
a cerntificate and leave school having completed the
required number of years. In the latter systems, a
minority of the cohort continues secondary school In
order to prepare for university. Second, among the
students who rematn in school, [t is a fraction of them,
In most systems, who are taking the most advanced
mathematics offered by the secondary school. Also,
among these students there s a possibility chat they sre
taking mathematics, but notatthe highestlevel. These
educational systems vary dramatically in the policics
thatdetermine which students remaln In school and, of
those, which contlnue to take advanced mathematics.
The section below focuses on two extreme cascs of
dealing with these fssues.

The Hungarlan Example

While most systems are very selective at thislevel,
a striking exception is the Hungatian case. While
having "only” 50 peecent of the cohort still in school,
all of those arc taking advanced mathematics. This

finding suggests that very different policies inform the
mathematics community in this system. One conjec-
ture would be that the Hungarians do not belleve they
can afford to have mathematics be an elitist content
arca. Mathematical knowledge is sufficiently impor-
tant to be a part of cach student’s experience at this
level.

Miller and Linn (1985) e¢xamined achievement
patternsin lightof the different retention ratesin these
systems. They report two things thatare relevant to the
Hungarian system and this paper. The first is that the
average level of achlevement for Hungary’s students is
close to the bottom among the systems; the sccond Is
that the top 1 percent and top 5 percent of Hungarlan
students perform near the top of the disteibution of
scortes for these systems. From an international per-
spective 1t appears that the Hungarlan experence
allows them to have it *both ways.” Not only ate they
providing advanced mathematical experiences to a
large percentage of the cohort, and thereby Increasing
dramatically the sum of mathematical knowledge in
theculture, butalso they aredoingltwithout sacrificing
the talents of thelr most capable students. Asa model
for providing both opportunity and cteating a pool of
talent, Hungary's bears scrutiny.

The Case of theUnlted States

"The sttuation in the United States Is practically
the opposite of the Hungatian one. In the United
States there (s a high retention rate but a modest
percentage of students taking advanced mathematics.
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Figure 6. Percent of the United States cohort in school and in mathematics.

The latter count, however, Is misleading. There
are, in fact, differentiated curricula at this level as well.
Figure 6 shows how the United States stands when
content areas are broken broadly into calculus and
other courses. The results suggest that there is a rather
smaller cohort in the United States than in other
systems. Since calculus is standard fare for these other
systems, the United Stites percentage Is really much
lower than it appears. The calculus courses are further
differentiated between those that are considered Ad-
vanced Placement and others. The numbers of stu-
dents whoare enrolled in Advanced Placement Calcu-
lus is extraordinarily small; feis estimated thatitisless
than one percent of the cohott. So the American elite
Is very small and a far smaller proportion of students in
the United States Is receiving mathematics experience
comparable to that of students in other systems.

Conclusions

Systems which track students carly profoundly af-
fect the chances of many students being exposed to
much of the mathematics that is offered to students in
other educational systems that put off tracking until
lazer. By grade cightinthe United States, for example,
less than 15 percent of the students are tn a track that
will allow them to take calculus in Grade 12. By grade
twelve another 10 percent or more (of the cohott) has
dropped out so that there s livde participation In
advanced mathematics In the United States compated
to that in other countries.

Notonlyisparticipationinadvanced mathematics
low inthe Unlted States, but combined with the Popu-
latton A findings, there Isa serious question of whether
the most talented studentsare enrolled in the advanced
mathematies courses. If one halfof the top ten percent
of students are taking courses In grade eight which
allow them to take the most advanced mathematies in
grade wwelve, It s concelvable (though not proven)
thatthe stdents whodotake the most mathematiesare
not the best ones. The best ones may have been
selected out by errors of early tracking.

The Hungarian system shows another approach to
educating students mathemadcally. Although its re-
tention rate is lower than most other systems (50
percent of the cohort still in school), since it does not
differentiate its mathematics curriculum, it has much
higherparticipation thanother systems. Apparentlyin
Hungary mathematics is considered important enough
to be offered to a large percentage of the cohort.

Selection Effects

The fact that carly tracking differentially affects
the genders, persons from different social classes, and
different ethnic groups ralses additional Issues. Two
not so casily answered questions are raised by these dif-
fecental participationrates. Thefirsthastodowith the
issue of equity In gencral. Talented students who are
poor and from minority backgrounds are being ex-
cluded from fullest participation in school mathemat-
lcs. This loss of human resources has implications for
the knowledge of mathematics that informs a culture,
but also ralses moral Issucs.

The second ssue Is what to do about the first.
SIMS provides results that identify the problem but, as
is the case for many such projects, dezs not provide a
basisfor solvingit. Becauscitisaninterational survey,
and because these systems are quite varied in terms of
their policics, there are different models available to
those who wish to change how students are educated
mathematically.

The Problem s Participation

It I8 interesting to note that by Grade 8 in the
United States enough sorting of students has occurred
so that the percentage of students taking algebra is
about cqual to the percentages that take the most
advanced mathematies offered at Grade 12 by educa-
tional systems in other countries. Thetracking therels
so tigorous that, In fact, [t {s assured that participation
in advanced mathematics in going to be small in
weondary schools. But these other systems are sclec.
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tive as well. To have but 10-15 percent of a cohort
experiencing the best a school system has to offer in
mathematics is by no means exceptional. Is not good
mathematics more important than to be offered to such
alimited number of students? Itappears to this writer,
that participation in the best a school has to offer s a
major issue for each of every one of theze systems.
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CONTENT REPRESENTATION IN MATHEMATICS
INSTRUCTION: A CASE STUDY OF THREE COUNTRIES

Curtis C, McKnight . Thomas ]J. Cooney

A characteristic feature of mathematics in-
struction is that its mathematical content can be rep-
resented in a variety of forms. These forms often differ
widely in their complexity. Further, they differ in the
ease with which they may be comprehended and in the
connections that may be made to existing cognitive
structures of learners.

For instance, when teaching the concept of
common fractions, teachers can interpret such frac-
tions, among other ways, as parts of a region compared
to the whole of the region (presented as afigure divided
intoequal parts with some partsshaded and others not);
asadivision of integers; as related to physical measure-
ments such as length, area or volume; or as a corre-
sponding fraction in decimal form. Certainly these
various representations for the fraction concept would
havediffering references tostructures of existingknowl-
edge for variousleamers. These representationsvaryin
the degree to which they rely on more perceptual,
{conic elements or on more abstract, symbolic ele-
ments. These representations are thus likely to be
processed quite differently by different learners.

An essential element of the pedagogical task in
mathematics Is, then, the cholce of one or more repre-
sentations for the content to be taught, whethicr this
decision Is made by the teacher directly, by a group
creating a currdculum gulde, or by the authors of 2
textbock. Inany case, the teacher s the final atbiter of
the pedagogy used and has the possibility of choosing
contentrepresentationstosupplementorreplace those
tecelved from other sources.

The Second International Mathematics Study's
(SIMS) questionnaires on classroom processes for spe-
cific contentarcasylelded tich, detailed descriptions of
the insteuction provided for selected topics in the areas
surveyed. Thedescriptive wealth of thedatafrom these
questionnalres offers the potential for casting consider-
able empltical light on questions about content repre-
sentation in mathematles instnxction.

‘The authors have taken the spproach of exam:
ining “local™clusters of related information for selected
subtoples (¢.g., the concept of common fractions, the
additton and subtraction of integers, inding the arcaof
a panallelogram, etc.), rather than a strategy of looking
atdataatamore "global” level of toplcs which combine
several subtoplics (such as arithmetic, slgebra, mea:
surement, ete.). Aggregation to more global "topic”

levels often involved a confounding of any explanato-
rily Interesting classifications. The results of these
investigations appear elsewhere.

There are many approaches to studying content
representation strategies as implemented in mathe-
maticsinstruction. The most obvious would be tostudy
the specific content representations implemented by
teachers in various educational systems for various
topicsand instructional settings. Suchan investigation
of specifics would be profitable but, used to study a set
of more than twenty subtoplcs available in the SIMS
classroom process data, it would involve examination
of a complex array of options implemented in an
equally complex range of instructional settings setin a
context of Inter-classroom comparisons within each
system Investigated and of multi-system comparisons.
Speificlty in the study of content representations is
obtained at the price of large Increases in the com-
plexity of the phenomena to be explicated.

It seems reasonable that the likelihood of iden-
tifying essential structures and relationships in a set of
phenomena s at best inversely proportional to the
complexity of those phenomena. If variables thatsim-
plificd the phenomena without destroying thelr essen-
tial fcatures could be attained, they should increase the
likelihood of finding significant structural relation-
ships.

While this generalizing strategy was sdopted for
the more extensive Investigations reported elsewhere,
it scemed worthwhile to check the assumption of the
value of this approach by secking an opportunity to
analyzc atleast one small toplc arca in all s specificity,
to examine carefully the descriptive power of such a
concrete approach, and to assess more directly through
such an example the trade-offs between generality and
specificity. The present study Is an attempt to do this.

The discussion which follows examines only
onc subtopic — thatof common fractions instruction.
Itrestrictsattention to the educ attonal systems of three
countries - France, the United States and New Zea-
land. ‘These systems were chosen because they pro-
vided clear contrasts in Instructional spproach for the
mathematical tople chosen. In France, Instruction on
common fractions is largely delayed to the grade con-
taining students about age 13 (Population A In SIMS),
while such content Is introduced much eatlier In both
the United States and New Zealand, but in quite
different ways. Sclection of this toplc restricted use of
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SIMS darta to that for Population A, classsooms at the
grade level at which the median mid-year age was 13.
These restrictions have made possible a somewhat
detailed and specific look at how instruction In com-
mon fractions {s carried out by the teachers in these
three systems.

Resource and Time Use in Praction Instruction

Among the first concerns in instruction on any
mathematical toplc Is whether the toplcis tobe treated
as a new or review topic, how much time Is to be
allocated for instruction on the various aspects of that
topic, and which resources are used in providing that
instruction. SIMS data isused here to compare France
(FRA), New Zealand (NZL) and the United States
(USA) on these components of instruction in the
concepts of and operations with common fractions.

Teachers were asked whether various aspects of
common fractions instruction was taught as new con-
tent, reviewed and then extended, reviewed only, nel-
ther taught nor reviewed because It was assumed pre-
requisite knowledge, cr not taught even without such
anassumption. Figure 1 presents these data.
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Flgure 1. New vs, Review Instruction for Six
Subtoples In Three Countrles.

Figure 1 shows that for classrooms in France, al
most 8ll aspects of this material was presented as new
content (which accords with national reports of the

mathematics curriculum In France). In New Zealand,
this material was often presented as new content but
about equally often reviewed and extended. This
suggestslessuniformity in New Zealand's curriculumin
thisarea or the existence of two or more streams in the
curriculum. In the United States, a small proportion of
classrooms presented this content as new materials
while most reviewed and extended It or reviewed it
only. This accords with the fact that there were four
types of programs identified at this grade level in
Americanschoolsand only one of them, remedial class-
rooms, often treated as new content thismaterial which
had been in the curriculum for some years.

Justasthe three systems differed in whether this
contentwas treated as new or review material, they also
differed in the amounts of time allocated to it. Figure
2 presents “box and whisker” plots of the distribution of
time (in minutes) allocated to common fracticns sub-
topics. In such a box and whisker plot, the box runs
from the 25th percentile to the 75th percentile, with
the line inside the box indicating the median. The
lower “whisker” ends at the Sth percentile and the
upper “whigrer” ends at the 95th percentile. The box
thus encloses the middle 50 percent of the distribution
and the whiskers enclose the middle 90 percent. Figure
2a presents the total time indicated for common frac-
tions instruction while Figure 2b presents the time for
the same sixaspects of fraction Instruction presented in
Figure 1 plus an additional aspect, time devoted to
applications and problem solving related to fractions
(textbook word problems, problems related to real
world situations, ctc.).
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Figure 2. Disteibution of Time In Minutes Spent on
Common Fraction Instruction.
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From Figure 2a [t can be seen that the least time
was allocated to common fractions instruction in New
Zealand and the most in France (where it was essen-
tially a new topic). While there was considerable uni-
formity among the time allocatons in New Zealand,
there was considerably more diversity in both the
United States and France.

Figure 2b shows the spread of time allocations
received by the seven aspects of fraction instruction. It
can be seen that the addition and subtraction of frac-
tions received relatively more attention In all three
countries. The addition and subtraction of fractions
also showed the greatest diversity in time allocations,
followed closely by problems and applications of frac-
tions. In all cases, France allocated more time than did
theothersand NewZealandallocated less. The pattern
reflectedin the overall time allocations in Figure 23 was
consistently reflected across the seven subtoplcs of
Figure 2b.

Teachersinthethreesystemsalsodifferedin the
resoutces used for fractions instruction. The SIMS
instruments distinguished between primary resources
(those used frequently) and secondary resources (those
used occasionally). Data were gathered on six cate-
gories of resources, any of which might be wed by an
individual teacher as cither a primary or secondary
resource.

The primary resoutce used by most teachers in
all three countrics was the student textbook. Other
published textbooks and materials (wotkbooks, work-
sheets, ctc.) were an important secondary resource in
all three countrics, although they served asa primary re-
source In only 10 to 20 percent of the classtooms.
Amctican teachers made dightly more use of both
kinds of text materials than did teachers in France and
New Zealand. Locally produced text materials were
also an Important secondary resource, and In France
they were a primary resource for almost half the classes
(significantly more thun (n the other two countries).
By comparison, the other categories of resources (com-
mercially or locally produced Individuzlited materdals;
commerclally or locally produced films, filmsteips, or
teacher demonstration models; and commercially oe
locally produced laboratory materfals for student use)
were linde used. While they served as a secondary
tesource for small percentages of teachers In the Unieed
States and New Zealand, they were vietually unused in
France. New Zealand made tomewhat more use of
laboratory materlals as a secondary tesource than did
the others.

A Look at Content Representation

One of the more Interesting features of the
SIMS {nstruments which gathered data on classroom
processes were questions that examined the use of cach
of an array of content representations during insteue-
tion for specific subtoplcs. Part of the Information

gathered was whether a particular representation was
emphasized (“used as a primary explanation, referred to
extensivelyorfrequently”),used but notemphasized, or
not used at all.

Forexample, one question gathered data on the
use of each of ten content representations for Instruc-
tion on the common fraction concept. These dataare
presented in Figure 3. Ttcan be seen that the represen-
tations most frequently used or emphasized in all three
countries were fractions as decimeals, fractions as quo-
tients, and fractions as parts of regions. While about
half of the teachers in 21l three countries emphasized
fractions as parts of regions, considerably more of the
teachers in the United States emphasized fractions as
decimals and fractions as quotients than did those from
the other two countries.
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Figure 3. Representations for Common Fractions
Emphastied, Used and Not Used In Instruction on
the Common Praction Concept.

Few other representations recetved emphasis by
25 petcent ot mote of the teachers in a countty, ol
though several others were seen to have considerable
use but not emphasis. Representing fractions as the
coordinates of polnts on 8 number line recelved a fale
amountofemphasisinall threecountrdesand espectally
in New Zealand. Interpreting fractions as ratios was

s



emphasized by over 30 percent of the teachers in the
United States, but very little in the other two countries.
Representing fractions as comparisons was emphasized
by about 25 percent of teachers in both France and the
United States but received considerably less emphasis
and use in New Zealand.

In suinmary, it appears that there are both
important commonalties and important differences in
the content representation patterns for instruction
related to the common fraction concept. A core of
three representations were the most often emphasized
with a few others supplementing this core for at least
some teachers. The range of represe ntationsemphasized
scems fairly narrow, while the range of representations
used but not emphasized was considerably wider.

A second question gathered information on
interpretations of the addition of fractions. Interpret-
ing the sum of two fractions as the union of two regions
was emphasized by about 30 percent of the teachers in
both France and the United States and used by about
another 40 percent. Interpreting the sum of two frac-
tions as the sum of two quotients was emphasized by
over 30 percent of the French teachers and recelved
considerable use in all three countries. In comparison
to Interpretations of the common fractions concept,
very few of the interpretations of adding fractions
received much emphasis in any of the countries and
cven the use of various interpretations was relatively
more testricted. This s at least suggestive thata richer
array of content representations are brought Into play
for mote conceptual toplcs than is the case for more
procedural toplcs.

Additional data was gathered about Instruction
on the addition of fractions. One question sought to
determine which procedures for addition of fractions
were emphasized and used in the various educational
systems. Six procedutes were considered in the Instru-
ment — using the least common denominator (LCD)
in 2 hotirontal format, using the LCD in a vertical
format, using any common denotminator In 2 horizon-
tal format, using any common denominator in a verti-
cal format, using a formula such as

6, ¢c_ad+be
bY 4™ bd

ot using trandformation to and addition of equivalent
decimals.

There were some Impottart differences among
the countries. Using the LCD In a hotltontal format
recelved extensdve emphasis in both France and the
Unlted States but relatively less inNew Zealand where,
instead, vsing the LCD in a vertical format was cmpha-
sited more often (and using o vertical format with uny
common denominator was used far more often than by
citherof the other two countries). Using decimals was
emphasited frequently In all three countries but some-

what mote often in New Zealand. Thus, there were
falrly distinctive national pattems in the procedures
developed for adding fractions, distinctive patterns
that were less characteristic of the content representa-
tions chosen.

Data were also gathered on the technlques used
by teachersinteaching the addition of fractions. Three
possibilities were considered — presenting only nu-
merical examples to demonstrate the procedure, using
numerical examples first and then presenting the pro-
cedure symbolically (“example then rule”), or present-
ing the procedure symbolically and then illustrating it
with numetical examples (“rule then example”). Pat-
terns characteristic of the three countries stcod out
quite cleatly. Few teachers in any of the countries
made much use of the “deductive” approach of present-
ing the general rule and then presenting numerical
examples. About 75 percent of the teachers in the
United States presented numerical examplesonly while
over 80 percent of the French teachers used the some-
what more formal approach of presenting numerical
examples fi Ylc:ved by stating the general rule or pat-
tern. The teachers of New Zealand showed somewhat
morediversity, with justover half presenting numerical
examples only and a fair proportion presenting numeri-
cal examples followed by the general case.

A Sccond Look at Content Represcatation

Clcarly there are many approaches to studying
content representation strategies as implemented In
mathematics Instruction. While the most obvious
approach would be to study the specific content reprs-
sentations Implemented, It would Involve a bewilder-
ing combination of complexitics when applicd tomany
cases. Variables that simplified the phenomena with.
out destroylng their essential features should Increase
the likelihood of finding significant structural relation-
ships.

For instance, the examination of the number of
content representations used in a given Instructional
setting, rather than the specific representations used,
offered parsimony and the possibilities of greater genee-
alizabllity and explanatory power, but at some risk of
missing relationships tied to the specifics of the situ-
atfons. Thus, one characteristic of Intetest was simply
the number of content representations used by cach
tcacher In (nstruction related to a subtopic. This was
capturedina variable, VARIETY, a simple countof the
number of the different content tepresentations em-
phasiied of used.

A second example of Intcrest was the relative
balance In Instruction on a subtopic between represen:
tations which emphasized (n their form morte percep-
tal elements (e g., shaded reglons for Interpreting
fractions) and those which emphasited more symbolic
forms (e g., fracionsasdivisions). Therelative balance
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in instruction on a subtopic between perceptual form
representationsand symbolic form representations, was
indexed by a variable, BALANCE (OF EMPHASIS),
which was calculated by taking the proportion of sym-
bolic emphases used (that Is, the number of “symbolic”
interpretations used, divided by the total number of
possible symbolic representations on the list for that
subtopic) minus the proportion of perceptual emphases
used (that is, the number of more perceptual represen-
tations used divided by the total number of possible
perceptual representations). BALANCE, definea in
thisway, took numerical values from ~1 through +1. A
positive value indicated relatively more emphasis or:
the symbolic,a negative value relatively more emphasis
on the perceptual, and a value close to 0 indicated
relativelybalanced use of both perceptual and symbolic
emphases.

Alternative, more restricted counterparts to
VARIETY and BALANCE could be obtained by the
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same quantifying operations using only those rep-
resentations which were emphasized and not those
which were used (but not emphasized). These altema-
tive definitions might give a very different plcture of
the “heart” of content representation than that pro-
vided by the more inclusive definitions.

The data showed that a relatively large number
of representations (5-8) were used in all three coun-
tries. The United States showed somewhat greater
diversity of use. In comparison, all three countries em-
phasized a far more restrictive set of representations,
with France showing dlightly greater divensity in repre-
sentations emphasized.

A sense of these data can be given by graphing
the percent of teachers in each country who use the
various numbers of representations possible (0 to 10for
instruction on the common fractions concept).
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Figure 4. Varicty of Represeatations Emphastzed or Uscd in Three Countrles for Common Practions Concept

Instruction.
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Figure 4 presents such graphs, both for the
VARIETY of representations used and emphasized.
From Figure 4 it Is clear how much difference there Is
between the VARIETY emphasized and that used, and
how New Zealand differs from the other two countries.

A similar analysis showed both the similarities
and differences in the VARIETY used and emphasized
for instruction on common fraction addition. The
VARIETY of representations used {s somewhat more
“diffuse™, i.e., more spread out and less “peaked” for
instruction on fraction addition in comparison to the
fraction conceptinstruction. However, the VARIETY
of representations emphasized was very restricted for
fraction addition. For New Zealand and the United
States, the modal number was zero, i.€., no representa-
tions were emphasized by over half of the teachers in
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those countries. For France the modal number em-
phasized was one. Thus, there was a marked and
suggestive difference between Instruction for the con-
ceptual and procedural aspects of this toplc.

Figure 4 showed some of the benefits of abstrac-
tion in comparison to the more specific data on repre-
sentations presented In Figure 3. Anotherwaytoexam-
ine this trade-off between specificity and abstraction
more directly Is to create something like a “power
curve”foreach representation. Thisisdone by plotting
the percent of teachers in each country using or em-
phasizing that specific representation for each level of
the VARIETY variable. Figures 5 and 6 present such
graphs for the common fraction concept for two of the
countries.

oo
10
Pelats en a /
Bumber Lise gl L —
1 1 1 I L L [
T T T T T T S | T
« P 3 € 5 & v 6 9 n
veseTy
reazat
1 ”.’-‘_.-___-—_
o \_-/-——“_.—/\
i
)| L L i 1 L 1 ] 1 yi
=17 T =TT Y
] ] ] 4 ] 4 ] ¢ ’ 1¢
Yauny
oo
1
Pute ol 8 L
CollocUon 4y
.
] [] ) 4 ) ‘ 1] [ (] 1"
vart
roaceer

T
Comparivote
”4 -

1 1 b b I [ |
T | S 1 | A A S Bt e |
) ] ‘ 1 ' [ 2 T R 1]
ANt
rosceny
[
Mreteremenls
0w /
1 1 ko ey et WY 1
| S | T ¥ T T | S | U
] [ [ ] ’ [ [ I T T 1)
Vit
et

-
-
-

0) Peterpinmal Bopi covattivee

- Deptesteintices V530
—t Represtatations FMTHAS TR

Figure 5. Percent Uslng and Emphastzing Specific Representations for Common Fractions Concept by Differing
Varlety for France,

54



The ten representations available for the com-
mon fractions concept are categorized into two groups
— symbolic and perceptual representations. The left
column of each figure contains curves for the four
relatively more symbolic representations and the right
column those for the six relatively more perceptual
representations. Each graph contains two curves —an
upper, black curve for VARIETY of representations
emphasized or used and a lower, gray curve for VARI-
ETY of representations emphasized. By the nature of
the case, all teachers with a VARIETY used or empha-
sized score of 10 have used or emphasized all listed
representationsand thuseach of the upper, black curves
must end at the maximum of 100 percent. Such is not
the case for the lower, gray curve. The helght of each
curve and how “early” (how far to the left) it begins to
climb significantly reveal something of how central
that representation is to the instruction of a particular
country on this topic.

Figure 5 reveals for France that four representa-
tions constituted something of a core of highly used
representations. These included the symbolic repre-
sentations of quotients, decimals, parts of a region and
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points on a number line. In terms of what is empha-
sized, the gray curves show that quotients and parts of
a region were the most commonly emphasized repre-
sentations in the core.

Thircore wassupplemented by a“sheli”of other
interpretations, Including all except fractions as ratios,
which was virtually never emphasized and used basi-
cally only by those that reported making use of nine or
tenrepresentations. Of the others, fractions as compar-
isons, as measurements and as repeated unit fractions
showed somewhat greater emphasis than did fractions
as parts of a collection or as operators.

The core representations for New Zealand was
similar to that for France, including the same four as
before but In addition including relatively high use of
fractions as repeated unit fractions and as parts of a
collection. The level of emphasis for these later two
representations suggested, however, that the core for
New Zealand is not unlike that of France. The shell of
supplementary representations was also very similar to
that of France, except that slightly more use was made
of fractions as ratios and less of fractions as operators.
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Figure 6 shows that the core representations for
the United States differed slightly from those of the
other two. Core tepresentations here included frac-
tions as quotients , as decimals and as coordinates of
points on a number line but a much less extensive use
of fractions a3 parts of a reglon. Fractions as ratios
recelved sufficient use and emphasis that It might well
also be consldered a core interpretation, in marked

contrast to France and somewhat to New Zealand.
Only fractions as operators appear not to be significant
part of the shell of supplementary representations.

BALANCE, the other variable abstracted from
the specific representations, offers some hope for being

even more revealing and for having even more ex-
planatory power than does the variable VARIETY.

(a) Distribution of BALANCE in Representations Used
in Common PFractions Concepts Instruction
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Figure 7. Distrlbuticns of Balance for Representations Emphastred or Used In Common Fractlons Concept

Instruction.
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Figure 7 presents box-and-whisker plots of the
distributions of BALANCE both for representations
used (or emphasized) and for those emphasired only for
instruction on the common fraction concept.

BALANCE scores greater than zero indicate
relatively greateremphasis on the symbolic while scores
less than zero indicate relatively greater emphasis on
the perceptual. In Figure 7a the United States shows a
distribution that is centered on zero and indicates a
relative balance of emphasis In the representations
used. By contrast, the other two countries show much
more of an emphasis on the symbolic. Further inves-
tigation would be needed to determine just which
representations provide that symbolic emphasis, but
thedistributionsof the BALANCE variableare enough
to reveal some clear national differences.

Figure 7b contains the distributions of BAL-
ANCE for just those representations emphasized and
presents an interesting contrast to Figure 7a. The
United Statesisscen toputrelatively moreemphasison
the symbolic than do the other two countries. Clearly
there are differences between what Is emphasized and
what is merely used. This suggest that what {s empha-
sited may have greater explanatory potential than
consideration of what Is used.

A similar plcture emerged from examining
BALANCE in fraction addition Instruction. The
United Statesagain showed a relativelybalanced use by
a more symbolic emphasis. The pattern for France did
not differ significantly from that In Figure 7. New
Zealand both emphasized andused the perceptual more
than the othet two countries (or perhaps used the sym-
bolic relatively less.

A Look at Effcctivencss

This survey of the desceiptive and explanatory
potential of the SIMS data would not be complete
without a look at the student achlevement data and its
links to the content representation data alecady dis-
cussed. Out of the pool of about 180 achlevement test
items at the Population A level of SIMS, 12 in particu-
lardealt with common fractionsconcepts, computations
and applications. Data for cach of these twelve were
examined and the patterns were similar regardless of
whether the specific item dealt with concepts, compu-
tationsor applications. A fewbasic polntswillbe made
hete, but restriction to a single case study has limlted
explanatory findings to being suggestive at best.

The most obvious predictor of end of year per-
formance on any {tem for any class Is beginning of year
ocformance on the same item. With this in mind,
simple lincar regeessions were run for cach item with
classes from all three countries pooled.

The (Studentized) residuals for each class were
plotted asan {ndication of whether that class, at end of
year, performed above or below what might be expected
based on its pretest performance. By looking at the set
of residuals separately for each country, some Indica-
tion of “overachieving” and “underachieving” coun-
tries can be seen.
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Pigure 8. Pretest vs. Studentlzed Resldual Class
Achievement Scores for a Fraction as Part of a
Reglonal Concept Item for Three Countrics.

Figure 8 presents these plots for the common
fractions concept Item. Data for the other items were
similar. It can be seen cleatly that France had more
classrooms with residual (gain) scores above tero than
below; New Zealand had far more below than above;
and the United States class restduals were scattered
fattly evenly and randomly above and below 1ero. This
indicates that, in comparison to the other two coun-
tries, France petformed better than expected, New
Zealand less well than might be expected and the
United States somewhere In the middle. Resultsfor the
other achievement test ltems were similar. It should
also be noted that the horirontal spread was different
for France. Since common fractions were cssentially
new content for the target year In France, there were
very few high pretest scores and thus much room for
growath. Thiswas not the case for the other countrics.

The possible explanations for these outcomes
arc many. The explanation may be as simple as 8
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recency effect, since this material was rew content in
France and largely review content in the other two
countries. More complicated explanations may be tied
to the specifics of characteristic patterns of instruction
orof teacherbellef. Some of the more obvious analyses
suggest that it may be hard to link achievement effec-
tiveness to patterns of instructional strategy. For ex-
ample, plots similar to those of Figure 8 but In this case
the pointfor each class was marked to indicate whether
the teacher emphasized, used, or did not use the repre-
sentation of fractions as pasts of a region (the most
directly relevant representation) showed that in none
of the three countries were high residual gains consis-
tentlyassociated with emphasizing that particularinter-
pretation. The findings were similar for other ftems
that could be linked to specific representations. Thus,
emphasis of a particular representation could not be
directly linked to high gains, even on achievement test
items for which that representation was particularly
salient.

Conclusions

An underlying theme of the work presented
here hasbeen to Investigate the importance of specific-
ity indescriptionand explanation as spposed to the use
of parsimonfousand simplifying abstractionsof the data
(various variables and Indices) which offer the poten-
tial for powerful explanation but at the cost of sacrific-
ing concreteness and detail and running the risk of
missedconnections. Asinalmosteverythingelse about
the SIMS classroom process data, the resultsare mixed.

Certainly the specifics of description are rich
and arc worthy of further study for identifylng impor-
tant natlonal characteristics. In contrast, Insome cases
the abstractions revealed pattems that were hard to see
among the “trees” of the “forest”. For instance, the
VARIETY vatiable showed considerable difference
between use of representation in conceptual and proce-
dural aspects cf common fraction Instruction and the
BALANCE variable showed some impottant charac-
teristic patterns and some Importtant differences based
on what was emphasized versus what was merely used.

Neithee strategy Is adequate by fteelf for the
scarch for effective description and explanation. The
investigation of a large array of subtopics by more
abstract indices has {ts place In exploting the presence
or absence of characteristic patterns and general prin.
ciples. However, such strategies must be supplemented
by other Investigations that focus in more detail on the
specifics of a smaller number of cases to bring out
characteristics and connections that might be missed
otherwlse.
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TEACHING PRACTICES EMPLOYED IN THE TEACHING OF
ALGEBRA AND GEOMETRY

David F. Robitaille

As part of the longitudinal component of the
Second Intemnational mathematics Study, question-
naires were administered to participating teachers at
the Population A (13-year old) level to obtain highly
specific information abeut the teaching practices they
employed in their classrooms. The five questionnaires,
which were specially developed for use In the interna-
tional study, dealt with the topics of algebra (integers,
formulas, and equations); geometry; fractions; ratio,
proportion, and percent; and measurement.

The importance of each of these topics in the
Population A curriculum varies considerably from one
jurisdiction toanother, although algebra and geometry
appear to be constant. That is to say, these two topics
figure rather largely in the curriculum of each partici-
pating jurisdiction, although not equally so. By way of
illustration, Table 1 presents a summary of the percent
of class time in the Population A year devoted to the
teaching of the five toplcs.

The results displayed in Table | for the teaching of
algebra may be somewhat conservative estimates of the
actual situation since, on that questionnalre, tcachers
were asked to report how much time they devoted to
the teaching of integers, formulas, and cquations only,
and notto otheralgebraic topics which might form part
of thelrcurriculum. Thismeans thatin Belgium (Flem.
ish) the teachers reported that they spent approxl-
matcly 48 percent of the total time devoted to the
tcaching of mathematics in the Population A year to
the tcaching of integers, forinulas, and equations. It
may well be that additional time was spent dealing with

other algebraic topics, but they were not asked about
those on the questionnaire.

The caution expressed in the preceding paragraph
applies toa certain degree to each questionnaire and to
each jurisdiction in which the questionnaires were
used. Although aquestionnalire bearsacertain content
label, the precise connotation of that label is somewhat
unclear. The applicability of the Algebra question-
naire to the French situation is illustrative.

In the curriculum analysis phase of the Second
International Mathematics Study, France was catego-
rized as being one of the jurisdictions which placed :
heavy emphasis on the teaching of algebra at the
Population A level; however, Table 1 Indicates that
French teachers stated that only 11 percent of class
time was devoted to the study of toplcs covered in the
Algebraquestionnaire. Thisisundoubtedlyamatterof
the definition of the term “algebra”; Le. what consti-
tutes algebra in the French curriculum is probably
different in many impottant respects from what consti-
tutes algebra in the questionnaire developed for use In
this study. That questionnalre dealt with the teaching
of integers, formulas, and cquations. Much of this
material Is treated in carlier grades in France and liule
ornotimeisdevoted toitduring the Population A year.
We know from the questionnalre that Fiench teachers
spend about 11 percent of class time on the topics
coveredinthe Algebraquestionnaire. We donotknow
anything about how much time s spent on other
algebrate toples.

Table 1
Time Spent on Questionnalre Toples
(Percent)

Toplc BFL CBC CON FRA JPN NZE THA USA
Algebra 48 23 17 11 35 12 16 16
Geometry 27 17 13 kY] 17 15 12 12
Fractions .* 16 14 20 12 14 1?7
Ratfo, Prop.,

Percent 11 12 6 5 8 n
Measurement 12 14 3 8 9 8
TOTAL 15 79 70 7 52 52 59 64

*Questionnalre not used.

BFL = Belgium (Flemish), CBC = Canada (British Columbia), CON = Canada (Ontartio), FRA = France,
JPN = Japan, NZE = New Zealand, THA = Thailand, USA = Urlted States of Amedica.
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Bearing in mind the limited scope of the curricular
content covered by the questionnaires and the inher-
ent limitatons of self-report data, it is important to
recognite the uniqueness and Importance of thelr
contiibution to ourknowledge about what transpiresin
mathematics all around the world. The questonnalres
were designed especially for use in this study, and were
extensively pilot-tested in several of the participating
jurisdiztions to enhance the validity of the results
obtainad. Little is known about what actually tran-
spires in classrooms, and these questionnaires provided
a way of obtaining comparative data from a variety of
jurisdictions on the teaching practicesemployedin the
teaching of mathematics.

Of the five questionnaires, two weie used in all
eight panticipating jurisdictions. In some places only
two were used because the topics treated in the other
questionnaires were not asimportantin the mathemat-
ics curriculum at that level; in others, it was decided
that asking teachers to complete five extensive ques-
tionnaires was not a good idea. In this paper, results
from the twoquestionnalresused inall eightsystemsare
considered. An analysis of the data from all five ques-
tionnaires will form part of the intemational report of
the longftudinal component of the study. thatreportis
expected to appear in the near future.

The Teaching of Algebra

The box-and-whisker (Tukey, 1977) plots in Fig-
urc 1 summarize the distributions of amounts of time

spent on the topics covered in the Algebra question-
naire. The median numberofhoursintemationally was
23. Belgium not only reported the highest median
number of hours spent on algebra, 67 out of a total of
140, but it also had the widest spread, Indicatng a
considerable degree of variation within the country.
All of the other countries have faitly narrow spreads.

The graphs for all but two of the systems include
several outliers, especially those for France and the
United States. For the United States, the outliers
represent Population A classes taking a full year of
algebra, while most American students would not take
such a course until the year following the Population A
year.

Toplcs Taught

Eleven topics under the sub-headings Integers,
Formulae, and Equations, were treated in the Algebra
questionnalre. Taken together these eleven topics
constitute the definition of algebra at the Population A
level for the classroom-process phase of the study. A
list of the topics and the percent of tecachers whoeither
taught or reviewed them is shown in Table 2.
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v
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Flgure 1. Time spent on algebra
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Table 2

Algebra Toples Taught or Reviewed

(Percent)
Toplc BFL CBC CON FRA JPN NZE THA USA
Integers
-concept of 76 100 95 3 9 98 100 99
-addition 87 100 95 87 99 98 100 99
-subtraction 89 100 95 88 9 98 100 98
-multiplication 85 100 92 89 Y 95 98 98
-division 86 100 91 91 99 93 9 97
-properties 89 85 65 90 98 75 99 82
-order relations 81 92 82 93 9 96 92 93
evaluate formulae 75 95 95 82 9 90 96 94
derive formulae 42 64 62 60 99 31 82 61
solve literal eqns.! 40 30 42 50 68 19 79 40
solve lincar eqns.? 95 96 92 100 29 817 97 92

!inear equations of the first degree, in one unknown, with literal cocfficients
! linear equations of the first degree, in one unknown, with numerical coefficlents.

Of the 11 topics, nine were either taught or re-
viewed by virtually all teachers in every country. The
exceptions were deriving formulae or equations and
solving literal equations. These were taught by signifi-
cantly fewer teachers than the other toplcs.

The major differences among systems regarding
coverage of the 11 toples was vvhether the material was
considered to be new for students at this level or was
customarily taught earlicr. In France and Belgium,
almost all of the matcerial dealing with integers Is

The set of integers lets than § (s
resraseated on one of the nunter
1ines shevn belov, Vhich one!

A te—r—o—t—v—— > -
=21 0 1 2 ) &}

B «¢—4—0—84—(4—4-t—9—10
“2-10 1 1 ) & 5 @

apparently taught before the Population A year and
reviewed or extended during this year. In Japan, on the
otherhand, almost all teachers reported that the mate-
rial dealing with Integers was being presented to stu-
dentsasnew material. There wasconsiderablylessuna-
nimity within most countrics regarding the teaching of
topics dealing with formulae and equations. Only the
Japanese had high proportions of teachers indicating
that these toples were taught to students for the finst
time in the Population A year.

Integer Concepts

The cholce of which pedagogical approaches to
use in the teaching of algebra scems to depend on the
subj.ct matter belng presented and whether or not the
toplcisbelngintroducedfor the first time. Forexample,
in Introducing the concept of an Integer, over 70
percent of Population A teachers in countries other
than Belgium and France emphasize the use of a num-

¢ e ber line where the Integers are seen as an extension of
the naturai numbers, or 8s coordinates of points on the
L ST T A S S S number line. The number line may also be uted to
illustrate operations with integers, particularly addi-
E = > ——0 =trrin
1141 2 b
Item 082
Pretest (%) Posttest (%) Change
Correet Incorrect Omit Correct  Incorrect Omlt
BFL 48 17 5 54 43 3 6
CcBC .* . . 66 28 6 nfa
CON n 55 8 56 42 2 20
RA 46 28 26 58 34 8 12
JPN 40 57 2 55 13 2 15
NZE 41 54 4 57 12 1 16
THA 26 69 5 39 60 0 13
USA 39 56 4 51 49 1 11

*ltem not included in the pretest.
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tion, subtraction, and muldplication.

Item 082 was the only test [tem that dealtdirectly
with the use of the number line as a means of reprezent-
ing Integers. Growth scores exceeded 10 percentage
points In six of the seven systems that made use of this
item in the pretest, but pretest scores were quite low.
Posttest scores were rather disappointing, with the
highest being 66 percent correct in Canada (B.C.). In
every other place, the posttest score was less than 60
percent.

Itisdifficulttoexplainwhystudents seemed tofind
this item so difficult. There was universal agreement
thatthe itemwasappropriate for thislevel,and that the
material had been taught. Incorrect answer choices
were divided more or less equally among the four
distractors, and rates of omission were not at all high.

Item 014 also involved use of the number line, but
in that instance students were asked to order three
numbersincluding a negative rational: viz. - 1/2. Over-
all, performances was no better on this item than on
Item 082.

Over 70 percent of teachers in every country
except Belgium and France reported that they empha-
sized the use of the number line In teaching Integer
concepts. In France and Belgium, where this material
isusually tayghtinitially before the Population-A year,
the approach taken Is nuch more abstract and related
to axlomatic structures. Thus, Belgian teachers were
much more likely to refer to Integers as vectors or
directed segmentsthan teachers elsewhere, while mote
teachers In France than anywhere else emphasiied a
dcfinition of an Integer as an equivalence class of

ordered pairs of whole numbers:
~1= {(ov 2)- (lu 3)- (2)4)1 '--}
or
~2={(a,b)e WXW|b=a+2}

Anotherapproach which iscommonly used in the
tcaching of integers, everywhere exceptin Thailand, is
the employment of exemples of physical sitvations
involving Integers. Students discuss situations such as
heights above or below sca level, temperatures above
an-below 2ero, and prefitand lossin which integersare
vsed as vector quantitics to convey a sense of both
quantity and direction. Such examples wete reported
asbeing emphasized particularly by teachers in Canada
(Ontatio) and Japan where integer concepts are Intro-
duced for the first tdme at thistevel and which had the
youngest students patticipating.

Achievementresultsonitemsrelated toreal-world
applications of integets were rather disappointing. For
example, on Item 013 students were asked to tell how
muchwarmera temperature of 31 degrees was thanone
of -7 degrees. The highest posttest score on this ftem

was 70 percent in Belgium (Flemish). Next was Japan
at 63 percent and all the rest were less than 60 percent.
The most popular distractor by far was 24 degrees, the
algebraic sum of 31 and (- 7). Over 20 percent of
students In each of the eight systems chose this re-
sponse. Given such relatively poor posttest results, itis
notatall surprising tofind that growth scores were very
low: the highest was 10 percentage pointsin each of the
twoCanadian provinces. Teacherseverywhere consid-
ered the item to be an appropriate one, and indicated
that students had been taught the concepts and tech-
niques involved. In spite of this, posttest results were

quite poor.

Operations with Integers

Whether or not operations with integers such as
addition, subtraction, and multiplication are being
taught for the first dme, teachers in most countries say
that they emphasize rules for performing those opera-
tions rather than other approaches which attempt to
build meaningful rationales for the algorithms em-
ployed. Exceptions to this trend were reported primar-
ily in Canada and New Zealand.

Teachers in all countries are strongly of the opin-
ion thatstudentsrequireagreatdeal of practice inorder
to become proficient in performing operations with
integers. They also believe that students are not very
intcrested In knowing why rules for performing opera-
tions with integers work, and this opinion undoubtedly
contributes to thelr emphasis on such rules.

Performance on the three test items dealing with
operations with integers (ltems 012, 049 and 113)
resulted In much greater growth icores overall, and
higher postiest sores than wa) the case for items
dealing with integer concepts. For example, on Item
012 which required students to find the product of (~2)
and (-3), the performance of sradents in Thailand
Increased by 53 percentage points, and in Ontarioby 47
points between pre- and posteest. In Japan, on Item
113, which required students to find the difference

(-6)~(8)

petformance grew by 53 polnts, to 72 petcent correct.
However, only one natlonal postiest score on any of
these computational ftems exceeded 80 percent, and
there issome reason todoubt thatstudentshad achieved
mastery of these algorithms in spite of the opinlons
expressed by their teachers about the Importance of
practice.

62



Item 012
(-2) x (-3) is equal to:

A.-6 B-5 C.-1 D5 EG6

Pretest (%) Posttest (%) Change
Cormect  Incorrect Omit Correct Incorrect Omit
BFL 66 33 1 78 21 2 12
CBC 36 59 5 72 27 2 36
CON 14 83 3 60 39 1 47
FRA 72 217 2 79 20 1 7
JPN - . - 85 15 0 n/a
NZE 13 86 1 47 52 1 34
THA 9 91 1 62 38 0 53
USA 24 74 2 56 44 0 32
Item 049
-5 (6-4) s equal to:

A.50 B.26 C.10 D.-10 E.~26

Pretest (%) Posttest (%) Change
Correct  Incorrect Omit Correct Incotrect Omit
BFL 68 24 8 75 22 2 7
CBC - - - 75 18 7 n/a
CON 58 31 11 65 32 k] 7
FRA 66 24 10 75 19 5 10
JPN - - - 78 21 1 nfa
NZE 53 38 9 61 36 2 8
THA 57 39 4 59 40 | 1
USA 59 35 6 65 34 1 5
Item 113

(-6) - (-8) is cqual to:
Al4 B2 C-2 D.-10 E. -4

Pretest (%) Posttest (%) Change
Correct  Incorrect Omit Correct lncorrect Omit
BFL 46 52 2 57 42 1 11
CcBC . . . 49 49 2 na
CON 16 81 k| 43 b)) | 27
RA 70 % | 70 29 1 0
JPN 19 74 7 72 27 1 53
NZE 19 19 2 30 69 | 11
THA 17 82 1 32 68 0 15
USA 24 3 3 41 58 1 17




Solving Bquations

In teaching students how to solve equations of the
firsc degree in one variable, e.g.

Ix+5=40

teachers In all countries reported emphasiiing an alge-
braic approach based either on properties of equality or
on the properties of additive and muldiplicative in-
verses. Few emphasized other possible techniques such
astrial and error. While this{s pethaps nota surprising
finding, it underscores an apparent tendency among
teachers at this level to stress formal mathematical
approachesto topics rather than more intuitive ones. It
Is panticularly interesting to note that this is a wide-
spread, if not a universal, tendency.

Two testitems dealt explicitly with the solution of
equations. On ltem 086, students were required to
solve the equation ‘Tlf-o ; on ltem 151,
5x + 4 = 4x - 31. On neither item were there any
posttest scores greater than 60 percent, and even in
cases where growth was substantial the overall results
were disappointing. For example, scores on Item 151
increased by 21 and 24 percentage points in Belgium
andFrance, respectively. However, thele posttest scores
were only 53 and 42 percent correct. This can hardly
be interpreted as a positive result.

Summary

The general impression that one obtains from
studylng performance on the algebra test {tems is that
students found them difficuit. Posttest scores were
generally low, often surprisingly so. Teachers report
having taught this material and they appear to empha-
size rules and abstract justifications in thelr teaching.
These results pointout a need for teachers, researchers,
and curriculum developers to re-examine the teaching
of intrcductory algebraic concepts and techniques to
see whether this material can be taught more success-
fully ar this level, or perhaps to recommend that these
topics be delayed until students are better prepared to
assimilate them.

The Teaching of Geometry

The box-and-whisker plots shown inFigure 2 sum-
marite the number of hours devoted to the study of
geomeny at the Population A level. StudentsinFrance
spend twice, and insome case three times,asmuch time
on geometry as students in most other countries. In
Belgium the median number of class hours per year for
geometry wasslightly lower than in France: 37 outof a
total of 140 hours of mathematics for the ycar.
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In the other participating systems, less than 20 percent
of class time during the year appears to be devoted to
geometry; in several cases, considerably less. The

specific results are as follows:

Canada (B.C.) 15%
Canada (Onrario) 10%
Japan 17%
New Zealand 12%
Thailand 12%
United States 8%

In most cases, the amount of time devoted to
geometry was significantly less than that devoted to
algebra. In the United States and Canada (Ontario),
teachersreported spending more time onfractionsthan
on geometry, and such results should be a cause for
concern to mathematics educators, curriculum devel-
opers, and classroom teachers.

Probleras with the status of geometry in the mathe-
matics curriculum have been apparent for years. Since
atleast the time of the Royaumont Conference in 1959
(OEEC, 1961) and Dicudonné’s ultimatum to the cf-
foct that “Euclid must got”, the geometry curriculum
has been in disarray. What these data may indicate is
that teachers, faced with such disarray, have decided
that thelr valuable and limited class time would be
better spent working on arcas of the mathematics
curriculum other than geometry. Geometry, according
tothescdata, may wellbeon theendangered specieslist
in mathematics education.

Geometrlc Content In the Currlculum

Sixteen toplcs, ranging from highly specific oncs
suchasthe Pythagorcan Theorem tofaltly broad themes
such 3s transformations, were listed on the gecometry
questionnaire. Teacherawereasked toindicate whether
ornotcach of these topicsformed part of theirgeometry
curriculum, and whether the toples they did teach were
taughtas new or as review material. The sixteen toples
were:

angles (tight, acute, supplementary, ete.)
transformations (translatlons, teflections,
wtations)

vectors

the Pythagotean Theorem

triangles and their properties (excluding
congrucnce)

polygons and thelt properties (excluding
properties related to congruent or similar
polygons)

clecles and thele properties

congruence of peometrle figures (including
triangles)

similarity of geometrle figures (including
tdangles)

parallel lines

spatial relations

geometric solids and thelr properties
geometric constructions with ruler and
compass

proof (formal deductive demonstrations)
tessellations

coordinate geometry

Treatment of these toplcs varied considerably in
different systerns, as is shown by the median polish
results in Table 3. Positive entriesin the table indicate
that a particular topic {s given comparatively more
importance in a given school system; negative entries
indicate the opposite. Results greater than 15 in
absolute value were considered significant for this
analyzis, and they are printed in buld type in the table.

The large positive values a the rightmost
column correspond to topics that are mort likely to
have been taught in these systems. The: six toples so
indicated are typical relections from plane Euclidean
goeometry: angles, triangles, polygons, :ircles, parallel
lines, and ruler-and- compass constructions. The
three topics with the most negative welghtings —
vectors, spatial relations, and proof— are the least
likely to be taught among the sixteen listed.

Thissetof toples did not fitthe curriculum particu-
tarly well in Belgium or France. The Individual cell
residuals for those countries show that they place much
greater emphasis on transformations, vectors, and for-
mal proof than do teachers elsewhere. These two
countries also show significant negative residuals for
many of the Euclidean toplcs, indicating that these
toplcs ate not given much Importance at the Popula-
tion A level. In fact, except for the topic “angles”,
Belgian and French teachers reported that many of
thosc topics did not form partof thelr gcometry curricu-
lum prior 10 the Population A level elther.

Teaching Practices Employed

These curricular dispartics ure reflected in the
achlevement results. Consider, for example, Item 122
shownbelow. Theitemdealswith thesumoftheangles
ina triangle, and Is 3 typical item of the kind included
Inan introcductory treatment of Euclidean geometry at
this level.

Posttest performance on thisitem was very high in
Japan at 89 percent, and falely good In Cansda (B.C.
and Ontarlo), New Zcaland, and Thailand, where
almost all teachers reported teaching this topic. Sub-
stantial growth was also e:ported in Canada and New
Zealand. Students n Belgium (Flemish) and France
didlesswell: 63 parcerr ind 55 percent, tespectively. In
these two places, slmxet half the teachers indicated
that this material had not been aught.

In the Unlted States, where faitly strict stecaming
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of students into different mathematics courses iswidely
practised at this level, posttest achlevement on the
item was low and only half the teachers reported
teaching the material. In other words, although the
United States results were very similar to those from
Belgium and France on thisitem, the factors underlying
those performance levels were very different.

Achievementlevelson the fouritemsdealing with
transformational geometry in a faitly formal way were
quite poor, even in Belgium and France, where a trans-
formational approach is emphasized. For example on
Item 173, shown below, the highest posttest score was
only 20 percent correct. Students in France and Bel-
gium seemed to find these items as difficult as students
elsewheredid, in spite of their reported emphasisin the
curricula of those countries.

When thess dawe are combined with a description
of the basic instructional approach to geometry taken
by teachess, y et another izdication of the disparity that
exists among rountries with respect to the geometry
curriculumbeccrnesclezr. Teachersin Belgium, France,
New Zealand and ‘vhailand favor a transformational
approach. In New Zealand, the approach s character-
jzed as an informal one, whercas it is much more formal
in thc oth er thrce. North American teachers are much
more likely to use an informal Euclidean or coordinate
approach to geome.try, and not to stress formal proof at
all. In Japan, the approach is Euclidcan, but there is

some ambivalence about the degree of rigor used.

There is also some apparent ambivalence in the
opinions expressed by teachers in certaln countries
regarding the best way to teach geometry at this level.
For example, in spite of the relatively formal nature of
their instructional approach and curriculum, about 60
percent of Belgian, French and Thai teachers agreed
that, “An intultive approach to geometry is more
meaningful to students at this grade level thana formal
approach.” Moreover, although a majority of teachers
in these three countries agreed that it was desirable to
follow an axiomatic approach, there was not a strong
consensus of opinfon to that effect.

The Role of Proof in the Geometry Curriculum

A clear difference of opinion exists on the appro-
priateness of proving theorems for students of this age.
Teachers from Canada, New Zealand, and the United
States are much more likely to agree that such activity
should be postponed to a later grade when students are
older, and presumably, more mature. Teachers from
theothercountries,and pasticularly those from France,
are much less likely to agree with that opinton. Stu-
dents’ achlevement levels on items involving proof in
geometry were quite low in all countres, and it scems
cvident that students at this age level find such reason-
ing difficult.

Table 3
Geometey Toplcs Taught or Reviewed
(Mcdian Polish)
DFL CBC CON FIRA JIN NZE  THA USA ROW
EFFECTS

Angles .16 0 0 -60 24 13 12 0 31
Transforms. 61 -41 -4 39 10 41 .21 36 .l
Vectors 112 230 -8 66 2 11 4 21 .29
Pyth. Thm. 0 » 5 51 21 12 KX 17 -1
Triangles .30 3 .2 0 17 10 0 -4 30
Polygons .15 1 .l 8 .10 9 .20 0 20
Circles .28 -4 4 11 1 44 26 2 21
Congnrerxe  -14 12 13 .20 .20 11 28 12 7
Similarity -4 5 13 .51 .26 .10 34 13 0
Parallel Lines 40 A -4 7 -6 0 1. 4 3
Spatial Rel'n. 14 -6 2 .12 72 0 8 7 19
Soltds 0 -4 4 -14 54 .13 24 8 .2
Const. 0 0 4 17 32 .19 .16 .20 23
Proof 102 .26 -5 64 1§ -10 51 21 31
Coordinatcs 6 S -6 15 0 26 A3 10 14
Column .50 8 6 0 .25 4 6 0 60
Effects
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Pretest (%) Posttest (%) Change
Cortect  Incorrect Omit Correct Incorrect Omit
BFL 61 3 7 63 33 5 |
CBC 47 38 I5 3 22 6 26
OON 53 41 5 72 26 2 19
FRA 49 3 20 55 3o 15 6
JPN . . . 89 10 ] nfa
NZE 58 41 1 75 25 0 17
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USA » 58 5 56 42 | 19
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Summary

There Isaremarkable degroe of consistency among
the teachers who participated in this study regarding
the methods and materials tobe used in the teaching of
mathematics and in their opinlons about Issucs In
mathematics education. As an example of the latter,
teacherstepeatedly anduniversally disagreed with all of
the statements on the questionnaires which suggested
that calculators should be used extensively in mathe-
matics classes at this level.

There is also an apparent consensus among te:ach.
ersinallof thesecountries,exceptFrance, thatstudents
nced to be taught the same material over and over
again. Nomatter what the toplc, very few teachers said
that they took it for granted that students had encoun-
tered and mastered this material in an earlier grade or
grades. Only teachersin France repotted doing so with
any degree of froquency.

The implications of such a practice for the teach-
ing of mathematics are enormous. If teachers believe
that they cannot assume that students have mastered
and retained material which they have scen Inprevious
grades, thena tremendousamount of reviewing must be
done. Such a practice would scem to be wasteful in
terms of the amount of time consumed, and stultifying
for students who have to work through *he same mate-
rial ovee and over cach year.

Previousstudiesof teaching practicesconductedin
Notth America have concluded that the teaching of
mathematics Is largely a teacher-directed, “chalk-and-
talk” affair (Romberg and Carpenter, 1986). The
rcsults of this study add further confirmation to this
conclusion. There are many instances In the data
where teachers indicated agre sment with a statement,
but repotted doing exactly the opposite In practice. For
example, they agree that having students measure and
explore all impottant activitics in teaching of measure-
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ment, but theyalso say that they do not put thisopinion
into practice.

The reasons for this lack of congruence between
opinion and practice are unclear. It may be that
teachersfind themselvessopressed for time to complete
the prescribed curriculum that they cannot afford to
devote any extra time to laboratory-like approaches.
Or, it may be that they are unwilling to do so.
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IDENTIFICATION AND DESCRIPTION OF OPPORTUNITY
TO LEARN AND GROWTH IN ACHIEVEMENT

Richard G. Wolfe

Mathematics {s a topic that is mostly leamed in
school, sothecontext for assessing mathematics achleve-
ment needs to be the teaching and leaming environ-
ment of the mathematics classroom. The IEA Second
International Mathematics Study (SIMS) looked at
mathematics achlevement and its environment from
the perspectives of:

1. the intended curriculum,
defined by national and local
syllabuses, guidelines, and regula-
tions, by the contents of textbooks,
and by school structures including
tracking and retention;

2. the implemented curriculum,
defined by teachers’ reports of thelr
individual goals and attitudes, of
their use of Instructional resources,
of their teaching methods, and, es-
pechally, of the actual time gpent
and specific mathematical material
covered; and

3. the auained curriculum,
defined In terms of what mathe-
matics knowledge students acquire
and also their attitudes toward
mathematics and mathematical

study.

The SIMS survey was carried out In the early
1980's in some twenty countries. Two levels of «chool
mathematics were studied: Population A, correspond-
ing to the grade in which the modal student age was 13
years, and Population B, corresponding to students spe-
cialiting Inmathematicsin theitfinal year of econdary
school. The surveys Included extensive background,
attitude, and pedagogical questionnalres for teachers,
school principals, and students in addition to student
achievement testing. The SIMS is partly a replication
of an carller international study, described by Husén
(1967), that was carried out in the early 1960’ In
twelve countries.

In most developed countrics, Population A Is the
last level of schooling where education, and particu-
larly mathematics education, Is essentially universal:
most }3.year-old children are still in school and still
taking mathematics. There are, however, important
differences within and between countrics In what
mathematics is taught and how [t Is taught. In some
contexts there {8 repetition of carlicr {nstruction In

arithmetic. Inother contexts, there {s Introduction of
new topics, especially algebra and geometry. There is
variation in the extent of abstraction and symbolism
used In presenting mathematical ideas.

This paper focuses on Population A results ob-
tained within SIMS for eight “countries” (Flemish Bel-
gium, British Columbia, Ontario, France, Japan, New
Zealand, Thailand, and the United States of America.)
that used the full methodological design of the SIMS,
including:

1. longitudinal achievement test-
ing: the students were pretested at
beginning of school year and
posttested at the end of the school
year, using a pool of 176 or 180
mathematics items (through a test
form rotation scheme, not all
students had to answer all items);

2. opportunity-to-leam measure-
ment: the teachers of the sampled
classrooms indicated for cach test
item In the pool whether their
students had the opportunity to
leamn the mathematics necessary to
glve a correct answer; arxd

3. classroom process description:
special questionnalres were filled
out by the teachers during the
school year to provide rich desceip-
tion of classroom processes,
concerning both methods for
teaching specific mathematics
toplcs and gencral pedagogical
styles.

These are important methodological Innovations
Inlarge-scale, inteenational educational surveys (or for
that matter, for national or local studics) and allow
detailed description of what (s taught and leamed in
one year, disentangling that from cumulative knowl-
cdge galoed over a student’s school carcer. 1t s also
possible tomake correc tly specified correlation of within-
year leaming with within-year classcoom characteris-
tics and processcs.

In Japan, neadly all the teachers (93 percent) con-
sidee theitem to be old content, and while the students
perform rathee well on the item, there [s no growth over
the school year: in the pretest 63 percent get the ftem
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Issues concerning the research design

The array of data for the SIMS longitudinal, class-
room process Population A study is shown in Figure 1.

In each country, a complex sample was drawn,
starting with basic stratification of schoolsaccording to
jurisdictional or geographical categories. The general
pattem was then to sample schools withinstratumwith
probabilities proportional to size or estimated size, to
sample two classrooms at random from each sampled
school,and thento regard as the final sampled units the
teacherand all the students of the selected classrooms.
The final sizes of the sample varied by country from 93

Population A: students
in grade with modal
age of 13 years. Eight
countries participating.

( Teacher \
Background
Attitudes
Teaching
Practices

Questionnaire
(" Each tcacher

indicated OTL
for cach of the

\ 180 items.

School

Organization
Questionnaire

Pretest and
positest...

Figure 1, Data array for the longttudinal, classroom process component of the IRA Second International

Mathcmatkes Study.

10365 classroomsand 2567 to 8778 students. The basic
survey statistics—viz., the percentage of cotrect item
response—have standard errors of 1 or 2 percent, as
estimated from the variability of classroom and school
means.

The research design [s discussed fully in Burstein
(1988). For the purposes of this paper, we need to
consider the critical Issue of the definition of the cog-
nitive achlevement measures.

Inanintemational educational survey, the achieve-
ment tests are inevitably compremises, because na-
tional curricula vary significantly in content and em-

Extensive classroom
process questionnaires

Fractions X Geometry )

Ratio, Proportion, Measurement
Percent

Algebra IGenml cla.ss. )
room praclices

R1: 35 items
R2: 35 items

Student
Background
Altitudes

- Questionnaire
R3: 35 items

Math Tests

( Each student

answered the answered the
corc and 1 corc and 1
rolated form at rotated form at
the beginning the end of the
of the school school year.
year. \ J

(Each student )
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phasls. In some countries, notably the United States of
America, therelssubstantial curriculumvariationwithin
country. An initial focus of the SIMS project was to
describe and report the currculum varation, and a
book of analysis has been prepared (Travers & West-
bury, 1989). The mathematics item pools and classifi-
cations were derived from the analysis, and the finsl
selection of items for the international testing were de-
termined by ensuring that for each country, its most
important Population A contents were included, and
that over all countries, more items were used for con-
tent areas that were important in a majority of coun-
tries. This works reasonably well in that there are some
contents that are taught most everywhere: basic arith-
metic including fractions, the concepts of integers,
methods for handling ratlo, proportion and percent,
and some beginning algebra. On the otherhand, there
are toplcs thatare not taught in some countries: for ex-
ample, square root is not taught at this level in Japan.
And some topics are taught with special content and
emphasis: for example, in France and Belgium, geome-
try Is taught from a formal, transformational perspec-
tive.

Such differences can make intemational compari-
sons In achievement quite misleading, unless the com-
parisons are made for specific content areas and are
considered relative to degrees of national emphasisand
opportunity to learn. And the determination of spe-
cificachlevementsmeans that the mathematicsknowl-
edge domain must be finely articulated and that there
need to be many mathematics test items employed.

Cognidve Response and Opportunity to Learn

Thebasic findingsof the longitudina! SIMS survey
are to be found in the item-by-item tabulations of cog-
nitive response and opportunity to learn. Anexample
for an item in the Ratio-Proportion-Percent topic is
given In Figure 2. For Japan, this item was part of the
pretest given all students and was on a rotated form for
the posttest, so it was given to 25percent of the sample.
In the other countries it was on the core test and so was
taken by all students both at pretest and posttest.

Belgium Flemish

British Columbia Ontario

Teacher teport of OTL
30% Previous content
30 New content
40 Not taught

Student Achievement
Pretest Postlest
Right 60% 61%
Wrong B A
Omit 4 2

Teacher report of OTL
1% Previous content
78 New content
21 Not taught

Student Achievement
Pretest Posttest
Right 44% 65%
Wrong 47 39
Omit 9 8

Teacher report of OTL
3% Previous content
91 New content
6 Not taught
Student Achievement
Pretest Posttest
Right 40% 58%
Wrong 8 40
Omit 5 2

Franco

Teacher report of OT1,
36% Previous content
48 New content

A painter is to mix
freen and yellow paint
ntheratioof4to 7 to
obtain the color he
wants, Ifhe has 28 L of
een paint, how many
iters of yellow paint

(" )

Japan
Teacher report of OTL
93% Previous content
6 New content

18 Not taught should be added? 2 Not taught
Student Achievement a nL Student Achievement

) Pretest Posttest b 16L Righ Pret&s; Féozs}%teu
Right 44% 56% c. 231, wg t §3% o2
\qung 4 33 d 9L rong 5 A
Omit 13 7 ¢ 1961, Omit

\ _
New Zealand Thailand U.8.A.
Teacher report of OTL Teacher report of OTL Teacher report of OTL

5% Previous content
36 New content
69 Nottaught
Student Achlevement

Pretest Postlest

Right IT% 45%
Wiong 6 64
Omit 1 1 3

2% €revious content
93 New content

5 Nottaught
Student Achisvement

Pretest Posttest

Right 61% 64%
Wrong 49 38
Omit 1 0

6% Previous content
83 Newcontent
11 Not taught
Student Achievement
Pretest Posttest
Right 33% 43%
Wrong 63 65
Omit 4

Figure 2. Opportunity to learn and pretest and posttest achlkvement across countries on one ratio question.
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In Thailand and Ontario, we sce the oppasite cir-
cumstance. In Thalland, nearly all the teachers (93
percent) censider the item to represent new content
that was taught during the year, and there is student
cognitive growth from 51 percent correct in the pretest
to 64 percent correct In the posttest. Similardy in
Ontario, 91 percent of the teachers taught the mathe-
matics for this item as new material, and the students
showed growth from 40 percent correctin the pretest to
58 percent correct in the posttest.

The United States of America., British Columbia,
and New Zealand show few teachers who regard this
item torepresentold content (6 percent, 1 percent,and
5 percent) and progressively decreasing percents of op-
portunity toleam thisitem as new material (83 percent
78 percent, and 36 percent). The student achieve-
ments and levels of cognitive growth are correspond-
ingly low: 33 percent, 44 percent,and 37 percent at the
pretest going to 43 percent, 55 percent, and 45 percent
at the posttest.

The results are more confusing for Belgium Flem-
ish and France, because some teachers regard the con-
tent to be old and others regard the content to be new.
The students In Flemish Belgium perform well on the
item but show no growth (60 percent correct on the
pretest, 61 percent on the posttest); the teachers seem
to be split evenly between regarding the {tem as old
content, as new content taught, or as content not
taught. In France, nearly half (48 percent) of the
teachers report teaching the mathematics for the ftem,
butanother 36 percent regard the item’scontentas old,
and the student show some growth, from 45 percent
correct the pretest to 56 percent correct at the posttest.

Informal Transformations in Geometry

All of the mathematics testing In SIMS was done
withinafive-altemative, multiple-cholce format. While
the validity of the interpretation of the ftem response
and its correlates depends primarily on the logical and
emplrical connections made beiween the mathematics
test item and the mathematies curdculum—Intended
and implemented—thz intetpretation also hinges on
an understanding of the students’ response processes,
whichareas much psychological asmathematical. The
parameters of the processes may be affected by and
change during the year of Instnction. The multiple-
cholce response mode imposes inherent limitations on
how much one can tell about how a student responds.

In particular, in making International compari-
sons,one must consider how the item response patterns
vary between countries. A major point of difference Is
the tendency for students in some countrics to omit re-
sponding when they are evidently unsure of thelr
knowledge contrasted to the behavior of students In

other countries to try to answer each question—per-
haps by “guessing”. The intemational instructions did
not advite students to guess nor threaten any “correc-
tion” in the scoring, but simply stated that these were
intermnational tests and that some Items would be unfa-
miliar to them.

The students In France were inclined to omit re-
sponses, with the omission rate approaching 50 percent
forsome items. Accordingtothe French studydirector,
students in France are expected to be able to defend
theiranswers: guessing would not be considered appro-
priate. The omitting rate in Thailand is, on the other
hand, less that 1 percent for most items. A more
detailed analysis of the Thai data has shown little
correlation between wrong responses at the beginning
of the year and wrong responses at the end of the year:
that fs, students must feel obliged to answer each
question and are guessing when they do not know the
answer. For the countries with omission rates between
these extremes, there Is some evidence for systematic
misinformation (vizr., same wrong response at the be-
ginning and end of the year) and some evidence for
seemingly random responses. But there is no justifica-
tion for a general “correction” for “guessing” adjust-
ment to the response data.

One way to handle the omitting-guessing ambigu-
ity Is to prescrve, throughout the interpretation, a
three-way tabulation of item responses, constdering
rights, wrongs, and omits at pretest and posttest. This
will be illustrated in considering the four items In the
SIMS pool that concermed information transforma-
tions in geometry. Theitcms are presented In Figure 3.
The mathematics necessary to get the correct answers
involves some terminology (“image”, “reflection”,
“translation”) and notation (e.g., the use of vertex
letter) as well as spatial ability.
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Yy
In which diegram below is the second ?

figure the image of the first figure Q R
under a reflection (flip) in a line?
S’ P’
© > x
'T_| __I P S
a.
L RI Ql
o F Lo
c. -——I PQRS is a rectangle. Its image after a
transformation is the rectangle
P'Q'R'S', as shown above. The
d. —_I b transformation used could have been:
F a. arotation about the origin
¢ F— b. areflection in the y-axis
c. atranslation parallel to the x-axis
d. areflection in the x-axis
e. a translation parallel to the y-axis

(e

B)
B

. A’ ? \
Q T
S
C C'
B B'

R
A AEC and A A'B'C' are congruent and
their corresponding sides are parallel.
A AEC maps onto A AB'C A PQT can be rotated (turned) onto A
by a SQR. The center of rotation is
a. roflection . point P
b. glide reflection (slide flip) ﬁ, ggil:t Q
¢. rotation (turn) ¢. pointR
d. enlargement d. point S
e. translation (slide) e. pointT

Figure 3. Four Items concerning Informal transformations in geonietry.




The persents of right, wrong, 2nd omit sum to 100
percent, and so the response distribution for a given
population at a given time can be plotted as a pointin
the equilateral triangle of a barycentric coordinate sys-
tem. The comers of the triangle represent 100 percent
omit, 100 percent wrong, and 100 percent correct.
Eachitem s represented as a pair of points, comespond-

ing to the response distribution at the beginningand at
the end of the school year. The barycentric graphs for
all eight countries appear in Figure 4. (Note that in
Japan and British Columbla, beginning of year data
were not collected for these items.) The corresponding
figures, including opportunity to leam, are given in
Table 1.

C

/\\\/ \

AVARN

AV

8CA0

AVARY

JPN/
THA
[
cC 8

Figure 4. Beginning of the year to end of the year change in right-wrong-omit proportions for Informal

transformations In gecometry ftems by country.

Netet Barycentrie coordinates are usedi the left comner I 100% wreng, the eight comee b 100% right, and the (cut-off) top 10 100%
cmit. In CBC and JPN, "x" shows end of year resuks. Otherwise, the lines show shift from befinnling to end of year,
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Table 1
Student Achlevement and Opportunity to Learns
Informal Transformations in Geometry

Item and Student Achlevement Results Teacher
Country PretestPosttest Reports of OTL
Right Wrong Omit Right Wrong Omit Previous New  Not
Content Content Taught
A (#30)
Belgium Flemish 76 20 4 81 17 2 7 22 1
British Columbia . . . 76 19 5 8 18 74
Onuario 69 28 3 76 22 3 12 29 59
France 35 23 42 62 18 20 1 85 15
Japan- - - - 69 30 | 33 26 41
New Zealand 78 21 1 88 12 0 2 94 4
Thailand 50 49 1 49 50 1 6 19 75
United States 66 33 2 72 27 1 12 16 72
B (#63)
Belgium Flem!sh 22 53 25 30 58 12 2 4 94
British Columbia . . . 3o 42 28 0 12 89
Ontario 26 59 15 3 60 9 6 22 72
France 16 42 42 7 57 23 3 21 77
Japan A 58 3 4 9 23 69
New Zealand 30 64 6 48 50 2 1 69 30
Thailand 28 67 5 29 68 k] 0 17 83
United Statcs 25 68 17 26 n 3 2 8 9%
C (#96)
Belgiom Flemish 42 44 15 60 34 5 1 22 78
British Columbia . . . 16 61 23 | 12 87
Ontarlo 33 61 6 45 52 4 7 23 "
France 12 39 50 17 54 29 1 15 84
Japan . . . 63 34 4 17 17 n
New Zealand 26 72 2 3 66 1 1 3 67
Thailand 17 78 5 20 % '3 0 16 64
Unfted States n 63 5 40 58 2 5 12 83
D (#158)
Belgium Flemlish 50 »n 13 53 »n i1 1 | 98
British Columbla . . . 75 20 5 1 18 81
Ontario 61 36 4 68 3 2 5 25 70
France 7 18 10 79 14 6 2 2 95
Japan . . . 81 17 2 22 23 55
New Zealand 62 » 1 n 27 1 1 (3} 26
Thailand 56 43 1 61 39 0 3 36 61
Unlted States 50 42 2 60 39 1 5 13 83
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Much of the story can be told by considering op-
portunity to leamn, although the relatively high rate of
correct response to some Items (¢.g., item A in Belglum
Flemish) without apparent benefit of instructional
opportunity suggests that common-sense answers were
successful. In New Zealand more than other countries,
the rotation and reflection items—A, B, and D—are
taught and substantial growth takes place, while the
translationftem—C—isless often taught andlessoften
leamed. In the U.S.A., Ontario, and Thailand, there
is less opportunity and less achievement. It is impos-
sible to say whether the Japanese students acquired
their high achievement or the British Columbia stu-
dents acquired their mixed achievement during the
yearor prior to the year, since there are no pretest data.

TheFrench and the Belgium Flemish responsesare
interesting because these countries have distinctive
geometry curricula, Involving not just Informal trans-
formationsof this sort, but also formal transformational
geometry. Items B and C contain the most formal
terminology, and the French students show great shift
in thelr response: they get the items wrong rather than
omitting them! Items A and D involve only a litde
teeminology, and the students show better achieve-
ment. Item A s reported by the teacher 10 be taughe,
and there {s a lot of growth. In the case of Belglum
Flemish, whete students study vectors, only item C
shows substantial growth, and that might well be ex-
plained through transfer of knowledge.

Thisstudentachievementdata in geometric trans-
formations can be compared with the teachers® opin.
lons expressed in reaction to the proposition: “Geome-
try should be taught mainly through transformations
(flips, turns, strctches).” The proportion of teachers
agreeing oc strongly agreeing was as follows:

Belgium Flemish 1%
British Columbla 3%
Ontario 8%
France 21%
Japan 26%
New Zealand 54%
Thailand 46%
USA. 1%

The opinfons of the New Zealand tcachers espe-
cially scem to be put Into practice and affect student
leaming, while the opinions of the Thal teachers are
not In accord with the student data.

Growth in Mathematics Achlevement

From the geometryanalysis, we can sce thatachieve-
ment in mathematics and growth in achlevement ¢an
be very specific: in the particular educational environ-
mentof acountry, some items from a small, presumably
homogentous sct are leamed and others sre not, and
when we shift our attention to the cducational envi-

ronment of another country, there is a reordering of
what is leamed. These specificities of leaming evl-
dently depend on the specificities of opportunities to
leam and on the emphasis given to different mathe-
matical contents and perspectives. Furthermore, the
psychology of the itein respense, or non-response, be-
tween countries and from the beginning to the end of
the school year makes comparisons difficult. And this
all makes us despair of our ability to aggregate the
achfevement results over items to form meaningful
subtest scores for international comparison. Certainly
a “total” score would be nonsensical.

One solution is to keep the analysis at the item
level and tolook over mathematical topics—and even-
tually over countries—for Instances of high achieve-
ment and growth.

The tracking of growth will be illustrated with the
results from the “core™ mathematics test in the United
Statesof America. Thistestconsistedof 40 {tems strati-
fiedinto8itemsfromeach of 5 contentareas: fractions,
ratio-proportion-percent, algebra, geometry, and meas-
urement. All students were expected to take the core
test at the beginning and the end of the school year. In
fact, the sample size of those who did was 4399.

Because the same (tems were answered at cach
time polint, the cross-tabulation can be made of right
and wrong by beginning and end of year. This leads to
four proportions that characterite an ftem's inltial
difficulty and [ts growth: the proportion of students
who got the Item wrong both times; the proportion of
students who got the Item right at first time but wrong
the second time; the proportion of students who got the
itemweong the first ime and dght the sccond time; and
the proportion of students who got the item right both
times.

These proportions sum to | and therefore the Items
canbe represented in barycentric coordinates as points
in a regular tetrahedron, the comers of which corre-
spond to the hypothetical cases where 100% of the
students get an item wrong at both times, 100 percent
get an {tem right the first time but wrong the second
time, etc. In order to view the configuration that the
points form in the tetrahedron, the Macspin program
(Donoho, Donoho, & Gasko, 1986) was used. This
program runs on the Apple Macintosh and allows a
three-dimenstonal configuration to be viewed as it
rotates around any axis. Assoon as motion begins, the
¢eye forms a good picture of the configuradon. The
static, two-dimensional projections given in Figures 5a
and 5b are snapshots taken from several views. Al
though there are three degroes of froedom In the ftem
statistics, the points closely follow a two-degree-of-
freedom surface. The program was used to focus on that
surface, in Figures 5¢ and 5d, and then to fabel the
points, In Figure 6.
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One major finding is that growth is small. The
reason s certalnly not that there is no room for growth,
since most of the beginning-of-year results are in the
loweror moderate category. Thereare afew items with
spectacular gains, but this provides little comfort when
we look at the content of these items. The item
providing the largest gain has the following stem: “(-2)
x (-3) is equal to....” Thatis, students do not know the
multiplication rule for negative numbers at the begin-
ning of the year, but they d: . sem successfully to leam
it. The second highest gaine.. 3 “if X = -3, the value of
-3X1s....” which Is the same rule, with alittle notaton.

When the points are tagged with content catego-
ries, we see again the fact that there is great inho-
mogeneity of achievement within what was considered
to be homogeneous content units.

Whenthe pointsare divided according tohighand
low opportunity to leam, the effect of Instruction Is

evident.

Conclusions

The major finding of the SIMS analysis and survey
of mathematics achievement and growth at critical
juncture between elementary and secondary education
is that not very much mathematical achievement is
taking place. We dosec some ratherdirectconnections
between curriculum and leaming, and so perhaps the
conclusion should be that the objectives of the mathe-
matics curriculum are too limited: if more content were
introduced, It seems likely that more mathematics will
be leamed. Furthermore, from analyses in Burstein
(1989}, we know that the atdtudes of the students—
shared to a great extent by their teachers, and not
undergoing very much shift during this year of school—
are thatmathematicalformulasand rulesand the calcu-
latdon of answers are what Is important. Perhaps if
mathematics were cast in a more creative and interest-
ing light, students would like it better and would be
motivated to learn more.
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Figure 5. Not knowlng, knowlng, learning, and forgetting mathematics {tems.
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Figure 6. Item not knowing, knowlng, learning, and forgetting by content and opportunity to learn.

Note:

0. "Unknown® Is an item rarely keamed *Known® b an iteen usuzllly known at the beginning of the year. *Learned® is an ftem often
bearned during the yesr. *Forgotten® is an item often forgotten during the year..
b. By content of item: O Is measurement; A is grometry; x b ratio propartion-percent; 8 i fractions.

¢. Less than 75% opportunity to beam this year.
d. Mae than 75% oppartunity to beam this year..
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Part 3

National Initiatives In Evaluation



THE CURRICULUM OF THE SCUOLA MEDIA SINCE 1979

Raimondo Bolletta

In this paper I will be presenting the resulis of a
research project called VAMIO (Verifica Abiliid
Matematiche Istrugione dell’ Obbligo - Verification of
Mathematical Ability in Compulsory Schooling) which
was developed through a course of study fora doctorate
in experimental educational research. The project was
conducted with funds from the European Center of
Education in Frascau.

With the third and final year of the Scuola Media
(lower secondary school), 13-14 year olds finish the 8-
year program of compulsory schooling iu ltaly. The
school system in lealy is centralized and there Is a
national syllabus for each age group up to 14 years of
age. There Is also a national syllabus for each kind of
upper secondary school, but our assessment system s
rather Informal and not centrally controlled. We do
not have any kind of cxamination board and all the ex-
aminations and all types of evaluation throughout
schoolingare directly adminlistered by classroom teach-
¢ns. Theonly form of external evaluation occurs at the
end of the upper secondary school for the final Diploma
(Maturitd). A commission of external teachers ap-
pointed by the Minlstry of Education assesses the stu-
dent's achievement on the basts of two written essays
andon the outcome of aninterview covering 4 discipli-
naty subjects: two chosen by the commissien, and two
by the individual student.

There are two main consequences of thissituation.
The frstone Is positive, In that there s a lot of freedom,
and it Is possible to introduce any kind of Innovative
teaching experiment that we want {more or less). On
the other hand, it is very difficult for the school system
to have docunwnted knowledge of what is really hap-
pening In different parts of the country, and to use the
same kind of measure and the same standards nationally
for the outcomes of the ichool system.

In 1979 the Minlstry of Education carried out 8
reform of the Scuola Media which changed the sylla-
buses in all subjects. The new peograms in mathematics
were particularly innovative. These programs were
prepared by 8 large commision in which many promot-
en of innovation, both secondary school teachers and

university professors. were represented.

It is difficult to summarize In a few words all the
tich and Inteiesting aspects of these programs. 1 shall
mention only a few. Mathematics and expedmendal
sclence are taught by the same teacher. Prograras are
not prescriptive but they suggest some general themes
and subthemes. The classcoom teachee is given direct
resporuibility foe the cholce of specific coples In cach

area and for the organization and scheduling of class-
room activity. Topics such as probability and statistics,
logic and Introduction of geometry by isometric and
non-lsomretric tranformations are the maln innova-
tions (from the point of view of contents), whereas
from a methodological point of view, particular atten-
tion {s pald to interdisciplinarity, to the applications of
mathematics to reality, and to some simplifications of
algebralc rules of calculation. Set theory is recom-
mended only as a language among others.

Three years later, it was deemed necessary to
change the final examinations of the Scuola Media in
order to make them correspond to the new contents
and methodology. This gave rise to a large debate on
the best ways to assess changes in students’ perform-
ance and, more generally, on the problem of the effec-
tiveness of the new programs.

Wide-spread discontent was perceptible: from
teachers of the Scuola Media because the syllabus was
too ambltious and too vast, and from upper secondary
school teachers becauze levels of achievement of stu-
dents were decreasing. There was a general agreement
on the fact that it was very difficult to Implement
revised programs In the Scuola Media if both elemen-
tary school (last reform in 1952) and upper secondary
school programs remained antiquated.

The idea of the VAMIO survey sprang-up In this
context, and considered these kinds of problems. The
principal aim was to produce a standardized test tohelp
evaluate levels of achievement of single classes or
individual students st the end of the Scuola Media and
to diagnose the real preparation of students and the
eventual need of remedial work at the beginning of
upper secondary school. 1n order to reach this aim, it
was necessary to Investigate the effectivencss of the
ptograms more deeply, and to know something more
about the actual Implementation of the mathematics
curriculum.

The problem was to find 2 simple way to collect
data on the actual Interpretation and Implementation
of the official programs. For this purpose, we based
ourxclves upon the methodology of the 1EA surveys, in
particular, upon the preliminary studies of Intended
and implemented curricula.

Is it possible to have reliable indications sbout
sctual activities Inside classes directly from teachers!
Are they good judges and impartial observers of the
class situation! How should one define, elaborate and
use the variable "Opportunity to Leam®? How should
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one describe in a clear and understandable way the
content of programs? s it possible to have instruments
for measuring the amount of Innovation promoted and
implemented by the program?

Sample

We interviewed a nationzl sample of 1300 teach-
ers by a questionnaire on the “actual” program imple-
mented in the classroom and, one yearlater, studied the
achievement of an independent sample of 2800 stu-
dents by means of a multiple-choice test.

lItseemed that the cnucial variable was the teacher.
We interviewed a representative sample of mathemat-
ics teachess of the Scuola Media by questionnaire. Each
teacher was asked about three clusters of variables: the
first one refers to teacher characteristics (sex, age, type
of degree, place of residence, textbook used, general
teaching attitudes); the second one concerns the pro-
gramactuallydevelopedin the classroom; and the thind
one is the “opportunity to leam® which referred toa s:t
of items.

The scholastic program was described through a
list of contents, about 150 topics, and for each one of
them the teacher had to tell its relevance in terms of
time spent in class to develop it, in which grade it was
normally developed, and the level of difficulty for
students to leam it. The relevance variable was ex-
pressed by a six-value scale (0 = the content was not
taught; 1 = brief comments in one or two lessons; 2 =
general but synthetic treatment; 3 = thorough treat-
mentin 5-8lessons, evenindifferent years; 4 = system-

atic and repeated treatment; 5 = the content was
developed with particular care in 20-30 lessons during
the three-yearcourse of the ScuolaMedia). Asa control
of these indications, for a set of about 140 items, we
have the values of the “opportunity to leam” variatle
which isdefined as the predicted percentage of students
able to answer the items correctly.

Teachers responded to this survey pesitively. 89
percent of the schools invited to participate accepted
and 91 percent of the teachers inside the accepting
schoolsanswered the questionnaire. Controls of coher-
erce among different variables show thatwe had agood
quality of answers. In particular, it does not seem that
teachers gave a biased or optimistic image of the real
actlvity in the classroom.

Keeping in mind only distributions and modal
values of the relevance variable, itis possible tohave an
interesting map of the syllabus which split the contents
Into three clusters: the first containing topics whose
modal value of importance is 4, the second one contain-
ing topics whose modal value is 0 or 1, and the third
containing the remainder of the list. Looking at these
three parts of the list, it seems that actual syllabuses are
considered too vast and each teacher decides whatpart
of the program he or she should develop. Although a
large majority of teachers are in agreement with a core
program which contains the most traditional topics,
they eliminate many topics that are too innovative or
toodifficult for most students {excluded program). The
remaining topics are developed optionally, only by
small numbers of teachers.

Table 1
Toplcs of Syllabus Most Often Covered (Core Syllabus)
Frequencies
Topic 0O 1. 2 3 4 5
GEOMETRY- (THE FIRST REPRESENTATION OF THE PHYSICAL WORLD) [A)
01 Study of plane figures arising from models of: nature 2 19 18 19 33 10
03 Drawing plane figures 1 14 19 17 41 7
04 Nomenclature relative to polygons 1 25 25 12 33 4
06 Calculation of perirneters and areas of quadrilaterals. 2 1V 3 17 57 2
10 Figures with equal areas i 4 14 22 47 13
12 Study of regular polygons 1 7 24 28 32 8
13 Theorem of Pythagoras 0 1 6 21 50 22
14 Application of Pythagoras’ Theorem in the
solution of geometric problems 0 0 1 10 54 36
15 Use of straight edge, square and compass in
geometric constructions 12 27 17 10 29 6
24 Study of solid figures arising from models of nature 1 17 21 16 39 5§
25 Regular polyhedra S 21 23 15 33 4
28 Cube 1 6 26 23 40 3
30 Parallelepiped 0 S5 25 23 44 4
31 Prism 1T 5 24 24 44 3
32 Pyramid 1 5 21 26 45 4
33 Cylinder 1 4 23 24 44 4
34 Cone 2 4 23 24 44 4
37 Composite solids 7 11 20 19 38 5§
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Toplc Frequencles
0o 1 2 3 4 5§

NUMERICAL SETS (8]

01 Set of natural numbers 1 14 22 19 35 10
03 Decimal metric system 1 13 26 23 33 5
05 Operations with signed numbers 1 1 7 24 5 1N
06 Comparison of signed numbers 1 15 24 20 34 6
07 Graphical representation of signed numbers 0 16 25 18 35 5
08 Fraction as an operator 2 4 10 25 45 14
09 Equivalent fractions 1 8 20 26 39 7
10 Concept of ratio 1 5 17 24 44 10
12 Expressions with rational numbers 1 3 15 23 46 N
13 Proportions 0 1 7 29 53 10
14 Solving for an unknown in a proportion 0 5 17 27 45 6
15 Application of proportions in the solution

of problems 1 2 10 23 54 10
22 Direct and inverse numerical operations 1 7 17 21 43 11
23 Properties of numerical operations 1 8 22 27 35 7
24 Raising to a powrer 0 4 17 34 39 6
27 Common multiples and common divisors

of several numbers 1 5 23 33 34 5
28 Prime factorization. 0 4 21 36 35 4
29 Rules for the calculation of the GCD and LCM 0 4 20 36 35 4
30 Exercises in exact and approximate calculation 8 18 24 17 28 S
32 Effective use of numerical tables 2 16 26 20 33 4

MATHEMATICS OF CERTAINTY AND MATHEMATICS OF THE PROBABLE  [C]

PROBLEMS AND EQUATIONS (D)
01 Recognition of significant information and
variables in a word problem 3 5 10 14 44 24
03 Setting-up of arithmetic expressions for the
solution of a word problem 5 15 26 21 27 7
05 Reading, writing, use and manipulation
of simple formulas 3 4 11 16 49 18
06 First-degree equations 1 1 8 29 49 1
COORDINATE GEOMETRY (€)
01 Coordinate geomelry in concrete situations 7 19 22 19 27 7
04 Coordinates of a point in the plane 2 10 25 27 30 S
06 Cartesian plane representation of mathematical
laws describing real phenomena 5 6 23 26 35 S
08 Cartesian representation of direct
proportionality 3 4 20 29 39 6
09 Cartesian representation of Inverse
proportionality 3 4 20 29 39 5
GEOMETRIC TRANSFORMATIONS (F)
CORRESPONDENCES AND STRUCTURAL ANALOGIES [G]

03 Concept of function 7 9 25 25 29 6




TABLE 2

Toplcs of the Syllabus Rarely Covered (Excluded Syllabus)

Topic Frequencies
0 1 2 3 4 5
GEOMETRY THE FIRST REPRESENTATION OF THE PHYSICAL WORLD {A)
02 Construction of triangles with material 10 43 30 12 5 1
05 Using Venn diagrams with sets of polygons 21 37 22 8 10 1
07 Symmetry of the square 17 39 27 9 8 1
08 Symmetry of quadrilaterals 21 34 28 9 7 1
09 Axes of symmetry of triangles 18 35 29 9 8 1
11 Convex and concave polygons 11 57 20 5§ 6 1
16 The problem of calculating p/ 10 41 26 9 12 1
17 The problem of squaring the circle 50 28 16 4 3 0
21 Relative positions of two lines in space 5 42 34 1 7 1
22 Dihedral angles 7 46 31 8 7 1
23 Angles In a solid 41 31 18 5 5 1
26 Axes of symmetry of regular polyhedra 44 27 15 7 7 1
27 Euler’s formula for a polyhedron 59 23 10 3 4 1
29 Plane sections of the cube 33 24 1810 14 1
35 Spheres 26 16 2015 21 2
36 Plane sections of the cone and the zylinder 34 23 1810 14 1
NUMERICAL SEYS ()]
02 Ancient number systems 8 60 24 4 4 0
04 Asithmetic of odd and even numbers 24 35 25 7 8 2
19 Base 2 21 24 34 15 6 0
20 Bases other than 10 27 27 30 N s 0
21 Order of magnitude 9 34 3012 15 1
31 Successive approximations as an approach
to real numbers 32 26 23 10 8 2
33 Use of calculators 39 27 16 7 9 2
MATHEMATICS OF CERTAINTY AND MATHEMATICS OF THE PROBABLE [C]
02 Logical connectives 43 18 21 10 7 1
03 Circuits and switches 49 16 20 N 4 1
04 Logical operations and set operations 36 14 2315 10 1
09 Density maps 29 21 2414 11 2
10 Absolute frequency 30 27 26 12 6 1
11 Relative frequency 30 25 27 12 6 1
14 Surveys 29 18 2515 11 2
15 Phases In 2. statistical study 35 21 24 12 8 1
16 Discrete and continuous variables 70 13 11 4 3 0
17 Time series 82 7 6 2 3 0
18 Various types of tables 41 18 19 9 12 2
19 Mode 45 2 19 7 5 1
20 Median 44 23 20 8 5 1
21 Welghted arithmetic mean 58 17 15 6 4 0
22 Experimental laws and interpolation 70 10 11 5 4 0
23 Sampling 58 20 13 4 4 1
24 Statistis and probability 29 17 2715 10 2
25 Simpls: geomelric mean 64 17 12 4 3 0




Toplc Frequencies
o1 2 3 4 5
26 Properties of the arithmetic mean 68 14 11 4 2 0
27 Dispersion 83 9 4 21 0
28 Index numbers 84 8 5 21 0
29 Gauss’ curve 57 24 13 32 0
30 Extrapolation 81 1 5 21 0
31 Graphlc representation of polar coordinates 83 7 § 32 0
32 Properties of the median 80 1 5 22 0
33 Correlation 8 7 S5 11 0
34 Tables of random numbers % S5 3 11 0
35 Structure of populations by age grouping 78 12 6 22 0
36 Rate of growth of population 722 16 7 32 0
37 Characteristics of census taking 70 19 7 22 0
38 Frequency 53 22 14 6 4 0
PROBLEMS AND EQUATIONS [0}
02 Flowcharts 26 19 21 1317 4
07 First degree inequalities 48 14 17 11 9 1
COORDINATE GEOMETRY [E)
02 Reading topographical and geographical maps 22 30 2213 11 2
05 Representation of polygons on graph paper 14 11 2723 21 4
07 Graphical representation of exponential growth 45 17 19 11 8 1
10 Cartesian graph of y = x? 23 11 2318 21 3
14 Condition of perpendicularity of two lines 36 13 2313 13 2
15 Graph of an inequality 79 6 8 4 3 1
16 Applications to problems of linear programming 82 6 6 3 3 1
17 Analytical study of conic sections 84 6 5 3 3 0
GEOMETRIC TRANSFORMATIONS [F]
02 Use of protractor 3 35 29 75 16 2
03 Construction of an angle bisector M 41 29 9 9 1
09 Set of Isometries and compositions of isometries 53 12 1810 7 1
10 Dilations 45 16 21 10 8 1
15 Observation of shadows In the plane 58 14 16 7 S 0
16 Properties of affine transformations 74 10 10 4 3 0
17 Equations of affine transformations 86 5 5 3 2 0
18 Equations of similarity transformations 79 6 8 4 2 0
19 Equations of symmetry with respect to the
Cartesian axes or the origin 723 9 1) 5 3 0
20 Drawing in perspective 84 8 4 3 1 0
21 Deformed Images 85 8 4 2 0
CORRESPONDENCES AN.) STRUCTURAL ANALOGIES (G)
92 11 914 2

04 Search and discovery of structural analogles 53

8s



Table 3

Toplkcs In the Syllabus of Intermediate Emphasls (Optional Program)

Toplc
0

1

Frequencies
3

2

GEOMETRY THE FIRST REPRESENTATION OF THE PHYSICAL WORLD  [A]

18 Inscribed and circumscribed polygons 1
19 Lines tangent to a circle 4
20 Inscribed angles and central angles 4

NUMERICAL SETS
11 Percentages .
16 Representation of rationals on the number line
17 Decimal form of rational numbers
18 Terminating decimals and repeating decimals
25 Rules for extracting a square root
26 Methods of approximation of a square root

SLONNWKN =

12
36
26

8
27
14
10
15
15

32
37
43

30
13
16

3
15
26
30
26
24

23
9
10

27
23
21
20
18
19

MATHEMATICS OF CERTAINTY AND MATHEMATICS OF THE PROBABLE

01 True-false statements and probable statements 15
05 Statistical observation 17
06 Pie charts 8
07 Pictograms 9
08 Histograms 7
12 Percentages 7
13 Simple arithmetic mean 1

25
16
21
26
21
n
29

30
29
32
31
30
30
33

PROBLEMS AND EQUATIONS

COORDINATE GEOMETRY
03 Coordinates of a point on aline 3 16
11 Equation of a line through the origiri 10 N
12 Equation of a line parallel to an axis 17 13
13 General equation of a line 16 11

GEOMETRIC TRANSFORMATIONS

01 Measure of angles 0
04 Sum of internal angles and external angles

of a triangle 1
05 Rigid motions in the plane 24
06 Translations 25
07 Rotations 20
08 Symmetries 16
11 Similarity 10
12 Properties of similar figures 10
13 Relationship of arvas of similar figures 12
14 Scale drawing n

9

14
21

CORRESPONDENCES AND STRUCTURAL ANALOGIES

01 Concept of relation
02 Concept of correspondence

16 17 25
13 15 28

18
20

13
13
16
15
17
21
10

20
21

3
1
1

NemamasNNNNNNN W NW —“ W WNNWW WN=NNSM

A
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(€]
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This situation is supported by the results of stu-
dents: 60-70 percent of the students answered correctly
frems which referred to topics included in the core
program, whereas only 25-30 percent of students suc-
ceeded on {tems related to topics eliminated from the
official syllabus. Responses during the administration
of the trial test of 450 students gave a further confirma-
tion of this: for each item they specified if they had
already studied this particular topic. We found the
same kind of agreement with the mean valve of “oppor-
tunity to leam” (OTL) variable.

With Freudenthal’s criticisms in mind (Frevden-
thal, 1975), particular attention has been reserzed for
the analysis of OTL. This variable was presentecias the
predicted percentage of students able to corrertly an-
swer an item and, in this sense, as a measure of the
teacher’sability topredict the achievement of students.
But at the same time, as a curriculum indicator, assum-
ing that the time spent in the classroom is positively
correlated with student achievement. To check the
first interpretation of the variable —measure of ability
topredict the achievement of students—for each item
of the test, we studied the contingency table between
the OTL expressed by the 140 teachers, and the mean
score obtained on the item by the entire class of each
particular teacher, and we calculated the valuz of chi-
square. But we found that the value of significance of
chi-square depended on the item, so we had to find
another vay to categorize them. Items referring to
topics in the core program show adependence between
the achievement of the class and the OTL expressed by
the teacher, whereas items referring to excluded or op-
tional topics or items with hidden difficulties or poorly
formulated items present the achievement of the class
independent of the teacher prediction.

1 must also mention another statistical aspect of
the OTL. For each item, there Is 2 strong stability of
mean for the OTL in both independent samples of
teachers: the 1300 teachers interviewed in 1985 and
the 140 teachers of the classes tested in 1586.

In order to classify the educational opiions Indi-
cated by the list, we tried to reduce the number of
variablss in play. This analysis of the informadon
relative to the currculum actually covered consists in
a factor analysis of the relevance variable.

The Achlevement of Students

The test used in the VAMIO rescarch did not try
to propose critetia for evaluating the: quality of the in-
novation actually realized. Infact,as much as possible,
ittried to avoid proposing a particular interpretation of
the syllabus.

A qualitative analysis of each item 21d of its statis-
tical characteristics allowed us to discover different

levels of preparation of students in different parts of the
syllabus and this has been a check on the information
collected through the teacher questionnaire. The re-
sultsamply confirm what had al ready emerged from the
analysis of the syllabus. But the analysis of errors and
the factorial analysis of the test also suggested some
diductical problems: for example, it seems that the
ability to read and interpret a statistical diagram {s
irddependent of the ability to work in the Cartesian
plane.

Different parts of the program are not well inte-
grated. Due to the fact that some parts are considered as
optional, we found that if one part is well-developed by
a particular teacher, another is less so and vice-versa.
Forexample, two itemswhich refer to numerical ability
(the first concemed with the structural properties of
numerical sets while the second referred to the approxi-
mate result of a multiplication) correlate in opposite
ways with the same factor. It seems that the diverse
nature of the items is amplified by the different didactic
options which are compatible in the same program.

Test results alsodemonstrated the existence of sig-
nificant differences among students from different
geographical regions. Studentsfrom the more industri-
alized and wealthier North scored higher than their
counterparts.'n the South. This fact, which wasalready
evident in pravious IEA studies (Laeng, 1977; Visal-
berghi, 1977), suggested a furthier analysis of data re-
garding the implemented curriculum. Comparing the
mean value of the ratings of the factors, those related to
the most innovative topics rated higher in the North,
while those relzted to traditional topics rated higher in
the South.

On the basis of this expesience, I think that:

1. itis possible to survey the
implementation of a centralized
program using cheap and quick
instruments for collecting data
directly from teachers;

2. in our particular situztion In

[taly, e must gather and analyze more
information about the achievement of
large samples of students;

3. it Is not possible to Introduce
innovation ssimply by writing
good syllabuses. Wz need, to
consider the entire educational
process, in order to control trends
of interpretation, attitudes of
teachers, and the achievement of
students.
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4. the actual nationzl program
constitutes a conceptually ad-
vanced proposal not yet fully
developed or actuated. More
entrgy (time and money) must be
invested In in-service teacher
training, development of educa-
tional materials, and research.
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THE 1987 APU SURVEYS: SOME PRELIMINARY RESULTS

Derek Foxman - Graham Ruddock

The 6th national mathematics monitoring surveys
of 11 -and 15-year-olds in England, Wales, and North-
em Ireland were carried out in 1987 by the Nat{onal
Foundation for Educational Research in England and
Wales, on behalf of the Assessment of Performance
Unit at the Department of Education and Science
(DES) in Britain. As in the previous phase of annual
surveys from 1978 to 1982, a light sampling technique
was used in which each pupil involved took only a
fraction of the total assessments used. Modes of assess-
ment relating to new technology and small group
problem solving were included for the first time as well
as the modes used In previous surveys. Some initial
analysesof the age 11 survey datahave been carried out
which show a similar picture to 1982 in the pattern of
results with some shifts in detail.

Surveysof the mathematical pefformance of pupils
in the 11-and 15- year old age groups in the schools of
England, Walesand Northem Ireland are being carried
cut by the National Foundation for Educational Re-
scarch in England and Wales (NFER). The NFER isan
i endent research body funded mainly by the Local
Education Authorities in England and Wales and by
outside sponsors. It undertakes research and develop-
ment projects on issues of current interest in all sectors
of the public education system.

The monitoringsurveysare conducted onbehalfof
The Assessment of Ferfformance Unit (APU) at the
DES and are funded by the DS, The Welsh Office
Edwcation Department, and the: Department of Educa-
tion in Northern Ireland. In the APU’s monitoring
programme the NFER has alss undertaken surveys in
English Language and First Foreign Language, work in
science {s based at the University of Leeds and Kings
College, London Uriversity, while Goldsmiths Col-
lege, London University, is responsible for Design and
Technology.

The research teams’ work ks guided by steering
groups consisting of teachers, education authority cur-
riculumadvisers, educational researchers and members
of Her Majesty’s Inspectorate (HM1). The work of
stecring groups 1s supervised by a menagement team of
the APU consistin of a small number of administrators
and HML.

Thie purpons of the surveys Is to provide a national
pleture of the pedformance of puplls in the age groups
concemned and, vver a series of urveys, to monitor

changes in perfformance.

Six mathematics surveys of each age group, 11 and
15, have been mounted. Both groups were surveyed
annually from 1978 to 1982, and a further survey was
carried outin 1987. Surveys of 11 year olds are carried
out in May, with those for the oldes pupils taking place
inNovember. Age 11 represents the last yearof primary
schooling, while the 15 year olds, in November, are at
the beginning of their last year of compulsory school-
ing.

The Mathematics Assessment Framework

The assessment framework on which the mathe-
matics surveys are based can bz seen as having three
dimensions:

Content. The mathematical contentiscovered by
five main categories: numter, measures, geometry,
algebra, probability and statisdcs. Each of these catego-
ries is further divided into over a dozen sub-categories
in toto for detailed monitoring purposes. Thisdivision
intosub-categories differsfor: the two age groups; number
is, for example, representad by a greater nuinber of
divisionsatage 11, thanatage 15 while for algebra the
reverse {s true.

Context. The contexts in which the mathematics
is placed includes everyday life, other school subjects,
such as geography, and that of mathematics itself.

Learning Outcome. Threebroadformsof learning
outcome are assessed: the understanding of concepts
and performance of routine skills; using problem solv-
ing strategies and attitudes to mathematics.

Modes of Assessment: The 1987.Surveys

In the 1987 surveys the assessment modes already
developed in the 1978 to 1982 period were again used
together with specially developed rew modes which
reflected trends in the mathematics currdculum since
1982.

The modes of assessment used from 1978 to 1982

w(rC:

* Written tests of conceyts and skills, Each test
comprised acound 50 short reponse (tems. Onlyafew
of these were multiple-choice questions. Normally
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three sub-categories of content were equally repre-
sented in each test. Up to 30 such testswere used in a
survey.

o Written tests of problem solving strategles
{Problems & Pattems): five or six problems were pre-
sented in each test. A graded set of questions was
presented foreach. Betweenfland 10 testswere usedin
each survey.

¢ Written attitude questionnairest Sections on
attitudes to mathematics in general and to particular
topics wete presented. The scales related to the enjoy-
ment, usefulnessand utility cf mathematicsand mathe-
matical topics. A free response section was also in-
cluded.

Concepts and skills, problem solving strategies,
and attitudes were also assessed in practical tests in an
oral mode given in a 1-to-1 interview situation by ex-
perienced teachers of the age group, recruited and
trained specially for 2 survey. The training aimed to
produce a high degree of standardisation of presenta-
tion, but with some flexibility allowed ina friendly, but
searchingatmosphiere. Assessorsworked froma “script”
containing all the questions to be put to pupils and
directions on the manner in which the materials to be
used should be presented. Prompts or hints were given
if prescribed by the script. Flexibility was provided by
the freedom giv en to assessors to ask for clarification of
aresponse ina neutral way whether scripted ornot. For
example, pupils could be asked how they obtained an
answer whether the respouse is correct or incorrect.
Each pupil was given about three topics from up to 15
used in a survey. Assessors recorded in as much detail
aswaspracticable what theyand th= pupilssaidand did.

The overall balance of assessments in 1987 as
compared with 1982 shifted towards more problem
solving and mathematics incontextand the greateruse
of new technology, calculators, and microcomputers.

A larger number of Problems and Pattemns and
fewer Concepts and Skills tests were used than in 1982.
Within each assessment mode the role of the calculator
was increased. A new number sub-category, Calculator
Skills, was introduced into the Concepts and Skills
assessments, the existing sub-categoriesremaining non-
calculator based. In 1978 to 1982 calculators had not
been allowed in any of the Problems & Patterns tests
whereas in 1987 they were allowed in about one-third
of them. Inaddition, more of the topicsin the Practical
Tests were calculator based. All of the collections of
items were reviewed, revised and updated.

New assessment modes were also introduced for
1987:

¢ Written Theme Tests: In the theme testsa uni-
fying context, such as the weather, or planning a trip,
was provided to produce a meaningful setting for the
tasks. These consisted of short response items together
with a final task requiring integration of a range of in-
formation and previous answers. Calculators were
available.

¢ Small Group Problem Solving Tasks: Groups
of three pupils of the same sex and similar attainment
level worked togeiher on problem solving tasks with an
assessor recording the activities (Foxman, in press).

¢ Mathematics with the Microt Individual pupils
undertook problem-solving activities on 2 BBC B or

Table 1
Structure of the 1987 Primary Mathematics Survey

Sample used No. of Pupils
Concepts and Skills Whole sample 10,000
Written tests:
Problems and Patterns Sub-sample 1 4,800
Theme tests
Calculator Skills test
Attitude Questionnaire Sub-sample 2* 1,200
Practical tests Sub-sample 3* 1,200
Small Group Problem Separate 800
Solving® sample (270 groups of 3)
Maths with the Micro* Non-random 250

separate sample

*Sub-samples 2 and 3 overlap

*These pupils alsy took u. specially constructed Concepts and Skills test.
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RML Nimbus microcomputer. An assessor recorded
the activity on a !-to-1 basis. This was a probe, using
a non-random sample, to illustrate the use of a micro-
computer for such assessments.

Survey design in 1987

Stratified cluster sampling is used for all random
samples. About 2 percent of the target population {s
sampled in England and about 6 percent in Wales and
Northern Ireland. The survey designs for the two age
groupswere similar; that for the younger pupils is shown
in Table 1 by way of example.

All pupils took a Concepts and Skills test, and
most, in addition, took a second assessment; a few 11-
year-olds took three. Since an overall picture of per-
formance is required, each pupil took only a small
proportion of the items in use, and made his or her
contribution to the overall picture by sodoing. A large
and representative pool of items can thus be widely
sampled. All assessments are taken anonymously.
Schools in the sample are asked to complete question-
naires about some aspect of thelr curriculum and their
staffing resources. Otherinformationis requested about
the size of classes and their methods of organising them,
especially mathematics classes. The amount of time
spent on mathematics in school and doing homework
is also asked for. Further information about schools'
location, size and pupil-teacher ratio is obtained from
the DES.

Reporting

The results are reported in a number of ways. For
monitoring purposes reporting has been by sub-zate-
gory for the Concepts and Skills tests and against some
pupils and school variables. The reporting by topic or

individual item, however, has been more valuable for
teaching purposes. A multi-level modelling programme
is being used to analyse the 1987 data by background
variables (Goldstein, 1986; Hutchison and Schagen,
1987).

The form of reporting for the 1987 surveys hasriot
yet been finalised. Previous reports have included
individual reports on each of the first three annual
surveys at each age level (Foxman et al. 1980, 1981,
1982), and also a Review Report covering the findings
of all annual surveys (Foxman et al. 1985). These
reports cover every aspect of the survey and are not
written for particular audiences. As the APU's pro-
gramme has progressed, the emphasis in the research
has shifted from an overriding interest in monitoting
change to obtaining and disseminating information
about pupils’ pefformance, especially in relation to age
differences, gender differences and differences within
20 percent attainment bands. The mathematics team
has developed extensive coding of error responses to
individual items, so the contrasts in pefformance relate
to error and omission rates as well as facilities.

This Information is included in short reports writ-
ten specially for teachers. These have taken twoforms:
one is booklets on topics such as Decimals (Mason &
Ruddock, 1986), Practical Mathematics (Foxman,
1987), and Attitudes and Gender Differences (Joffe &
Foxman, 1988), and the Cockcroft Foundation List
(Ruddoclk, 1988) and 4-page leaflets, mainly for pri-
mary teachers which highlight the main findings in
particular areas. Itis likely that much of the reporting
of the 1987 results will have implicationsfor seachersin
mind.

Table 2
Comparing Declmals: Different Success Rates
Item 1 Item 2
Which of the numbers below has the Which of the numbers below has the
greatest valuel smallest value?
% of pupils « % of pupils
selecting response selecting response

A.0.075 1 A. 0625 34
B. 0.09 1 R. 0.25 ]
C. 0.1 82 C. 0375 2
D. 0.089 14 D. 0.125 37

E. 05 22
Other 1 Othet 1
Omit 1 Omit 1
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Results

Initial analyses of most of the data from the survey
of 11-year-oldsin 1987 have been carried out, but those
from the age 15 survey are still incomplete. The ex-
amples given below from 1987 therefore relate to the
younger pupils only, in particular the discussion on
caleulator skills. Other examples relate to the APU's
methods of presenting results, especially in documents
for teachers. Since the overall pattem of results in 1987
is very similar to that of 1978 to 1982, some results from
these surveys are included in the illustrations. In order
to highlight factors which influence success, error and
omission rates, there has been an emphasis on compar-
ing the results of parallel items within and between
assessment modes.

Concepts and Skills

Decimals. A feature of successive surveyshasbeen
the development of items to explore or extend patticu-
lar findings obtained in previous surveys. Forexample,
in thefirstage 15 survey in 1978 two written test items
requiring pupils to compare decimals less than one
obtained markedly different success rates. In response
toltem 1 (Table2) 82 percentcorrectlychose 0.1 asthe
largest decimal while only 37 percent were successful in
selecting the smallest decimal in Item 2. Furthermore,
. while there were two popularresponses to Item 1, there
were three to Item 2. About 1000 pupils took each
question illusirated in this section.

After experimenting with further items and inter-
viewing pupils, these results were found tobe due to two
errors which we call “largest is smallest” or conversely,
“smallest is largest” (LS error) and “decimal point
ignored” (DPl error) respectively. Forexample, inltem
2 the LS error makers choose alternative A since thisis
the largest number after the decimal point; the DPI
pupils select response E since this is the smallest num-

ber if the decimal points are ignored. The LS error was
found to be largely unknown by teachers and other
mathematics educators despite its high incidence at
both age groups.

In Table 3, the results for Item 2 are contrasted
with those for 2 new items, Item 3 and Item 4. Item 3
is the same as Item 2 except thatan additional digithas
been added to altemative C. Item 4 differs from Item
2 in that the largest instead of the smallest decimal is
required. These changes are sufficient to make dra-
matic differences to the results. The comect and the
two error responses are marked appropriately on the
items in Table 3.

In the case of Item 4, those pupils responding
correctly and those who make the DPI error select the
same response. The reason for Item 1 obtining such a
high facility is now seen to be due to the correct
response being also selected by those pupils making the
LS error.

The surveys began in 1978 with totally separate
Concepts and Skills item collections for the two age
groups. When the results of the first surveys became
known it was clear that there was a considerable over-
lap in performance between them and so in later
surveys, an increasing number of items has been com-
mon to them both. In 1987 Item 2, above, wasincluded
in the age 11 survey together with a parallel version
placing the numbers in a context. The out of context
results are very similar to other items of this type in
previous age 11 surveys.

These results show that the younger pupils’success
rate isabout 25 percent below that of the 15-year-olds,
tboutaverage for the itemscommon toboth age groups.
The effect of context on success rate is negligible, but

Table 3
Comparing decimals: " The two main errors
Ttem 2 Item 3 Item 4
Which of the numbers Which of the numbers Which of the numters
below has the smallest below has the smallest below has the largest
value? value! value!?
Petcent of pupils Selcting space
A.0.625 34% (LS) A. 0625 4% A. 0.625 60% (Correct + DPI)
B.0.25 3% B. 025 2% B. 025 0%
C.0375 % C. 0375 36% (LS) C. 0375 0%
D.0.125 37% (Comect) D. 0.125 43% D. 0.125 0%
E.0.5 22% (DPI) E.05 13% (DPI) E. 05 33% (LS)
Orher 1% Other 0% Other 5%
Omit 1% Omit 2% Omit 2%
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Table 4
1987 Age 11 Surveyst Comparing decimals in and out of context

Item 5 Item 6
Which of the numbers below has the Which of the numbers below has the
smallest value? smallest value?
A.0.625 25% (LS) A.0.625 12% (LS)
B.0.25 2% B.0.25 4%
C.0375 1% C.0375 2%
D.0.125 12% Correct D.0.125 10% Correct
E.0.5 56% (DPI) E. 0.5 71% (DPI1)

there is a shift in the balance of the incidences of the
two errors from LS to DPI. This was anticipated from
the results of similar items for lower attaining 15-year-
olds in another project carried out by the NFER for the
DES (Foxman et al. 1988).

The results of the Concepts and Skills tests are also
reported in five 20 percent attainment bands and they
reveal another aspect of the decimal results.

For both items the LS error is made by more upper
attainers than lower attainers, while the DPl error is a
characteristic response of the lowest 40 percent. This
was shown In previous surveys tobe also thucase for 15-
year-olds. The LS error is, therefore, more “advanced”
than the DPI error.

Calculator Skills in 1987

Tests of calculator skills have been used in all
previous age 15 surveys in the 1-to-1 practical assess-
ment. At age 11, the only calculator test was in the
1982 Primary Survey, so the picture of pupils’ skills in
thisarea hasbeen considerably extended in 1987. Cal-
culator use may be mandatory or optional. In the latter
case calculators are made available for pupils to use, but
itis up to them to decide if and when to use them.

The 1987 APU primary mathematics survey con-
tained examples of both types. In written tests it is
difficult to make calculators mandatory butitis possible
inthe I-to-1 practical tests. There was one topicin the
practical testing which was specifically concemed with
calculator skills, and the assessor required the pupil to
use the calculator to answer most of the questions put.
The Calculator Skills topic inclided also the assess-
ment of pupils’ ability to approximate before calculat-
ing and to decide whether an answer was reasonable
after doing s0. In some other practical tests and in a
number of the written Concepts and Skills, Theme and
Problems and Patterns tests, calculators were available.

There are important differences between manda-
tory and optional uses of a calculator in what is being
assessed. In a calculator available situation the ability
to make an efficient choice between the calculator as
the most effective way of reaching an answer and
mental or pencil and paper methods is an integral part
of the assessment. Thismeans that pupilscanavoid the
use of a calculatotin sitvations where they do notknow
how to use itfora particular calculation or do not know
how to interpret the result in the calculator display.
Such situations can be assessed in an interview where
calculator use can be made mandatory.

Table §
Attalnment band analyses of decimals in and out of 2 context

Ordering decimals: no context

Ordering decimals: in a context

Bottom Lower Middle Upper Top
Middle Middle
0% 0% 20% 20% 20%

Bottom Lower Middle Upper Top
Middle Middle
0%  20% 20% 20% 20%

Correct 1% 1% 4% 11% 49%
LS Eror 10% 12% 26% 46% 34%
DPI Error 7% 81% 66% 31% 12%

1% 1% 3% 5% 39%
2% 5% 13% 23% 2%
84%  92% 80% 61% 33%
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Two tasks, one from the practical tests and one
from the written tests illustrate the difference in per-
formance that was found to be assoclaed with the
calculator mandatory and calculator available modes.

Practical Tople

Calculator mandatory: “John spends £27.45 on
shopping. His bus fare was 60p and a meal ata café cost
£3.85. How much did he spend altogether?” (n = 310

pupils)

The correct answer, £31.90, waz given by 28 per-
centof pupils, but the most common response (32 per-
cent) consisted of variations on the digit string 91.3.
Evidence on methods used by pupils have usually to be
inferred from the answer given in a written test but a
strength of practical assessment in the APU survey s
the direct recording of method by the assessor present.
For the question above, 20 percent of pupils worked in
pence, and 37 percent entered 27.45 + 60 + 3.85 ob-
taining the digit string 91.3. In a written test when a
calculator is available an item with smaller numbers
produced a very different pattern of responses.

Calculator Skills Written Test

Calculator availables What is the cost of this
shopping trip:
Bus fare 90p
Hamburger and coke £1.15
Shopping £4.25
(n = 392 pupils)

In thismode the correctanswer £6 30 wasgiven by
66 percent of puplls, with variations on 9.54 given by
only 7 percent. The success rate was thus rather higher
thanthosein the practical topics, and the proportion of
pupilsobtaining 95.4 on the calculator, by entering 90p
3390 rather than 0.9, and then using these digits in the
answer given, 7% of pupils, is much lower. The differ-
ence between these results and those from the practical
survey, where calculatorsare known tohave been used,
can be accounted for in several ways. Choosing not to
use the calculator may be one factor, or using it and

then rejecting the answer in favour of a later one
obtained with or without the calculator is another.

These data support the view obtained from teacher
ratings of frequency of calculator use that the British
population of 11-year olds in 1987 was relatively naive
in terms of calculator experience. When a calculator
was mandatory for a calculation, as in the practical
topics, mixed units were a large scale problem and
interpreting the displayed answer (13.2) to £66 + 5 pro-
duced a range of responses such as 13.2 (39 percent of
pupils), £13 and 2 pence (16 percent) and 132 (14
percent). Only 18 percent immediately responded
with £13.20.

Dealing with mixed unitsand interpreting the dis-
play are essential calculator skills, but not widely mas-
tered by 11 year olds in 1987.

Comparisons between response patterns to the
same task In non-calculator and calculator available
written tests were also carried out.

Assessment with and withoutacalculator for the
same tasks The apparently simple task of calculating
6.25- 4 provides some interesting points for discussion.

Without a calculator the item tests both algo-
rithmic competence and place value. Whena calcula-
tor is used, the task should be a straightforward data
entry exercise, but did not produce the success rate of
over 90 percent expected from such tasks. Again, it
seems likely that some pupils incorrectly judged thata
non-calculator computation was the best method for
them. The cholce of when to opt for calculator-based
computation rather than pencil and paper or mental
wortking s 2 crucial one, and an aspect of calculator use
which these data suggest needs further investigation.
Items like the one above, which may appear decep-
tively easy, can be useful in dhis respect.

The same task given without 2 calculator being
available produced a range of differerces both in suc-
cess rate and in response pattem. Apart from tasks
which are straightforward data entry exercises with a

Table 6
Comparison of non-calculator and calculator available tasks
Responses given
625-4= 2.25 (Correct) 225 6.21 621 Other  Omit
Non-calculator 31% 40% 3% 13% 13%
Calculator available 66% 4% 17% 2% 10% 1%

n=1000
n= 392

Non-caleulator
Calculator svailable
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calculator, but need awkward algorithms without one,
two basic types wete found:
® tasks where calculator use produces a
higher success rate;
o tasks where calculator use produces
similar or lower success rate.

Tasks where success rates were found not to be
higher when 3 calculator was provided can be summa-
rised as those where finding an appropriate method is
the difficulty rather than the computational or algo-
rithmic problems. For British 11-year olds such topics
as rate and ratio and percentages showed this pattem.

Problem-Solving Strategies

Problem-solving strategics wete tested in 1987 in
the Problenis and Pattemns written tests, in some of the
1-to-1 practical topics, and in the small group problem
solving. In the Problems and Pattcms tests there are
usually graded questions on five situations involving
component problem-solving strategies, for example,
continuingpatterns, generalising them, and explaining
how they work, working systematically, using trial and
error methods, and so on.

Inone example a subtraction s presented with two
missing figurcs

s
=301

.21
Pupils are first asked to supply one set of figures
which will make the subtraction correct and then other
possible answers. A similar problem follows which has
six correct answers.

At age 11 in 1987, 22 percent of the pupils vb-
tained all 6 correct answers, a slightly lower figure than
thatin the 1982 survey. Inthe 1982 survey of 15-year-
olds 60 percent of them obtained all six correctanswers.
A higher proportion of the older pupils used systematic
working to get thelr answers.

Ingencral there is much more of a requirement for
pupils to explain findings and to record their working
than in the Concepts and Skills tests. In the above
example pupils usually supplied sufficient evidence to
judge whether their working was systematic, but in
most situations it is very difidcult to get them to record
spontancously. The advantage of the 1-to-1 practical
tests is that puplls can be observed and can be asked
about thzir methods of working. The 1-to-1 problem
solving tests have Included both mathematical situ-
ations and “evcryday” problems such as armanging a
Class Trip, organising a Birthday Party (11.year-olds),
or Designing a Kitchen (15-year-olds).

With the advent of the small group assessment
situation in 1987 the opportunity was taken to attempt
some cross modal comparisons. One topic, Number
Chains, was tried out in a written Problems and Pat-
terns testand alsoin both the 1-to-1 and small group as-
sessments. The situation involved applying a rule to
whole nurabars, “If its even, halve it; and if its odd, add
3". Theeffectofapplying thisrule toanumberand then
to the result of the transformation successively is to
formanumberchaine.g 1518 9 12 6 3 etc. All
chains end in one of two loops, 6 3or4 2 1. lnthe
1-to-1 practical and the small group aswessments the
pupils were given plenty of opportunity to derive the
rule themselves and to testoutany conjectures they had
made about what it could be before being presented
with the substantive problem. This was to find out
what sort of numbersendin 6 3 and whatendin 4
2 1. The results show clearly the value of both pupil-
teacher and pupil-pupil discussion in problems which
are within the capacity of most 11-year olds to solve, as
compared with a printed textbook presentation. Cver
a third obtained the correct answer in the small group
assessment, with no help freom an adult, compared with
a quarter in the 1-to-1 who obtained it with a little or
no help and only 1 percent in the written test version.
In the small group an additional 13 percent got most of
the way towards a correct solution without helpand in
the I-to-1 practical a further 6 percent obtained the
correct answer with a lot of help.

Attitudes and Gender Differences

In previous surveys pupils’ attitudes have been
studied by means of written questionnaires and by
assessors’ observations of pupils' responses to the 1-to-
1 practical tests. In 1987 puplls’ views were additionally
sought on all written tests.

Theattitude questionnairesinvestigate pupils' feel-
ings towards mathematics generally and to Individual
mathematics toplcs on scales relating to enjoyment,
utility, and difficulty. The results follow a similar
pattemn to that observed in other attitude surveys con-
ducted both in the UK and in other countrics: pupils
find mathematicslessenjoyable, more difficult,andless
uscful as they get clder. More boys that girs perceived
mathematics as being relevant to thelr futures, enjoy-
able and “one of their better subjects.” Although boys
and girls liked mathematics as a subject, the most
frequently mentioned reason for disliking it was that it
was too difficult; a reason provided by more girls than
boys. Mortc boys than gitls thought that “...without
maths our lives would be harder,” that it is difficult to
get on in life if “you haven't done much maths,” and
that it would help them to get a job one day.

Inrespect of performance, the surveys have consis-
tently shown that gender differences across Concepts
and Skills topic arcas (computation-measurcment top-
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ics)areasgreatatage 11 astheyareatage 15. Theyare
also larger than the differences within topics which
develop in favour of boys during secondary schooling.
Most importantly of all, perhaps, is that nearly all the
differences in perfformance betiveen boys and girls are
accounted for by the top 10 to 20 percent of artainersin
most arcas of mathematics at both ag . Thys, all the
importantgenderdifferencesare well established by the
age of 11 in Britain.

Recently some more encouraging results for the
girlshave appeared. In the Problemsand Pattemns tests
in 1982, girls were very slightly ahead at age 11 and
even more soatage 15: areversal of the trend obtained
in Concepts and Skills.

Summary and Conclusions

The most important aspect of the profect hasbeen
the development of new assessments and the breadth
and richness of information provided by pupils’ per-
formance at the two age groups tested. A wide range of
assessment modes has been employed including practi-
cal mathematics, problem solving in small groups, and
mathematics on the micro. Calculator and mental
skills have also been explored.

The 1987 age 11 survey results so far to hand show
that the ovenall pattern of results is similar to that
previously found in the phase of annual surveys from
1978 to 1982. In general, the Concepts and Skills and
Problems and Patterns mean scores in 1987 are similar
to 1982, but there are differences in detail: an upwards
move In the mean scores of spatial sub-categories and
one downwards In number sub-categories. There {s
cvidence that these arc probably linked to differences
in emphasis in the mathematics curriculum, but that
link has still to be established. Animportant feature of
the work remaining will be to disseminate to teachers,
by reports and other means, the results and thelr impli-
cations for teaching.
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FINDINGS FROM THE FOURTH NATIONAL MATHEMATICS
ASSESSMENT IN THE UNITED STATES

Jane O. Swafford - Edward A. Silver - Catherine A. Brown

Every four years, the National Assessment of
Educational Progress (NAEP) gathersinformation about
the mathematicsperformance of studentsin the United
States at the elementary, middle, and high school lev-
els. NAEP mathematics assessments weré conducted
during the school yearsendingin 1973, 1978,and 1982,
The fourth and most recent assessment was conducted
in 1986 with a nationally representative sample of ap-
proximately 35,000 9-year old, 13-year old, and 17-
year old students.

The objectives that guided the development of the
fourth mathematics assessment covered seven broad
content areas:

1. Fundamental Methods of Mathematics

2. Discrete Mathematics

3. Data Organhiation and Interpretation

4. Measurement

5. Geometry

6. Relations, Functions, and Algebralc

Expressions
7. Numbers and Operations

Each of these content arcas was assessed at five
process levels: understanding/comprehension,
knowledge, skill, routine application, and problem
solving.

From its incepticn, NAEP has developed assess-
ments through a consensus process. The objectives that
provided a framework for the fourth mathematics as-
sessment were written and reviewed by a panel of
mathematics educators, including classroom teachers.
The objectives focused on content that should have
been covered by a majority of students at a given grude

level.

The first three assessments were conducted by the
Education Commission of the States, whereas the fourth
mathematics assessment was conducted by the Educa-
tional Testing Service. Using the framewotk of content
categories and process levels outlined above, a group of
mathematics educators worked with the 2aff of the
Educational Testing Service to develop the items for
the fourth mathematics assessment. Theitems were ex-
tensively reviewed by subject-matrerand measurement
specialists. A set of unreleased items from previous
assessments was included in the fourth assessment to
provide continulty and to establish a basts for measut-

ing change in performance from previous assessments.
The items were field- tested, revised, and administered
to a stratified, multi-stage probability sample.

Some changes in methodology accompanied the
change to the Educational Testing Service as the
administrator of the assessment. In the fourth assess-
ment, subjects were selected by grade level rather than
by age. Matrix sampling procedures were used to iden-
tify a representative national sample of third-grade,
seventh-grade, and eleventh-grade students.

There were also some changes in the actual ad-
ministration of the assessment. Itemsfrom the previous
assessment frequently were open-ended. The newly
developed items were all multple choice. In previous
assessments, a paced audio recording was used to read
each item to the students. Thus, the time allotted for
each {tem was controlled. In this assessment, test ftems
were divided into blocks of approximately 15 minutes
each. Each student was administcred a booklet con-
taining three blocks of cognitive itemsandassix-minute
background questionnaire. In order to provide broad
coverage of toplcs, item-sampling procedures were used
as in earlier assessments. Each student recelved ap-
proximately 10 to 15 percent of the items administered
at cach grade level. Approximately 2,000 students
started each block of items, but because of the time limit
some studentsdid notcomplete all the ftems. Thus, per-
formance on individual items that appear toward the
end of a block Is more difficult to interpret.

Previous mathematicsassessments resultshave been
reported on an item-by-item basis which has proven
particularly useful to researchers, curdculum develop-
ers, and teachers. This practice was continued for the
fourth assessment. The {tem-level results appear In
companionarticlesin the Arithmetic Teacher (Koubaet
al., 19882, 1988b) and in the Mathematics Teacher
(Brown ct al., 1988a, 1988b) and in a monograph
published by the National Council of Teachers of
Mathematics (Lindquist et al. in press). Although
{tem-level reporting of resultshasallowed forareasona-
bly clearand detalled descrdption of the currentlevel of
performance of students in the United States, the level
of detail makesitdifficult to draw broad general conclu-
sionsaboutoverall performance andhow fthaschanged
over time. In the past, NAEP has attempted to provide
some summary of the dara by sggregating them over
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content areas or process levelsat each grade level. This
procedure has not proved to be entirely satisfactory
because the aggregated scores have little meaning. For
the fourth assessment, NAEP constructed scales in
order to provide a profile of perfformance trends.

Performance Scales

Inorder to report performance trends across the as-
sessments, a supplemental sample of subjects vws se-
lected by age rather than grade level and administered
previously assessed items according to the procedures
used in prior assessments. The item pool consisted of all
items given in 1986 and in at least one of the previous
twoassessments. The total number of itemsincluded in
the trendsassessment was 68 itemsfor9-yearolds, 98 for
13.year olds, and 94 for 17-year olds. The responses
were scored, weighted in accordance with the popula-
tion structure and adjusted for nonresponse. Item Re-
sponse Theory (IRT) technology was used to estimate
levels of mathematics achievement for the nation and
for various subpopulations along a single scale.

With IRT itis possible to summarize the perform-
ance of a sample of students on a single scale, even if
different students were administered different items.
Using scaling techniques, NAEP was able to identify
items that had similar statistical properties and use
those items to define different levels of performance.
These levels of perfformance were then used to gener-
ate, for different assessments and for different subpopu-
lations, numerical scores thathave criterion-referenced
interpretations. That is, certain scores can be related to
the attainment of certain skills on a hypothesized
continuum of proficlency, and these scores can be used
to describe the pedformance of different ages and sub-
groups based on a common standard. A more complete
description of the scaling procedures can be found in
The Mathematics Report Card (Dossey, Mullis, Lind-
quist, & Chambers, 1988).

IRT scales have alinear indeterminacy which may
bei 2s0lved by an arbitrary choice of the originand unit-
si In each given subscale. The mathematics scale was
linearly transformed so that the final scale would have

Table 1

Levels of Mathematical Proficlency

Level 150 - Simple Arithmetic Facts

Learners at this level know some basic addition and subtraction facts and can add two-digit numbers
without regroupling. They recognize simple situations in which addition and subtraction apply. They also

ate developing rudimentary classification skills.

Level 200 - Beginning Skills and Understanding

Learners at this level have considerable understanding of two-digit numbers. They can add two-digit
numbers, but are still developing an abi!'ty to regroup in subtraction. They know relations among coins,
can tead Information from charts and graphs, and use simple measurement instruments. They are

developing some reasoning skills.

Level 250 - Basic Operations and Problem Solving

Learners at this level have an inltial understanding of the four basic operations. They are able to add and
subtract whole numbers and apply these skills to one-step word problems and money situations. In multi-
plication, they can find the product of a two-digit and a one-digit number. They can also compare
information from graphs and charts and are developing an abllity to analyze simple logical selations.

Level 300 - Moderately Complex Procedures and Reasoning

Leatners at this level are developing an understanding of numbet systems. They can compute with
decimals, simple fractions, and commonly encountered percents. They can Identify geometric figutes,
measure lengths and angles, and calculate areas of rectangles. These students are also able to Interpret
simple inequalitles, evaluate formulas, and solve simple linear equations. They can find averages, make
decisions on information drawn from graphs, and use logical reasoning to solve problems. They are
developing the skills to operate with signed numbers, exponients, and square roots.

Level 350 - Multi-step Problem Solving and Algebia

Learners at this level can apply a range of teasoning skills to solve multi-step problems. They can solve
routine problems Involving fractions and percents, recognize propesties of basic geometric figutes, and
wotk with exponents and square roots. They can solve a variety of two-step problems using variables,
identify equivalent algebrake expressions, and solve lineat equations and inequalitics. They are develop-
Ing an undetstanding of functions and coordinate systems.
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Table 2
Percent of Students at or Above the Five Proficlency
Levels
Proficiency Level Age
9 13 17
150 98 100 100
200 (L] 99 9
250 21 73 9%
300 1 16 51
350 0 0 6

a weighted mean of 250.5 and a weighted standard
deviation of 50 across all students in the three ages. An
additional benefit of IRT methodology is that it pro-
vides for a criterion-referenced interpretation of levels
on this continuum of proficiency. Although the profi-
ciency scale ranges from 0 to 500, few items fell at the
erds of the continuum. Thus, five levels of proficiency,
rangingfrom 150 to 350, were chosen for describing the
results. Each luvel is defined by describing the types of
mathematics questions that most students attaining
that proficlency level would be able to perform success-
fully. Thelevelsaredescribedin Table 1. Theestimated
proportion of cach age level at or above each of the five
proficiency levels is reporced in Table 2.

It Is important to note that since the items in
the NAEP pool were not developed to conform to
some hypothesized framework of levels of mathemati-
cal proficlency, and since the proficiency levels were
derived in a post hoc analysis of performance, these
levels do not represent an idealized picture of mathe-
matical proficiency. Further, it is certalnly possible to
define hypothetical levels of mathematical profi-
ciency beyond those identified here. The reported
levels are merely those that emerged from the
statistical scaling of the available pool of items. Cau-
tion is urged In interpreting the results based on
these levels. Although statistically coherent, the
avallable items do not necessarily fall into clearly
defined clusters of zelated items.

National Trends

Average mathematics proficiency levels for cach
age group for the four mathematics assessments are
givenin Table 3. Significant gains have been observed
for all age levels over time. (The proficiency levels
reported for 1973 reflects a rough estimate of extrapo-
lated results based on previously reported NAEP data.)

Petformance of 9-ycarolds, which had shown little
change from 1973 to 1982, improved significantly
between 1982 and 1986. Performance of 13-year olds,
whichhadincreased inthe late 1970's and carly 1980's,
leveled off between the last two assessments, tegistering
virwally no change from 1982 and 1986. For 17-year

Table 3
Avirage mathematics proficlency levelss 1973.1986

Proficlency Le vel
Age 1973 1978 1982 198
9  (219.1) 218.6(38)* 219.0(1.1) 221.7(]:0—)-
13 (2660) 264.1(1.1)* 2686(L.1) 269.0{1.2)
17 (3044) 300.4(0.9) 298.5(0.9)* 302.0(0.9)

*Statistically significant difference from 1986 at the 0.05
level,
Jackknifed standard errors are presented in parentheses.

olds, the downward trend that had been characteristic
of pefformance in the 1970’s was reversed. Seventeen-
year olds made significant gains between 1982 and
1986. The gains for 17-year olds parallel the gains that
were made by the same age cohort group between 1978
and 1982, Although the same cohort pattem s not
reflected in the results for 9-year olds, the relationship
atages 13 and 17 suggest that the causes underlying the
recent improvements at age 17 extend beyond recent
reforms being made in high school graduation require-
ments. These performance trendsasdepicted by NAEP
are pictured in Figure 1.

Trends among Minoritles

Over the last decade, Black and Hispanic students
have made significant gains in achievement in mathe-
maticsatallgradelevels, Black studentsatall three ages
have shown steady and significant gains across the past
three assessments. Hispanic students at ages 9 and 17
have shown steady improvement over the past threc
assessments. At age 13, there was little change in
performance between 1973 and 1978; however per-
formance improved significantly from 1978 to 1986. In
general, the gains of Black and Hispanic students have
been greater and more consistent than the galns shown
by White students. Nevertheless, although the gap
between the performance of White students and the
performance of Black and Hispanic studentsis narrow-
ing, pefformance diffetences among these minority
subpopulations remain significant at all three age lev-
els. The gains suggest that programs implemented over
thelast tento twenty years to improve the perfformance
of minority students are having an cffect, but even
greater ciforts are needed to provide real equity of edu-
cational opportunity for all American students.

Trends by Gender

Previous asscssments have found few gender-re-
lated differences in mathematicsachievementatages9
and 13, but at age 17, there have been small yet
significant differences with males scoring higher than
females. The same pattem occurred in 1986. Although
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females. The same pattem occurred in 1986. Although
there were no achievement differences at the youngest
age level, more males than females obtained a profi-
ciency level at or above Level 250 among 13- and 17-
year olds. Differences were particularly evident among
13.year olds at Level 300, and among 17-year olds at
Levels 300 and 350.

NAEP results also showed a significant advantage
for males on geometry and measurement at Grades 3
and 11. Females tended to outperform malesin the area
of knowledge and skills while males showed a consis-
tentadvantage in thearea of higher-level applications.
There were no gender differences on the algebra sub-
scale. As early as age 13, significantly more males than
females responded that they were likely to enter 2
career that used mathematics, and more males than
females responded that they were good at mathematics.

Performance Patterns

More critical thani the changes In students’ per-
formance over time are the patterns of currentachleve-
ment.Only 21 percentof the 9-yearolds mastered basic
mathematical operations and beginning problem solv-
ingskills (Level 250) that are usually taughtinelemen-
tary school. One-fourth of them falled to demonstrate
even beginning skills and understanding characterized
by the next lower level of proficiency (Level 200).
Among the 13-yearolds, only 16 percentdemonstrated
a grasp of moderately complex mathematical proce-
dures and reasoning (Level 300) generally embedded
throughout the middle and junior high school curricu-

lumin the United States. Aboutone-halfof the 17-year
olds reached this level which can be characterized as
being able to use moderately complex numerical proce-
dures and to interpret simple inequalities, evaluate
formulas, and solve simple linear equations. Less than
7 percent of the 17-year olds displayed abilities in
multi-step problem solving and algebra. Closer exami-
nation of the results reveals that most of the progress
that has occurred over the past eight years is in the
domain of lower-order skills.

Overall, third-grade students perfformed well on
selected whole number computation ftems but many
appeared to lack mastery of place value and seemed to
be learning mathematical skills at a rote manipulation
level. About one-third of the seventh-grade students
and one-fourth of the eleventh-grade students demon-
strated extremely limited knowledge of some of the
most basic mathematical concepts and skills. Although
they could peform simple whole number calculations,
they gave litde evidence of knowledge of the most
fundamental concepts of fractions, decimals, or per-
cents. Similarly, they could identify simple geometric
figures, make simple measurements, and read simple
graphs, but they vould not use basic properties of
geometric figures, compute areas or volumes, or draw
conclusions from graphs and tables. They lacked the
ability to apply what they knew to a problem solving
situation. At a ime when mathematical skills are In
high demand in the work place, few students in the last
years of secondary school have mastered the fundamen-
tals needed to perform more advanced mathematical
operations.

320
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Figure 1. National trends In mathematical proficiency:.
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Learning Concepts and Skills

One of the central issues driving recent reforms in
the U.S. mathematics curriculum has been the relative
emphasis that should be placed on developing under-
standing of basic concepts and the teaching of mathe-
matical skills. The modern mathematics movement in
the United States in the 1960’s emphasized under-
standing, whereas the “back-to-basics” movementwiich
followed in the 1970’s focused on teaching skills. Tt is
not a question, however, of choosing between under-
standing and skills. There is mounting evidence that
students cannot learn skills effectively in isolation but
must understand the skills they are learning if they are
going to retain them and be able to apply them in
unfamiliar contexts.

The results of the fourth NAEP mathematics as-
sessment suggest that many students are failing to
develop an understanding of important concepts un-
derlying the skills they are attempting toleam. The dif-
ficulty thatthird-grade students encounteradding three-
digit whole numbers can be traced to their lack of
understanding of place value concepts for three-diglt
numbers and older students’ difficulties with fractions,
decimals, =nd percents reflect serious gaps in théir
knowledge of basic fraction, decimal, and percent
concepts.

Performance on the items in Table 4 illustrates
how limited many gtudents’ knowledge Is of the basic
meanings of fractions and decimals. Many students
who were successful at routine, frequently encountered
calculations had difficulty when they were asked ques-
tions that did not Involve standard calculations pre-

Table 4
Performance on Basic Number Concept Items
Percent Correct

Item Grade3 Grade 7 Girade 11
A. What is 100 more than

498! 37 64
B. 51/41schesame as 47 44

S+ 1/4

5-1/4

Sx 1/4

5+1/4
C. Write .037 as a fraction 48 58

Table 5
Generalizing the Formula for the Area of a Rectangle

Percent Correct
Item Grade 7 Grade 11

A. What {s the area of this rectanglel 46 70
6

5

B. What is the zarea of this square! 13 45

L]

Table 6
Performance on Algebra Tteras
Percent Correct

Item Algebra | Algebra 2
A. Solve: 83 91

6x +5=4x +17
B. Simplify: 74 87

9q1+S5x)+13
C.x~-y>x +y implies 38 50

y<0
x>0
x=0

xX=9y
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sented in a familiar context, even when the questions
involved basic number concepts.

The items in Table 5 illustrate the difficulty that
students had generalizing the procedures that they had
learfed. Almostone-half of the seventh-grade studenta
could calculate the area of a rectangle, but only 13
percent of them could apply thisknowledge to find the
area of a square, even though almost all students knew
that the sides of a square are equal.

The items in Table 6 offer another example of the
procedural orientation of many students. The majority
of eleventh grade students who had completed one or
two years of algebra could perform the symbolic ma-
nipulations involved in solving equations or simplify-
ing expressions. Very few of them, however, could
identify the relationships between variables that were
implied by the equation in the third item.

Problem Solving

Although students at all three age levels could
solve simple one-step word problems, they experienced
difficulty with any nonroutine problera that could not
be solved by the simple application of a famillar proce-
dure. The icsults summarized in Table 7 illustrate the
difficulty that students had with problems involving
several steps. Most third grade ctudents could solve the
one-step problem in Item A. In fact, performance on
this item was comparable to perfformance on similar
computation items. There was a significant drop in
performance on the two-step problem in Item Bin spite
of the fact that 85 percent of the third grade students
could perform the additional computaton required for
this problem.

The pair of problems In Table 8 contrast
cleventh-grade students’ performance between a
problem in which a standard procedure is sufficient
and one in which understanding of the concept of

average Is needed.

For each of the previous NAEP mathematics
assessments, performance on ftems assessing students’
problem-solving abilities has provided the greatest
cause for concern In the United States. This
concern continues with the poot performance an
multi-step problems and on nonroutine problems in
the fourth assessment.

Instructional Indicators

In addition to administering items that measure
studentachievementin specific arcas of the mathemat-
ics curriculum, NAEP gathers data that might be more
generally considered indicators of instructional activ-
ity In school mathematics.

Table 7
Pertormance on Problem Solving ltems
Percant Cotrect
Item Grade 3 Grade 7

A. Robert spends 94 cents. How much 68 —_
change should he get back from $1.00?

B. Chris buys a pencil for 35¢ andasoda 29 n
for 59¢. How much change does she get

back from $1.00?
Table 8
Applications of Skills
Percent Correct
Item Grade 11
A. Here are the ages of six children: 72

13, 10, 8, 5, 3, 3
What is the average age of these children?

B. Edith has an average (mean) scote of 80on 24
five test What score does she need on
the next test to raise her average to 81?7

Table 9
Petformance on the Same Ttems With and Without
Calculators
Percentage of Items Correct

Grade Number of ltems  With Calculator  Without Cakulator

3 n 69 51

7 30 61 48
11 »n 5 61

Mathematics Course Encollment

At the time of the fourth NAEP mathematics
assessment, over three-fourths of the 17-year old stu-
dents in the sample reported that they were currently
enrolled in a mathematics course. Moreover, the gen-
eral trend appears to be toward taking more advanced
mathematics courses. After previousdeclines, reported
enrollments in Algebra 11 and more advanced mathe-
matics courses (e.g., pre-caleulus and calculus) in.
creased between 1982 and 1986. Despite the increase,
however, the data indicate that over 50 percent of 17-
year olds had not enrolled in Algebra 11 and almost 40
percent of this age group reported not having takenany
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mathematics course beyond Algebra . In recent years,
many states have increased the amount of mathematics
tequired for graduation from secondaty school. The
proportionof students taking the more advanced mathe-
maticscourses,however, remainsconsiderably lessthan
10 percent.

Classroom Instructional Activities

The fourth NAEF mathematics assessment in-
cluded a variety of student background questions about
the types of instruction in mathematics classes. For
students at all three grade levels, typlcal mathematics
instruction apparently consists of listening to teacher
explunations, watching a teacher work problems at the
board, using a mathematics textbook, and working
problems presented onworksheets. About two-thirds of
the seventh-grade students and over one-half of the
third-grade and eleventh-grade studentsreported never
working in small groups to solve mathematics prob-
lems. Although students reported a strong likelihood of
working alone in mathematics class, approximately &0
percent of the students at all three grade levelsreported
that they never work on independent projects or labo-
ratory activitics in mathematics class. In general, these
recent data suggest that little has changed in U.S.
school mathematics instruction over the past decade.

Technology

The rapid growth in the general U.S. culture of
available technological tools suggests that a parallel
growth would have been seen in the Nation's schools.
Some data from the fourth NAEP mathematics assess-
ment provide glimpses of the extent to which technol-
ogy has had an impact on mathematics instruction in
the United States.

Almost all students at the three grade levels re-
ported having access to a calculator at home. But
relatively few reported having a calculator made avail-
able for use in school In mathematics class. In face,
about two-thirds of the seventh-grade students and
approximately one-half of the third-grade and clev-
enth-grade students reported never having used a cal-
culator (even thelr own) in mathematics class. When
they were used in mathematics class, calculators were
reportedly used most frequently tocheck answers. These
data suggest that schools are lagaing far behind the rest
of Amecrican soclety in making svailable calculation
tools and utilizing their potential for Instruction and
lcaming.

Inaddition toasking studentsabout thelrurcof the
calaslator for various tasks, a common set of p1>blems
was given to two equivalent samples of students, one
sample using calculators and the other not. Students
using calculators consistently performed better than
students without calculators at all three grade levels.
The difference, however, diminished with age. Thelr

relative performances ate given in Table 9.

Although students did better on the straightfor-
ward computation items given in the calculator as-
sessment when calculators were available, overall
performance on items for which calculators were
available declined significantly for the two younger
groups across the past three assessments.

The data on computer use and impact are some-
what more encouraging. Nearly one-half of the 13-year
olds and more than one-half of the 17-year olds re-
ported having access to computers to learn mathemat-
ics. This represents a major increase over previous
assessments. It is not clear from the data how often
students have access to computers or for what purpose.
Nevertheless, itisclear that computers are increasingly
available in U.S. schools fer use in mathematics and
that theyare beingused, at least somctimes, toenhance
students’ mathematical problem-solving activities.

Conclusion

Following the broad declines in student achieve-
ment that characterized the 1970's, {t appears that
there hasbeenanuptum In achievementin mathemat-
ics in the United States in the 1980'. This trend
provideslittle cause for complacency, however, as most
of the progress occurred in the domain of lower-order
skills. Student achievement at all age levels showed
serious deficiencies. Thediscrepancy between students’
desired and actual level of mathematics proficiency be-
gins early on in schooling, and in¢ reases as they move
into the upper grades. For minority students whose
mathematics performance has tended to lie below na-
tional averages in NAEP assessments, the discrepancy
between expected and actual petformance for all age
groups remains even larger than that for the nation as
awhole, despite considerable gainssince the last assess-
ment.

The indications of a gentral Increase in participa-
tion in advanced mathematics coursework is cause for
hope for Increased mathematical proficiency in the
future. However, the emphasis on computational skills
that generally characterizes school mathematics in the
United States has left many students with serious gaps
in theleknowledge of basic underlying concepts. These
deficiencies prevent students both from flexibly apply-
ing thelt knowledge and skills and from learning more
advanced knowledge and procedures. Moreover, many
of the skills that they have leamed are In danger of
becoming obsolete as technological advances alter the
mathematics that adults need tofuncdon productively
In society.

The curriculum reform: proposed by the National
Council of Teachers of Mathematics (1987) in thelr
rocently releascd Curriculian and Ewaluation Standards
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for Schools Mathematics (draft) call for a reorientation
of the school mathematics curriculum to place greater
emphasis on helping students tobecome mathematical
problemsolversand tocommunicate and reason mathe-
matcally. The results of the fourth NAEP mathematics
assessment indicate that these are areas most cdtically
in need of reform. Narrowing the gap between the
current stite of student achievement and classroom
instructicn 7.nd what should be constitutes a major
challenge for American education.
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THE GRADED ASSESSMENT IN MATHEMATICS PROJECT

Margaret Brown

The Graded Assessment in Mathematics project,
which forms a classroom-based scheme of continuous
and progressive assessment for students aged 11-16, is
described in this paper. Successes and problems are
briefly outlined, along with plans for future develop-
ment.

Aims

The Graded Assessmentin Mathematics (GAIM)
project has as its aim the production of a continuous
assessment scheme which will record the mathemati-
cal progress between the ages of 11 and 16 of students
across the whole range of attainment. The intention
isto take abroadly constructivist stance and thusfocus
on what the student understands and can use at a
particular point in time rather than on what hasbeen
taught. The scheme has therefore been designed tobe
implemented alongside a variety of teaching schemes
and teaching organisations, although an assumption
has been made that the mathematics curriculum fol-
lows the broad principles laid down in the Cockcroft
Report (Department of Educational Scicnce
(DES),1982).

At a more detailed level, the aims of the Graded
Asscssment in Mathematics project include:

1. To provide an explicit, continuously
updated record of the mathematics that
students know, understand, and can apply, In
oxder to:

- help teachers better match the
curriculum to the student;

- help students become aware of thelr
progress, and more actively involved in
their own learning;

- provide information for parents, heads,

colleges, employers, In whatever degree
of detail is desired.

2. To encourage a curriculum which confornis
to the recommendations of the Cockeroft
Report and in particular includes:

- investigations and practical problem-
solving;

- discussion, group work, and extendled
work;

- afocus on process as well as content;

- emphasis on understanding and applying
concepts, rather than on knowledge of
specific techniques;

- a broad range of mathematical ideas.

Inaddition to these educational aims, in order to
be attractive to teachers it was necessary to have a
third, more pragmatic aim:

3. To link into other assessment and curriculum

. schemes by the provision of:

- the facility to convert the continuous
record into a summative grade which is
accepted as valid without any supplemen-
tary final examination in the General
Certificate of Secondary Education
(GCSE), the new national examination at
age 16+;

- graded assessment profile certificates from
one of the national examination groups
which will feed in to the Record of
Achlevement schemes at present being
trialled as a feature of govemment policy
(DES 1984,1987a);

- specific guidance for teachers who wish to
integrate the GAIM assessment scheme
with the most popular published curricu-
lum schemes;

- aclose match with the structure of the
proposed national currdculum (DES 1987,
1988a,b) which will enable GAIM to be
used as the teacher assessed element of the
national asessment at 7, 11, 14, and 16,

Background

The development of “graded tests” which more
ncently have evolved into “graded assessments”
constitutes a significant innovation in classcoom as-
sessment. Ithas taken place in England during the last
decade, starting in the mid-nincteen-seventies in the
arca of modern languages (Harrison, 1982; Pennycuik
& Murphy, 1988).

Teachersof modern languagesinEngland hadex-
perienced a problem of student drop-out which be-
came particularly severe after the change toall-ability
comprehensive schools. Feeling 2 need toth to in-
crease motivation and to provide evidence of achieve-
ment for students who did not continue long enough
to sit the public examinations at 16+, a number of
local teacher groups developed systems of graded tests,
following the model of examinations for professional
interpreters. The characteristics of graded tests were
defined as:

- progressive, with short-term objectives
leading on frora one to the next;
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- task-oriented, relating to the use of
language for practical purposes;

- closely linked into the learning process, with
pupils or students taking the tests when they
are ready to pass.(Harrison, 1982)

Infact, most of the graded test systems shared two
other common features. First, they were generally
organised into a set of successive levels, designed in
most cases 5o that the median student mightexpect to
passlevel 1attheend of year 1in the secondary school,
level 2 at the end of the second year, and 5o on.
Second, they were notonly task-oriented, but alsoin-
corporated at each level a set of objectives (grade
criteria). Thus most graded test systems were crite-
rion-referenced, with criteria which tended to the
active and the practical.

The first evaluation of a graded test system was
extremely positive in terms of attitudes of students,
teachersand parents (Buckbyetal., 1981). Risesof the
order of 20 percent in the numbers of pupils continu-
ing with the study of modern languages were reported
fairly consistently across different schools.

Not surprisingly, evidence of improvement in
student motivation on this scale attracted attention
among officers In local education authorities, two of
whichwere toformconsortia with examinationboards
in order to develop graded test systems in the major
subjects.

The GAIM project is the mathematics scheme
which forms part of the London consortium, inwhich
the partners are the Inner London Education Author-
ity, King's College London, and the London East
Anglia Group for GCSE (which includes the Univer-
sity of London School Examinations Board). Within
the consortium, parallel graded assessment schemes
are under development In science, modern and com-
munity languages, English, and craft,design and tech-
nology. The GAIM project also receives generous
furiding from the Nuffield Foundation.

By 1983, approaches to assessment had become
much broader, Incorporating, for instance, the possi-
bility of observation by teachers during classwork and
assessment negotiatod between pupll and teacher.
The term “graded tests” was thercfore superseded
nationally by “graded assessment” 50 as to allow such
non-test methods where appropriate.

Research Basls

The rotion of levels of attainment in mathemat-
Ics, which provides the basis for a graded assessment
scheme, was the subject of a large-scale Investigation
of mcondary students’ understanding of mathematics,

undertaken at King’s College London {previvusly
Chelsea College) in the nineteen-seventies (Hart,
1981; Hart, Brown & Kuchemann, 1985). Principal
findings of this study, “Concepts in Sccondary Mathe-
matics and Science”(CSMS), were:

. in spite of the fact that students had often
followed 2 similar curriculum, the range of
attainment across any single age group was
very large;

+ progress from one year to another was rela-
tively slow, particularly so in n:lation to the
attainment range in any single age-group;

« many students were using only rather primitive
mathematics, much of which had been taught
in the infant school (ages 5-7);

» students rarely made use of methods taught at
school, but preferred their own Idiosyncratic
methods, which were often specific to a par-
ticular problem and not generally applicable;

« within each topic (such as ratio, graphs, etc.) a
series of from 4 to 7 levels of attainment could
be differentiated, and students appeared to
progress through these levels in a consistent
way (i.e. even with 7 levels, not more than 7
percent of students appeared 6y have achleved
one level without achieving all the levels
below it).

The work of the CSMS study thus identified the
low correlation between what the Second Intema-
tional Mathematics Study terms “the implemented
curriculum™and “the attained curriculura®™ Thishigh-
fights the need for an accurate record of what each
individual studentknows, understands, and canapply,
in order to assist teachers In reducing the degree of
curriculum mismatch.

The CSMS study also provides considerable data
astowhich mathematical conzeptsand kills mightbe
included at cach level of a graded assessinent scheme,
once the definition of the levels is sgreed. Other
informadon used to assistin this task detived from the
results of other research projects at King’s College
(Dickson, Brown and Gibson, 1984; Booth, 1984;
Hart, 1984; Kerslake, 1986; Denvir 2nd Brown, 1986;
Hart et al, in press). Further survey data was available
from the Assessment of Peformance Unit (DES,
1986) and from the examination boards.

GAIM Structurer Levels

It was necessary near the stait of the GAIM
project to determine the numbee of levels to be in-
cluded in the scheme. The precedent of about one
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level per yzar which had been set by the modem
languages graded test schemes see med to have proved
satisfactory; it was felt that the result of any fewer
levels than this would be that students would become
discouraged. The results of a govemment-funded
evaluation study of a graded test scheme for low
attalners In mathematics later confirmed this (Close
& Brown, 19¢8).

However, in contrast to the study of modern lan-
guages, which normally begins in England at age 11,
there was considerable evidence that students were
already at many different levelsin mathematics at the
startof secondary school. The Cockceroft Report ( DES,
1982), drawing partly on CSMS dara, suggests a range
of seven years of achlevement for students at 11. In
factcloser scrutiny of the CSMS data suggests that the
range isatleast 10 years, since while low attaining 11
year olds behave mathematically like 7 year olds,
advsnced 11 yearolds zre considerably ahead of aver-
age 14 year olds.

Hence it was decided that GAIM should have 15
levels, allowing for the brightest students at 11 o
make a further 5 years’ progress. Having studied data
of examination gradesin the previous national exami-
nations at 16+, it scemed reasonable to identify the
last seven GAIM levels with the seven grades of the
GCSE since the median 16 year old previously ob-
tained the grade which would be equivalent to level
10. The positioning of the boundaties for the carlier
GAIM levels was done by reference to CSMS data,
gathered on each year group from 11-15, 50 as to
maximite the chances of students progressing at the
ratc of one level pee year.

Theresultof fixing the levelsin thisway is that the
carlier levels are “closer together” in mathematical
terms than the later levels, since the students on later
levels are expected to make greater progress in each
year.

Although the earierwork atKing’s College (Hart,
1981; Denvir and Brown, 1986) does support the idea
of hierarchies of leaming, with the order in which con-
ceptually based skills are developed relatively invariant
within specific local branches, there s evidence that
not all children progress uniformly across all mathe-
matical areas. Also, the hierarchies may only hold fora
particular education system at a particular time.

For these reasons, GAIM discouragesteachersfrom
teaching and assessing one level at a dme, as was
assumed In the earlier graded test model. Instead it {s
suggested that students’ current records contain details
of several adjacent levels, so that teachers may, on a
particular toplc, assesshow highstudentscangoin their
attainments, even If this is at higher levels than those
at which students are generally working.

The leaming theoty assumed s thus a constructiv-
ist one, in the simple if not in the radical sense (Kilpa-
trick, 1987) In which it Is expected that children
gradually construct their own mathematical knowl-
cdgeinrelation to the experiences theyhave had. They
should not therefore be assessed only on the parts of the
curriculum they have recently been presented with, as
is the curient custom. To glve weight to this recogni-
tion of diversity ‘n leaming patterns, the students will
receive customised profile certificates recording the
highest level reached In each separate topic.

! 2 3 4 5

LEVEL
7 8 9 10 11 12 1N 4 15

'Low-attolner’

*——0o—o—0—9
(90th petcentile; | 1st 2nd Ied 4th  51h

yeoc

‘Averoge’ studert
(A0th peccentile)

ind 3d 4th Sth

yeor

‘High-ottolner’
(10th petcentile)

*—o—0—0—0
1st 2nd 3ed 4th S5th

yeor

Figure 1. The expected progress of students at the 10th, 50th and 90th percentiles respectively.
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GAIM Structures Contentand Prbcus

The GAIM assessment scheme is based on two
womponents: topic criteria and coursework activites.

Toplc criteria are a bank of profile statements, or
objectives, which aim todescribe the mathematics that
students know, understand and can apply. They are
organised into the 15 levels of difficulty dessribed
above, with about 20-35 criteria ateach level, andinto
6 topic areas: logic, measurement, number, space,
statistics, algebra and functions.

Within ezch toplc area the criteria are amranged
within toplc strands developing through the levels,
enabling the structure of the scheme to be readily
appreciated by teachers and students. Insofar as s
possible, topic criteria relate to conceptually based
skills and processes and not to rehearsed techniques.

Examples of topic criteria:

Can give 2n answer to a general
question, or decide when a conjec-
ture is true, by producing and/or
testing some specific examples.
(Logic, leyel 3)

Appreciates that multiplication by
a number less than 1 reduccs.
(Number, level 11)

Coursework activitles are open activitics which
are designed to encourage student decision-making. It
was decmed necessary to Incorporate such activities to
stimulate the synthesis of skills, as without them the
topic criteria might encourage fragmented teaching.
Acvivities ate sultable for a wide attalnment rnge,
allowing students to tackle the problem at their own
level. They canbe used with whole classes, with groups,
or with individuals. There are two types of activity,
investigations and practical problems, reflecting the
pure and applied aspects of mathematics respectively.

Examples of investigations and practical problems:

Investigating the different symme-
try patterns obtained by shading
squares on a grid.

Investigating the number of ways of
giving change for different suins of
money.

Planning the layout of newspaper
advertisements.

Scheduling the manufacture of
garments in 2 small co-operative.

Assessment and Recording

Atone level, the GAIM materials (GAIM team,
1988) can be used in any way a school wishes. For
example, teachers may use the topic criteria to help
write their own school profiling scheme, or the course-
work activitiesalone tohelp assess the atalnment level
of the students. However, if schools want thelrstudents
torecelve certificatesrecording thelr perfformance from
the examination group, and to use the scheme as an
alternative way of galning gradesin the national GCSE
examination at 16+, the schoo! must be accredited by
the examination group, and visited regularly by an
external assessortocheck that the school iscanrying out
assessment procedures properly, and Isusing equivalent
standards to other schools.

Coursework activitiesare assessed according to the
overall level of the work. Because of the degree of
openness of the activity It is not possible to give precise
instructions for marking; nevertheless, guidelines are
provided for cach task as to the sort of performance
expected for each of the levels, together with diverse
examples of students’ work. In practice, after a short
tralning session, teachers find these easy to use and a
satisfactory degree of agreementisachleved. The teach-
e’ notes recelve extensive trialling before publication.
It is interded that teachers experienced in using the
scheme should be encouraged to use activities from
other sources, and work I8 progressing on a more general
set of guldelines for this.

Toplc criteria should Ideally be assessed as a resule
of the student’s performance In open activities, since
thefactthatstudentscanapply theirknowledge insuch
situations provides reliable evidence for {ts acquisition.
Aspartof the teacher’s notesfor each activity are listed
those toplc criteria that trialling has shown are most
likely to be demonstrated.

In practice only a minority of criteria are assessed
in this way, and the remainder have to be assessed
during normal classwork. Because there {s a wide range
across different schools in teaching organisation and
teaching material, It is not realistic to prescribe exactly
how assessment of each criterion should be carried out.
Hence in the end it must be left to the external assessor
to check that procedures are appropriate.

To assist assessors, certain safeguards are butlt in.
Ferexample, written evidence must exist forat least 50
percent of the criteria for any student. A single written
item alone however {s not considered sufficient, since
students are expected to be able to apply knowledge in
different contexts. For the same reason, teachers are
asked to ensure a delay of at least two weeks, and
preferably more, between any direct teaching related to
a criterion and student assessment.

This still gives teachers the opportunity to assess
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some {tems otally and/or practically, without the re-
quirement of written work by the student. Sets of
criteria written so as to be comprehensible to students
are provided to encourage students to record their own
achievements and to volunteer to the teacher when
they feel they have attained a criterion. The teacher
however still needs to demand and judge the support-
ing evidence.

Although no formal evaluation of GAIM has yet
been carricd out, many teachers have reported in-
creases {n student motivation as a result of students
moreactively participatingin theirownassessmentand
being aware of short term gozals which are perceived to
be realisable. Teachers have also reported that they
have gained much more Insight Into what students
knowand what they find difficult asa result of focussing
on individual achieverent in a detailed way, whereas
previously thelrassessment related closely to their own
teaching. Against this, teachers have found it tobe a
radical stepwhich is quite onerous, particularly tobegin
with, in terms of workload.

The Development Programme

The GAIM project has been evolving over five
years and has one more year of the development phase
to go before the running of it Is taken over entirely by
the London East Anglia Group of examination boards.
During that time hundreds of teachers have contrib-
uted to {ts development, some gencrovsly seconded
full-time for one or twoyears by the Inner London Edu-
cation Authority or other authorities, many with regu-
lar half day relcases to attend feedback and develop-
ment mectings, and others corresponding with us or at-
tending occaslonal weekend or one-day conferences.
Over seventy pilot schools, organised in clusters in
twelve local authorities, will be working with the proj-
cct from September 1988. This will be about 20 more
schools than are cutrently involved.

A deiclopment package Is now published with
matcrial for the first eight levels (GAIM team, 1988);
the complete publication is planned for 1990, We are
still working on new support materfals toassist teachers
in running the scheme, and will be closely ronitoring
the first awarding of GCSE certificates in 1989.

A major need will be to modify the scheme so that
itwill provide one form of the teacher-assessed compo-
nentof the national assessment, due to begin operation
foc 14 vear olds in 1991, This should be a reasonably
simple task, since GAIM, along with the London-based
graded assessment schemes in other subjects, is ac-
knowledged tohave been chosen as the model adopted,
with some regrettable modifications tofit with govemn-
ment policy, for the national assessment scheme.
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AN INFORMAL DIAGNOSTIC INSTRUMENT FOR ALGEBRA:
RATIO AND PROPORTION

Douglas Edge

Collection of information-rich data is extremely
important todiagnosticlans and researchers. Inmathe-
matics education this is typically accomplished by
asking students to complete either a pencil-and-paper
test or by speaking with students using think-aloud or
structured intervlew techniques. Each approach hasits
strengths and weaknesses. Pencil-and-paper tests per-
mitlarge scale data collectionyetcannot provide much
more than superficlal error-pattern analysis. Interview
technlques facilitate collection of more detailed infor-
mation, often focussing on conceptual development,
but the time consuming nature of interviewing means
that the number of students involved in such studies
must remain relatively small. The major purpose of this
study was to investigate whether or not a diagnostically
oriented test could be developed which would Incorpo-
rate the advantages of both approaches to data collec-
tion.

The toplc chosen for this study was “concepts In
carly algebra” and focussed on students in Grades 7 and
8; thatls, students In the two years Immediately preced-
ingentry intosecondary school inOntario. The testde-
velopad consisted of twelve questions: four to focus on
students’ notlons of equation, fouron varfable, and four
onratioand proportion. Thispapet reportson theques-
tions relating to ratio and proportion.

Background

Writing in mathematics classes isnot new. Burton
(1985) outlined different forms that such writing could
take to promote the development of Intellectual skills
essential to the understanding of the discipline. Stem-
plen and Borasi (1985), like Burton, focussed on writ-
ing as a leaming tool by asking students to write
mathematics-related stories, essays, and diaries. They
concluded that writing provided opportunities for stu-
dents to clarify their understanding of concepts and
helped students organize their ideas.

Gordon (1988) investigated the use of writing
strategies with students enrolled in developmental-
studies algebra classes. He compared three classes
where students had to write about their mathematics

assignment with three other classes, which were either
given extra exercises and or simply discussed previously
assigned work. Although Gordon was cautious about
attributing hisfindings to the differences in treatments,
he acknowledged the value of the writing strategy.
Bright (1988), alsoworking with college level students,
studied story editing as a methodology for fdentifying
conceptual understanding in geometry. He found the
story editing helpful in that it revealed otherwise unde-
tected misconceptions.

Specific to testing, Ashlock (1987) pointed out
that pencil-and-paper tests can be used to examine
both skills and concepts, but that it is much more
difficult to design (tems for tests that permit us to infer
studenty’ understanding of a concept. He provided
examples of three different types of pencil-and-paper
Itzms that would be suitable for diagnosing conceptual
understanding. The {tems involved sentence comple-
tion for ideas or rules, symbolization for statements
made vp of numerals and signs, and portrayals for
drawings that model the concept in some way., Olson
(1987) designedan algebra readinessassessment device
that, like Athlock’s, used diagrams, comparisons, and
80 on, but also asked students to explain thelr cholces.
Olson's test Included items related to class inclusion,
transitivity, concept of equation, and proportional
reasoning.

The major focus of this study was students’ ability
to explain thelr answers in written form. The specific
insights into children's undenstanding of proportional
reasoning were secondary to that focus.

Method

Ninety-sevenstudents ranginginagefrom 12 years
4 months to 14 years 7 months in Grade 7and 13 years
5 months to 16 years 7 months in Grade 8 participated
in the study (see Table 1). This group represented all
the students enrolled in the Grade 7 and 8 classesinan
elementary school located in a town in rural south-
westernOntario. The testing occurred during June, the
last month of the school year.
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Table 1
Number, mean age in months (with standard devlation) and range of ages in months

Grade 7 Grade 8

Male Number 23 24

Mean age 157.1 (6.3) 170(7.7)

Range 148-175 161-199
Female Number 30 20

Mean age 155.8 (4.2) 166.9 (3.0)

Range 150-167 161-173
Total Number 53 44

Mean age 156.4 (5.7) 168.6 (6.2)

Range 148-175 161-199

Prior to administering the test, it was explained to
the students that we were trying to find out why some
studznts find mathematics easier to learn than others.
“Unfortunately people don’t come with sippers in the
heads (an audible “yuck” was heard). So, we have
designed a special test, different from those you usually
sce. Let’s try a sample question together.” Students
were thenaskedtodiscusswhich fraction waslargerand
why, 1/50r 1/6 ,and practice writing down their expla-
nation. A few sample explanations were discussed. FI-
nally students were asked o complete the test. “Try

Questlonnalre

Thelastfouritemson the test were the ones related
to proportional reasoning. Reference to these ftems
will be done using numbers nine through twelve, the
item numbers on the original test. Sce Figure 1 for the
fouritems. Note thatontheactuval scripttheltemswere
placed one question per half page. After the question
was presented, a four-centimetre work space was given
followed by the statement, “Please explain how yougot
your answer.”

yourbest tohelpus. Thereisnotime limit.” Nostudent
took longer than 45 minutes for the twelve- item test.

Ttem 91 1f 8 tickets cost $12.00, how much would we have to pay for 6 tickets?
Please explain how you got your answer.

Ttem 103 Chris was asked to trim the trees in the gardens of three families. The Adams’ garden had 10 trees;
the Brown's had 15 trees; and the Campbell's had 25 trees. It took Chris 2 hours to trim the trees in the Adams’
garden. How long would it take to trim those in the Brown's garden? How long would it take to do those in the
Campbell's garden?

Please explain how you got your answers.

Ttem 11t We measured the heights of two rectangles with sticks. The height of the short one was 4 sticks. The
tall one was 6 sticks. We measured the height of the short rectangle again, this time with loops. The short one
was 6 loops. How many loops would we need for the height of the tall one!

Please explain how you got your answers.

Item 121 One flagpole, which is 8 metres high, casts a shadow 3 metres long. Arother flagpole casts a shadow
5 metres long. How long s the second flagpole.
Please explain how you got your answer.

Figure 1. Proportional-reasoning items on the early-algebra assessment test.
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For Item 11, a pair of rectangles, proportionally
drawn, approximately two and three centimetres in
height, were sketched to the left of the question. For
Item 12, a pair of flag poles, again proportionally drawn
and about two and three centimetres in height, were
displayed to the right of the question.

The four proportional reasoning questions were
not intended to represent a hierarchy of skills. Each
question was selected because it either addressed a
specific content objective ot provided for some form of

pedagogical insight.

Item 9 was a modification of Hart's (1984) recipe
question which gave ingredients sultable for 8 persons
then asked what would be needed for 4 and for 6. For
Item 9 it was decided to provide information about 8
tickets but then directly ask for the information about
6 tickews. Would children opt for doubling and halving
strategics? Item 10 was prepared to paralle! Hart's “eels
being fed eprats” problem. This question was selected
because the ratio of the numbers was 2:3:5 and possibly
would provide more variation in answers and explana-
tions than had the ratlo been casier, say 1:2:3. Item 11
was an adaptation of Karplus' “Mr. Tall, Mr. Short”
question that Hart used in her Concepts In Secondary
Mathematics and Sclence (CSMS) (Hare, 1981) and
Strategiesand Errorsin Secondary Mathematics (SESM)
(Hart, 1984) studics. Rectangleswercused for thisitem
because they could be drawn with the same widih.
Unlike the Mr. Tall/Mr. Short figures, they varied
proportionally only in helght. The numbers in the
proportion 4:6 = 6:n were considered particulatly good
In that they could facilitate eitheradditive or multipli-
cative solution strategics. Item 12 was written to
Incorporate a ratio where one term was not a multiple
of the other. Students could not simply use doubling
and halving, or factor techniques to find the height of
the second flagpole. Would “difficult numbers” result
in different strategies? Would students be able to
explain the fractional aspects of the problem?

Analysls

Each item was scored using a two-part code.
Answers were coded as 0 (incorrect), 1 (correct), or 2
{omitted). Explanations for each answer were also
coded. These latter codes were developed as needed.
For example, if on the first script scered, the student
provided an explanation such as “1 multiplied”, that
phrase would be assigned a 01 cade. If on the second
script, theexplanation was“first 1 divided, then 1 multi-
plied”, that would be assigned a 02. If the explanation
on the third was “I multiplied”, no new code would be
needed. Examples of codes for Item 9 are:1-01, correct
answer followed by “divided 12 by 8 and got the $1.50,
then I muldplied by 6 to get the answer”; and 0-06,
incorrect answer followed by “I multiplied 6 Ly 12.” For
item 9 a total of 18 explanation codes were needed; for
Items 10, 11 and 12, the number of codes needed were
19, 10, and 22, respectively. These codes were then

categorizedand summarized. Coding, categorizing,and
summarizing data in this manner facilitated further
analysis in two ways: on a question-by-question basls
across all students, and on a student-by-student basis
across each set of items on any one script.

Results

Item 9: The analysis of data with the code sum-
mary for thisitem is presented in Table 2. Of those who
answered thisitem correctly, 22 of 29 Grade 7s and 23
of 26 Grade 8s chose some form of unitary analysis. No
student used the traditional unitary analysis form of
writing equivalent sentences one beneath the other.
Most showed 1248 = $1.50 and $1.50 x 6 = $9.00. For
explanations, students typically stated that they had
divided the 12 by 8, then multiplied theanswerby 6. A
variation of this procedure was done by two students
who divided the 12 by 8 to obtain the $1.50 but then
multiplied the $1.50 by 2, to equal $3, and then sub-
tracted the $3 from the $12. A third student provided
asexplanation a kind of mathematical two- step: “1 just
subtracted and did a little diviston.” In another vari-
ation of unitary analysls, three students used guess-and-
check strategies indicating that they guessed at $1.00
for one ticket “which would be $8.00 total”, so they
“needed” anadditional $0.50 per ticket. The other two
students in this category gave variations of the same
answer: Yl guessed $2 foreach onewhichwas$16sothe
answer had to be $1.50”; and “1 just guessed $1.50 for
cach ucket and It happened to be right.” On the
incorrectly answered questions, the majority of stu-
dents used the numbers in the problem but to perform
Inappropriate algorithms. Typical of these responses
arc $10 (I subtracted $2 from $12), $72 (1 multiplicd
6x12),and$2 (1246=2 sothe costis $2). The students’
arithmetic explanations were clear. What is not clear
is why they chose particular operations. The other
major category of incorrect responses Is “correct reason-
ing wrong answer.” In all six cases the error occurred
whendividingthe $12 by 8 (forexample, 12+8 = $1.45,
and 6 x $1.45 = $9.70).
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Table 2

Analysls of data with code summary for 1tem 9

Grade
Code Status/Explanation 7 (n=53) 8 (n=44)
2 Omitted 6(11%) 9 (20%)
1 Correct 29 (55%) 26 (59%)
unitary analysis stated 23 22
answer a guess 4 1
no explanation 2 2
correct answer wrong
reasoning 0 1
0 Incorrect 18 (34%) 9 (20%)
Correct reasoning wrong answer 3 3
wrong operation 13 3
partially correct 2 1
incomplete 0 2

Ttem 10: Analysis of data for this {tem (s given In
Table 3. Of the correct responses, 20 of 28 students in
Grade 7 and 16 of 24 in Grade 8 reasoned that if It took
2 hours to trim 10 trees then it would take 1 hourfor 5,
hence 3 and 5 hours, respectively, for the Brown'sand
the Campbell’s. Many in this group did not show any
calculations. They wrote thefranswersand providedan
appropriate explanation. Five students changed the
hours to minutes, then wrote that It took 120 minutes
for 10 trees so one tree would take 12 minutes, and so
on. One student Indicated that, “if Chris cuts the trees
atthe same rate, thenhe willdoone and ahalftimes the
twohoursfor the Brown's trees.” Two students focussed
on multiples of five: “the numbers were multiples of
five that could be reduced to lowest terms®and “101s 2,
151s3,201s4and 25 1s5." For the incorrectly answered

{tems, the most prevalent response 182 1/2 hoursfor th:
Brown's, 41/2 hours for the Campbell’s. Student #26,
for example, wrote “it’s 2 hours for 10 trees so0 30
minutes Is for 5, and that's why 15 1s 21/2.” In the
incorrect explanation category, “operationfunits con-
fusion®, one student wrote “You subtract 2 hours from
10 trees giving 8; 50 now you subtract 2 from 15 and 2
from 25 to get the answers of 13 and 23.” Another
student indicated that it would take “2 hours + 5 extra
trees for 7 hours for the Brown'sand 2 + 5 +10 = 17 for
the Campbell's.” A sample response in the “explana-
ton unclear” category Is “1 know what I'm doing, but 1
just screwed up. Divide by 3, use percent and divide
how many trees put into two hours and 50 on forget it
just use di-dslon or percent.”

Table 3
Analysls of data with code summary for item 10
Code Explanadon Category Grade
7(N=53) 8 (N=44)
2 Omitted 7(13%) 11 (25%)
1 Correct 28 (53%) 24 (55%)
found 5 trees per hour 20 16
changed minutes to hours 1 4
B=11/2A,C=212 A 1 0
multiples of 5's 1 1
correct answer no explanation 2 2
explanadon unclear 1 1
0 Incorrect 18 (34%) 9 (20%)
used 1/2 additively 10 3
correct reasoning/
incorrect-answer 1 3
operationfunits confusion 2 2
explanation unclear 3 1
wrong answer/no explanation 2 0
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ltem 11: Refer to Table 4 for the data summary.
The overwhelming response for this item was the
incorrect category of “add 2”. Students generally ex-
plained that the difference insticksbetween the helghts
of the rectangles was two, so the difference In loops was
also two. Hanv (1981) labelled these students “adders”
(p.94). They tended to see an additive relationship in
proportional thinking rather than the multiplicative
one. In Hart’s study about 32 percent of subjects were
“adders”. In this study the percent of adders was almost
double thisamount. Of the students who answered this
item correctly, their explanations were clear and accu-
rate: “Six loops and 4 sticks to the short rectangle would
mean 11/2 loops to every stick which means 6 loops +
6 halves of 2 loop = 9 loops.” One Grade 8 student
focussed on the relative size of the two rectangles. He
wrote “the small one was 2/3 the size of the tall one, 50
12 of91s 6.” Although clearly representing only a
small percentage of the students, thisgroup appeared to
have agood understanding of the comparison-by-multi-
plication aspect of proportional reasoning. Of the In-
cotrect strategies, other than the™adders” discussed
above, the next most common answer justification was
pattem-based. For example, several students wrote “its
apattern”and then showed a two-by-two array with the
numbers 6 and 8 placed beneath the numbers 4 and 6.
Another student explained that “If there were two
more the first time, then 1 add double the sccond time.”
A third example of a pattern-based response was given
by a student who answered “4 loops because 4 + 6 = 10
for the first, 50 6 + 4 = 10 for the second.”

Item 12: Data analysis and summary Information
for this item are presented in Table 5. Comparatively
speaking, a large percentage of students omitted this
feem. Itisdifficul to know if this was because students
found the item difficult or they feltpressure tocomplete
the test withina certaln time limit. Of the two students
whoanswered correctly, both indicated that the length
of one metre of shadow would be about 2.6 (8+3), so the
answer would be about 13 metres (5 x 2.6). One other
student whose response [ scored as incorrect explained
that “8+3 Is almost 3, and 14+5 s also almost 3, so the
answer is 14.” This response, and several others like it,
clearly show muldiplicatively-oriented conceptual
understanding of the notion of proportion. Other
examples include, “You need to double it and add
some”, and “For every metre you have “0.375 metres of
a shadow, 50 you multiply 8 x 0.375.”

Most Incorrect responses reflected some form of
“additive” thinking. The most common was for stu-
dents to explain that they had to subtract 3 from 8 for
the first flag pole and then add this difference of 5 onto
the height of the second flag pole. This form of
reasoning accounted for 14 of the 22 additive ecror
responscs of the Grade 7s and 8 of the 14 Grade 8s.
Otheradditdve error explanationsinvolved adding and
subtracting other combinations of the numbers 3, 5,
and 8.

Table 4
Analysks of data with code summary Item 11

Code Status/Explanation Grade
7 (N=52) 8 (N=44)
2 Omitted 5 (9%) 9 (20%)
1 Correct 4 (8%) 6 (14%)
cach stick 1 172 loops 3 2
hall more per stick 0 1
add3+6 1 0
smalt 2/3 of tall 0 1
correct/no explanation 0 2
0 Incorrect 4 (83%) 29 (66%)
add 2 30 27
pattem 4,6,6,8 3 i
pattern +2, +4 2 0
paltem4 06,6104 3 0
explanation unclear 3 1
no explanation 3 0
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Table §
Analysis of data with code summary for Item 12

Code Status/Explanation Grade
7 (N=53) 8 (N=44)
2 Omitted 13 (24%) 17 (39%)
1 Correct 1(2%) 1(2%)
one metre of shadow is 8+3 1 1
0 Incorrect 39 (74%) 26 (59%)
emors with multi.ideas 2 5
ermors with add.ideas 22 14
eslimale or measured 2 0
wrong answer/no explanation 7 6
¢xplanation not clear 6 1

Analysis by student

Considering the data on a student-by-student basis
permitsotherformsofanalysis (Sce Table 6). A pattem
of COCC means that this student answered all four
items correctly. A OCNN pattern Indicates that the
student answered the first two correctly, but elther
answered incorrectly or omitted the second two.
Working with the original coding sheet and the expla-
nation categories list, a researcher could select and
study a studeat typical of any one of the pattern groups,
ot could compare, for example, responses to the flrst
twoitems of the OCCN pattem group with those of the
CCNN group. Thave chosen tofocus on what appears
to be three distinct groups of students: those with good
propottional reasoning skills (OCCC, CCCN, and
NCCC), those with limited skills (NNNNY), and those

pethapsinatransitional stage (OCCNN,CNCN, CNNN,
and NCNN).

There was a small group of students who demon-
strated s good unde rstanding of proportional reasoning.
Of those In the CCCN category, three omitted the last
question. The other three with errors on this question
used multiplicative strategics: ane is the student previ-
ously discussed who wrote that “843 and 1445 were
both almost 3, to the answer Is 14." The second
indicatcd 8+3 was 31/3; the third divided 3 by 8, rather
than 8 by 3. The one student in the NCCC category is
one of the students who divided 12 by 8 incorrectly,
getting $1.40 Instead of $1.50. Hence, in this group of
good proportional thinkers, no studentused an additive
strategy. Each student correctly or incorrectly consis-
tently applied multiplicative concepts.

Table 6
Frequency of correct and incorrect response patterns for Items 9 through 12,

Patlern

Grade 7 Grade 8

ccce
CCCN*
NCCC
CCNN
CNCN
CNNN
NCNN
NNNN

—
NN e OO
—
NMAWOWO &Hw

*C: correctly answered; N: incorrectly answered or omilted
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Of the 27 students In the NNNN category, one
omitted all fouritems on the instrument and five others
omitted three of the four. The majority of errors made
by these students were elther computational or re-
flected application of previously discussed inappropri-
ate strategies.

The students in the third group appeared to be
transitional in their understanding. With only one
exception, students clustered around answering some
combination of the first two items. These itemsdid not
require multiplicative strategles. Typical of this group
Is a student with an NCNN pattern, who for Item 9,
correctly divided 12 by 8, multiplied the $1.50 answer
by 2 but then multiplied that answer by 2 again to
obtain $6.00 for his answer. For ltem 10, he gave a
cotrect halving/doubling reasoning strategy.

Discussion

From a review of the literature, itisclear thatsome
authorsadvocate writingin prose Inmathematicsclasses
for both teaching and testing purposes. This study,
which was designed to examine students’ ability to
tespond In writing to ratio and proportion {tems on a
conceptually oriented diagnostic test, would provide
support for that view. Students explained thelr work
with varying degrees of success. Some wrote terse
rematks such as ¥l guessed.” Others described In words
thearithmetic operations that they hadjust completed.
A number of students, rather than showing thelr work,
just wroce the answers to questions but did provide
appropriate explanations. There were olso many stu-
dentswho responded with well-written sentences. Char-
acteristic of these were the guessing-strategy answers
like “First 1 guessed $1.00 but that was not enough to
make the $12.00, 50 1 tried $1.50...." These were the
most interesting in that they provided clear Indication
of what the st idents sald they did.

The writing technique (student written responses
followed by coding, categoriting, and summarizing)
deserves support as a viable research tool. A major
concern with the writing technique, however, is that
regardless of how well students described what they did,
no student described why a pardcular strategy or algo-
rithm was chosen. To explain the source of her answer
of 72, a student wrote that she multiplied 6 x 12. She
did not explain why she multiplied. Certainly, thisisa
major limitation to thisform of data collection. But the
writing technique does provide more information than
traditional pencil-and-paper or multiple-choice tests.
With multiple-cholce tests, the researcher must infer
what method the student used.  With the writing
technique, it Is generally not difficult to determine
what the student is doing. Still, think-aloud and
interview approaches would be more beneficial in that
students would not likely be able to omit questions and
the researcher coul:i ask for clarification of answets
where needed. Further, these latter approaches would

facilitate probing into why the student chose a particu-
lar algorithm or method.

Analysisof the results of this study does provide for
Interesting comparisons with those of Hart’s (1981).
Proportional reasoning has been ihe subject of much
discussion. Among the chapters in the CSMS project
report (Hart, 1981) was one asvoted to ratio and
proportion. In this chapter, Hart investigated aspects
of ratios such as doubling and halving, finding rate per
unit, and enlarging drawings in ratios of 2:1 and 5:3.
She fourd that doubling and halving strategies were
among the easlest for most children, enlarging non-
rectilinear figures in the ratio 3:2 the most difficult. In
the follow-up SESM project, Hart (1984) studied chil-
dren's strategies and errors found to be common to a
large sample of the scriptsfrom the CSMS project. This
second profect involved diagnosls, analysis, and teach-
ing by the rescarchers. Although findings confirmed
much information obtained from the CSMS project,
interviews and teaching allowed more In-depth prob-
Ing of some misconceptions. For example, it wasfound
that there was no evidence children used a standard
ratioand proportion algorithm. They tended to devise
their own methods. Post, Behr, and Lesh (1988) also
discussed proportonality and focussed on methods
likely to be used by students. They noted that propor-
tional reasoning Included notions of comparison, co-
variation, and the ability tc process several pleces of
information. This is perhaps the most important type
of formal reasoning that students acquire during adoles-
cence. Throughthelrresearch they found thatunitrate
and factor strategies were the most successfully utilized.

In this study relatively few used the halving/dou-
bling strategy. VWhen given Informationabout 8 dckets
and asked about 6, almost 2/3 of the students opted for
a unitary analysis procedure. However, for Item 10
involving the 2:3:5 ratio, more than half of the correct
responses were obtained by halving the 2 then multi-
plyingby theappropriate multiple. Itappearsthat many
students could use a halving/doubling strategy, but pre-
ferred a unitary analysis approach. The choice not to
use the “intermediary 4” question did seem to influence
the method cheeen by the students.

Comparisons between the rectangles item and
Hart's Mr. Tall/Mr. Short question show that “adders”
made up a large portion of both populations. It is not
clear that the use of the additive strategy resulted from
theinfluence of the fraction or from some other notions
inherentin the question. The conceptof enlargement,
ot similarity, requires further study. With the lastitem
on the test, itis difficult to asscss the effect of the 3:5
ratio. A few students’ explanations were clear and
hence helpful but to examine the “fracton versus
conceptual-understanding-of- proportion concepts” this
item would have to be matched with comparable items
with ratios of 3:6 or 5:11).
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The above findings lend support to Hart’s identd-
fication of levels of understanding of proportional rea-
soning where students progress from unltary analysis
and factor/multiple methods up to more formal ratio
apptoaches. Further support can also be provided in
thay, similar to Hart’s research, no student in this study
used the proportional statement of a:b = c:d. The
teachers reported that thelr Instruction emphasized
informal ratio and proportion experiences, bu' that
occasionally they did use thisform. Hartfound thatless
than 1 percent of her students used the proportional
form.

Is this wdting technique a uscful strategy!? A
qualified “Yes” is perhaps the fairest answer. As a
strategy it cannot replace interview approaches but it
does appear to offer some advantages over traditional
pencil-and-paper tests. In thisstudy, the techniquedid
permit some Insights into students’ conceptual under-
standing of proportional reasoning. Tt illustrated how
the test could have been used to place students into
groups with good, transitional, or weak ratio and pro-
portion abilities. It also showed how the test might be
used to identify various levels of understanding propor-
tional thinking.

Arcas for further rescarch would Include Investi-
gating whether or not tests could be designed that
would study Just one aspect of ratio and proportion In
some detall; for example, having eight to ten questions
on justenlargements. These tests would utilize writing
or explanation-oriented approaches. Other studies
couldfocus onwhetheror not the writing technique In-
fluences the students selection of strategy. 1s memory
decay affected? Might not the writing clarify some
concepts! One other area of rescarch that might be
considered Is related to the format of the test. Would
multiple-cholce tests combined with requests for chil-
dren to explain their answers result in different re-
sponses from those obtained from the open response
format! Would students respond differently If their
response was not one of the options?

References

Ashlock, R. B. (1984) Focus on testing in
diagnostic and presceiptive mathematics. Focus on
Leammg Problems in Mathematics, 9 (4), 49-54.

Bright, G. (1988) Story editing as a way

to identify understanding of geometry. Paper
presented at the annual meeting of the Research
Courxil for Diagnostic and Prescriptive Mathemat-
ics, New Orleans, Loulsiana.

Burton, G. (1985) Writing as a way of knowing In
a mathematics education class. Arithmetic Teacher,
33 (4), 40-45.

Gordon, ). T. (1988) Writing: A teaching strategy
for elementary algebralc fractions. Focus on Leam-
ing Problems in Mathematics, 10 (1), 29-36.

Hart, K. M. (Ed.). (1981) Children's understand-
ing of mathematics: 11-16. London, England: John
Murray (Publishers) Limited.

Hart, K. M. (1984) Ratio: Children's strategies
and envors. Windsor, England: NFER-Nelson
Publishing Company Limited.

Olson, ). (1986, April) Ready or not? Assessing
developmental readiness for understanding algebra.
Paper presented at the annual mesting of the
Research Council for Diagnostic and Prescriptive
Mathematics, College Park, Maryland.

Post, T., Behr, M. J. and Lesh, R. (1988)
Proportionality and the development of prealgebra
understandings. In A.F. Coxford and A.P. Shulte
(Eds.), The ideas of algebra, K-12, (pp. 78-90).
Reston, Va. : Natlonal Council of Teachers of
Mathematics.

Stemplen, M. and Borast, R. (1985). Student’s
writing in mathematics: Some Ideas and experd-
ences. For the Leaming of Mathematics, 5 (3), 14
17

120



ASSESSING PROBLEM SOLVING IN SMALL GROUPS

Derek D. Foxman - Lynn S, Joffe

The work described in this paper took place in the
context of national monitoring surveysof 11 -and 15 -
year old puplls carried out In 1987 in schools in Eng-
land, Wales, and Northem Ireland. The surveys were
conducted under the auspices of the Assessment of
Performance Unit(APU) at the Department of Educa-
tion & Science (DES). About 800 pupils participated
in the problem solving at each age level In groups of
three. These pupils were sampled separately from the
main samples of over 10,000 at each age level who took
other assessments. Small-group problem solving was
includedamong the assessmentsbecause of the growing
cducational Interest in cooperative learning and in
order to gain more Information on children's perform-
ance In this area than in previous APU surveys (DES
1985). It was also expected that the problem solving
processes would be more “visible” if externalised in
discussion.

The development sought to devise a situation in
which cooperative problem solving waslikely to occur.
A framework for asscssment was constructed to enable
the performance of groups of puplls to be rated by
tralned assessors on significant aspects of problem solv-
ing. Inaddition the assessors had available a scheme to
categorise the group'’s activities and wrote detailed
observations on the progress of the groups in thelr
attempts tofind asolution toeach problem. Asinother
APU work, tcachers played a prominent part in the
development work and, during the surveys, as assessors.

Factors Facilitating Cooperative Learning

Towhatextent is cooperative learning in groups a
fcature of classrooms in Britain? For some years chil-
dren in a high proportion of British primary classtooms
have been organised In groups of 4, 5 or 6 around the
tables in a room. The grouping Is often by ability for
mathematics or reading, and may be mixed ability ot
friendship groups for other areas of the curriculum
(GreatBritain, 1978). Howevet, several research stud-
ies have shown that there is a distinction to be made
between “grouping” and “groupwork” (Tann, 1981).
Rarely do the classroom groups actually engage in col-
laborative work, nor are they asked to do s0. More often
they work as individuals; and, although neighbouring
children may engage Indiscussion, this is not necessar-
ily sk-oriented (Galton et al., 1980).

In secondary schools groupingis rare, and groupwork

even more 50. However Cowle & Ruddock (1988),
who have conducted a groupwork project In secondary
schools, point out that the new 16+ examination In
Britaln, the General Certificate of Secondary Educa-
tion (GCSE), is encouraging schools to provide more
opportunities for cooperative leaming. They found
thatneardy half of the new syllabuses make reference to
groupwortk In course aims and 20 percent in both alms
and assessment objectives.

The potential benefits to children of leaming In
groups rather than {ndividually has been of consider-
able Interest to educationalists for some time. This
Interest stems from varlous sources: the desire to
improve students’ motivation, to develop thelr social
and pereonal skills, or the need to organise leaming
with scarce classcoom resources such as microcompu-
ters. Theoretically, the work of Piaget (1959) and
Vigotsky (1978) suggests that interactive situatlons
should provide children with more opportunities for
progression In their leaming and development than
working individually. Whether this can be demon-
strated emplrically has been the subject of a number of
research studies in the past decade. For the purpose of
thisproject it wasimportant to know what factors were
likely to facilitate cooperative working.

Slavin (1983) concluded that there Is Improved
achlevement in cooperative leaming, but only when
the group as a whole is rewarded rather than its mem-
bers for their Individual contributions. The type of task
also influences the effectiveness of group situations
(Cotton & Cook, 1982). Other factors which could
affect group processes and achievement are the ability,
racial, and gender mix within the groups. Higher
attaining students could be expected to provide morte
explanations and more correct solutions to problems
and may have more social influence within the group
(Cohen, 1984). However, Webb (1982) reported in-
consistent results from a number of studies of groups
with similaror mixed attainmentcomposition. Several
researchers have noted differences in the behaviour of
boys and girls within mixed groups (e.g. Lindow et al.
1985).

If cooperative leaming does ha re morte positive
effectsthanindividualised leaming, towhatfactorscan
they be attributed? Piaget’s (1959) view waz thatinter-
action with a peer pushes achild in the pre-operatiual
stage towards considering more than one perspective
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on # situation and so into the more advanced concrete
operational stage (Mugny and Dolse, 1978). Vigotsky
(1978) considered that social interaction generally is a
prime cause of intellectual development. Leamning
creates the “zone of proximal development” which is
the distance between what children can do on their
own and what they can do under adult guidance or in
collaboration with more capable peers (Vigotsky, 1978).
Light and Glachan (1985) found that children per-
forraed better when wotking cooperatively on a goal
directed problem-solving task (“Tower of Hanoi”) than
when working Individually, even when there was little
verlnl interaction. However, a task which produced
more: discussion (“Mastermind”) was even more effec-
tive. They found that pairs of children at both 8 years
and 12 years produced solutions In fewer moves than
children working alone. Furthermote, groups who
discussed the problem or argued about its solution most
were significantly more likely toproduce theirsolutions
in fewer moves than those who argued least. Fletcher
(1985) also found that groups were supetior to indi-
viduils working on a microcomputer problem task, and
that verbalising was a facilitatory factor.

Barnes and Todd (1977) conducted a study of the
talk of 13 year old boys and girls while they were
woiking on ta-ks sct by their teacher. They reported
that “the quality of discussion typically farexceeded the
calitre of thelr contribution iIn class...”. Bames and
Tockd pointed out that talk in a classroom s usually
manjged by the teacher. In a group, without an adult
present, it Is the children who have to negotiate the
course of the discussion with its episodes of silence and
cordlict and the need to encourage others rather than
to dominate them.

These rescarch studics do not present conclusive
firclings about the factors which might facilitate coop-
crative working in groups. The gender and ability mix
and the extent of interactive talk within the group
obviously needed to be considered. Another factor
could be the gender of the assessor {Joffe and Foxman,
19841). The size of the group was not pariicularly noted
as influencing cooperation in any of these studies, but
it vras an important factor In the organisation of the
survty and so needed to be investigatedin the develop-
ment work.

De:veloping the Group Situation for the Surveys

The tasks tried cut during the development, with
the lielpof teachers’ groups, were problems which could
be tickled in different ways and had possibilties for
extension. They included “everyday” tasks which
required planning, and more purely mathematical
preclems which gave opportunities for pupils to conjec-
ture relationships and test out their conjectures. Tasks
wert sought which, ideally, could be attempted by both
age jiroups so that some comparisons might be possible

between them. Asprevious research had suggested, the
nature and quantity of the verbal Interaction varied
with the task. Alotof problemswere tried and rejected:
some produced a lot of animated talk, but little mathe-
matics; others some mathematics but little discussion.
Finally, four tasks were developed for both age groups
with differences in detail between the two versions in
each case. A fifth task was also developed for the 15
year olds. The tasks were:

Number Chains. Investigating the effectof apply-
ing a transformation rule to a number and then to the
resultof the transformation and so on successively, thus
forming a chain of numbers. The rule utied resulted in
chainsultimately going into one of two repeating loops.
The substantive problem was to find out what kinds of
numbers fed to a particular loop.

Filling trays. This was a version of the maxibox
problem — finding the targest capacity ¢f an open box
or tray which results from cutting squares from the
corners of a rectangular sheet of given size.

Class Trip/Day Out. Planning a day out on a
limited budget given a map of places to visit, times of
trains, activides and their cost, and menus at cafes.

Packaging, Designing a packege to send three
dlicate glass spheres through the pust.

Total 87 {for 15 year olds only). Devising a win-
ning strategy In a game for two players or teams. Each
tcam selects 2a number from 1 to 7 altemately, and the
cholces of both sides are added together. Theflrstteam
to rcach 87 Is the winner.

The Class Trip (Age 11) and Day Out (Age 15)
problems were borrowed directly from topics used pre-
viously in the 1-to-1 APU practical surveys. These
topics were also used again in the group and individual
test sitvations. The Number Chains and Packaging
group topics were also adapted for the 1987 1-to-1 sur-
veys, for comparison purposes, and a version of the
Number Chains problem was adapted fora written test
in the 1987 surveys.

Presenting the Tasks to the Groups

It was necessary to familiarise pupils with the con-
tent of the problem and what was required of them.
Each sessionwasdividedinto three phases. Phasesland
Il wereinteractive, while in Phase 1l the pupilswere on
theirown, nohelp wasallowed. In Phasc I anintroduc-
tory task was given which was related to, or part of, the
substantive problem and prompts could be given. The
main purpose of Phase 1 was to make sur# that as many
pupils as possible understood what they weie asked to
doin Phase I1. In Phase 11 no intera:zticn was allowed
because itwasfound that, whenit was, assessorsbecame
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part of the group and it was then difficult to get the
group goingon thelrown. Eyecontactwasavoldedand,
if pupils asked questions or asked for directions, they
were glven a neutral response: “That’s up to you to
decide.” Ifagroup attempted todraw in the assessor, the
technique used wastofeignalack of interest. Butwhen
the group decided they had gone 25 far as they feltable
to do, Phase 111 began in which clarification was asked
for of what had not been clear to the assessor, and a
general acccent given by the pupils ¢f what they had
done, why they had doneit, and how theyfeltabout the
session. A fairly flexible script was usexl by assessors for
Phases I and 111.

During the session assessors wrote notes on what
was happening and what was said in as much detail as
they could manage. During the surveys a number of
assessors exhibited great feats of concentration and the
ability to record considerable detail (They completed
their records after each session.). Tape recorders were
notused, exceptin Phase 11, because it was not possible
to gavge their effect on the pupils befor: the surveys
took place. Barries and Todd (1977) in their research
feltit was unreasonable to combine the effects of bein,:
tape recorded for the first time with that of wo king in
groups for the first time.

The sessions lasted anywhere from 10-15 minutes
up to an hour and a half. Most of the shoiter and the
longe! sesslons involved the more mathemaztical topics
which, potentially,could be solved quite quickly. Some
groups who could not find a solution were extraordinar-
ily persistent in following up a range of hypothescs.

The size and composition of the groups

Decisions about the size and composition of the
groups to be used in the survey were taken after a good
deal of piloting to determine what kind of groups
seemed to work best together. Usually only one plece
of apparatus (e.g. a calculator) was provided in a group
soas to emphadse the common aim, but boys were not
infrequently observed to grab it. Gitls could be ata
particular disadvantage in such a sitvation, especially
those from some ethnic minority backgrounds. Friend-
ship groups were considered butit wasfound that, ifone
member was of 3 much higher attainment than the
others, that person would be likely to dominate the
group. Groups with more than 3 children tended to
split into subgroups; it was more difficult for them to
organise themselves and use the available resources
cficctively. Groups of only 2 pupils provided less
discussion than larger groups. For these reasons it was
decided to use groups of three pupils of the same sex and
approximately the same attainment.

Assessing the Groups
The assessment schedule was developed with the

assistance of groups of teachers experienced in using po-
roblem solving and investigative work in thelr class-
rooms, and guided by the work of theorists and re-

scarchers.

Theoretical perspectives on problem solving place
stress either on the abilities needed for problem solving
(Piaget, 1959; Krutetskii, 1976) or on the activities
engaged in during the solution process (Polya, 1957;
Schoenfeld, 1983). The APU s concerned with assess-
ing perfformance and not with traits or capacities of the
person and so ability modecls are of less interest in this
context. Schoenfeld (1983) has given a detailed list of
knowledge and behaviour necessary for what he be-
lieves tobe an adequate characterisation of mathemati-
cal problem solving performance. The main categories
are: Resources (e.g. facts, algorithmic procedures);
Heuristics (e.g. drawing figures, introducing suitable
notation); Control (e.g. planning, nonltoring, deci-
sion making); Belief Systems - (One's “mathematical
wortld view”, determinants of an individual’s behav-
iour).

In 1986 a number of marking schemes used for
assessing investigative work in schools were collected
and reviewed by NFER researchers. Most of them had
been produced by teachers who had many years of
experience ¢f this activity in thelr classrooms. They
were concerned with carefully written up post hoc
reportsof extended Investigations and gave some useful
indications of possible frameworks. The process objec-
tives most common to the schemes were found to be
largely compatible with Schoenfeld's ideas: Formulat-
ing the problem (Control); Use of mathematical strate-
gies(Heuristics); Level of mathematics used (Resources);
Evaluation and interpretation of results (Belief Sys-
tems). Because teachers are, in addition, interested in
the way results are communicated and in an individ-
uval’s personal contribution if the report is by a group,
relevant categories covering these areas were noted in
the review.

Normally the categories were marked on a scale of
4 or 5 points. Each point of the scale might carry an
extended but faltly abstract description. Forexamplea
category, “Report 2sa communication”, inone scheme
describes a top-rated report as one which Is: *Logically
structured with sultable selection of what to present.
Full explanation of the problem, its development and
conclusions. Well written and appropriately illustrated
with examples, tables and diagrams.” A bottom-rated
report would be “An untidy collection of results, badly
organised, with little or no explanation.”

Such descriptions must be relative to the normal
standards of the material produced for assessment.
Indeed, some teachers preferred to leave it there and
simply stated: Marks O to 4 decided by experience of
requisite standards.
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Categories of performance do rot constitute a
model of problem solving and there was interest in the
APU research in gathering data which might enable
some general picture of the problem-solving process to
be derived. Problem solving might be characterised as
a cyclic activity which successively refines the direc-
tion which is taken towards a solution: forexample, by
formulating the problem more precisely; using more
efficient methods etc. More cealistically, it is likely to
be untidy and opportunistic (Hayes-Roth and Hayes-
Roth, 1979). Data from the sessions which might
enable a generalised picture of the process to emerge
would have to be demiled and chronological. There
was interest too in determining relationships between
various categorics of perfformance and with background
factors, such as the gender and ability of the groups.

In order to achieve these purposes, three sets of
data were collected on the peformance of each of the
groups. In each case it was the group which was rated
or categorised, not the individuals within it. It was
made clear to the pupils at the beginning of a session
that they were to work as a team and come up with an
agreed solution. The data sets were: rating scales, a
summary of performance, and obsetvations.

Rating Scales. A number of scales were derived
from the development wotk with teachers and guided
by the theoretical and empirical work on problem-
solving processes. There were eight main scales with
sub-scales in most cases. They related to the areas of
social Interaction, problem solving skills, communica-
tion, cix! attitudes. Each scale or sub-scale had four
points: 0 (low), to 3 (high). The scales were as follows:

1. Soctal Interaction. There wasone sub-scale relating
to the amount of cooperation and a set of categories
defining the type of group.
2. Awareness of Problem. This category related to a
group's ovenall grasp of what needed to be done to
solve the problem: i.e. their overall strategy. Two sub-
scales.
3. Working on the Task. The tactics used in relation
tomethodsandlevel of mathematical argument. Thiree
sub-scales.
4. Resoluton of the Problem. This was an ovenall
judgement of the group's performance, by the assessor
on one sub-scale, and by the pupils of themselves on
another, of the extent to which the problem had
been satisfactorily resolved.
5. Extenslon to Problem. Very few pupils suggested
additional questions which arose out of what they had
gone. Consequently, this category was largely redun-
lant.
6. Communiation within Group. There were sepa-
rate sub-sceles relating to oral, visval, and written
means of communication.
7. Communkation with Assessor. The three sub-
scales related to the way In which a a group’s report was

presented in Phase l11.

8. Attitudes. The threc sub-scalesrelated to the ratings
of the puplls’ Involvement, persistence, and enjoy-
ment.

Each pointon each scale was described, in general
terms for the age 11 survey. For the older pupils the
descriptions of points on some of the scales were related
more specifically to individual tasks.

Clearly there could be changes in the way groups
operated during a session, and assessors were instructed
that, in such cases, it was the later rather than the
carlier behaviour which should determine the rating
given. Thus a group which began cooperatively but
ultimately worked individually should be given a low
rating for cooperation, while one which began In a
fragmented way but finally “gelled” should be given a
higher rating. Similarly, in relation to Awareness of
Problem, a group which began with little idea how to
deal with a problem, but ultimately developed a good
strategy, should be given a high rating. Not all of the
sub-scales were relevant to every problem, and assessors
were instructed not to give a rating if they thought a
scale was inappropriate.

Summary of Performance. A second set of data
was obtained from the assessors who were asked to sum-
marise each group’s performance under a number of
headings. For example, the headings for Filling Trays
were: Methods for finding the capacity of the trays;
Accuracy of the methods used; Size of traysconstructed;
Accuracy of construction; Hypotheses generated about
the relationships between the dimensions of the trays.
For Class Trip the headings included Awarenessof time
in planning; Strategies and methods used; Awareness
of cost; Recording.

Under each heading were listed the main possibili-
ties which had been noted during the development
work. The categories required assessors to make either
yes/no decisions (Did the group find the capacity of
trays by measuring, by using a cube, by multiplying
length by breadth by height, by usinga calculator, etc.)
or ratings (Were the measurements made very accu-
i:*e, Not very accurate, or {naccurate!?).

Observations of Group Activity, Observations
were recorded by the individual assessors on A4 paper
aiwded lengthwise into sections. One section was for
the main observations. Other sections were reserved
for comments on the group interaction, the processes
being used by the group, and for recording the time at
various pointsduring the session. Assessorsrecordedin
as much detall as they could duting a session and then
made up their notes when it was completed.
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The Surveys

The assessons’ task was to administer the assess-
ments In the schools selected for the survey. Overa
seven-day period in May 1987, for those participating
inthe age 11 survey, or November 1987 for those in the
age 15 survey, they travelled to schools in England, or
Wales, or Northem Ireland. Ateach school there were
usually three groups of three pupils of the target age
group and composition who were to be administered
one prcblem each.

The assessors were experienced teachers nomi-
nated by their Local Education Authorities (LEA's) at
the inviration of the NFER. A job description was sent
to each invited LEA which emphasised that the teach-
ers nominated should have taught boys and girls of the
target age group and should be aware of recent develop-
ments In mathematics education. The most typical
nominees for the age 11 survey were heads or deputy
heads of primary schools or advisory teachers working
across the LEA but with recent successful practice in
the classroom. Forthe age 15 survey the nomineeswere
heads of mathematics departments or advisoty teach-
ers. The locations of those invited were distributed as
evenly as possible over the geographical area involved.
There were 16 assessors altogether at each age level.

In previous APU sutveys the majority of nominecs
for the practical tests were men. Spender (1981) has
illustrated that mathematics teachers may respond dif-
ferently to boys and girls, and so it was decided to
control for any effects of gender of assessor In the 1987
practical surveys. LEA’s were therefore asked to nomi-
nate an assessor of a specified gender. While an equl-
table gender balance of assessors was achieved for the
age 11 survey, there was a slight imbalance In favour of
men for the older pupils.

The maln training provided was a two-day residen-
tial conference for each setof assessorsheld a few weeks
before the respective surveys in May and November.
Assessors were also expected to practice administering
the assessments In thele own schools between thelr
briefing and the actual survey.

Atthe residential briefing the assessors were given
the topic scripts and shown videotapes of groups work-
ing on the survey problems. There were sessions in
which the teachers practised recording observations in
detail, both from videotapes and with children from
local schools. At the briefing for the secondary survey,
groups of assessors also simulated the assessment situ-
adon: atechnique which had been used successfully for
several years at the briefing of the assessors of the APU
1-to-1 practical tests.

Some time was spent in discussing the nature of
performance at different points on the rating scales.

However, it was clear that a good deal more time was
required than was available for the assessors both to
observe and to reflect upon the wide range of ways in
which pupils tackled the problems that had been re-
vealed during the development work. Consequently,
the way assessors interpreted the scales will be exam-
ined in the analysis.

The Deslgn of the Survey

Thenumberof schools participating was 100 {n the
primary survey, and 80 in the secondary. The schools
were selected randomly In a stratified sample. Three
pupils in each sample school were then selected ran-
domly from among those in the target age range. Each
of these pupils was assigned to one of the groups to be
assessed. The final selection stage of making up the
grours of three members was left to the school. The
instructions from the NFER were for schools to chcose
two further pupils for each group, of the same sex and
similar attainment to the pupils already selected ran-
domly. While only one instance occurred where 2
school was unable to match the gender of a randomly
selected pupil, there were afew cases where a very clos:
attainment match was not possible.

There were two checks on the attainment mix
within groups: schools were asked to give estimates of
survey pupils'attainment within 20 percent bands,and
an independent estimate of attalnment was obtained
from the results of a written test taken by the same
sample pupils. There was a different test for each age
level butwith similarcontent. The two tests were made
vpfrom thebanksof APUwritten testitems. Theitems
selected were those relevant to the context of the
problem tasks: measuring and spatial concepts relating
to the Packaging task; reading tables and money caleu-
lations to the Class Trip and Day Out toplcs; number
patterns to Number Chains; and area and volume ques-
tions to the Filling Boxes problem.

For the survey administration, topics were ran-
domised over school andoverassessors with the provisn
that in every school the three groups took different
toplzs. Thus there was no possibility that groups could
gleananydetails of the problem they would be asked to
solve from those pupils who had already been assessed.

Thisdesign resulted in about 70 groups taking each
problem in the primary school and about 60 in the
socondary. About 30 of the older groups took the fifth
tople, Total 87.

Some Initial Results of the Age 11 Survey
The analysis of the tesults of the surveys of the two

age groups are on-golng; but, so far, only detatls of some
the of age 11 results are available. These relate to the
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ratings and provide indications of relationships be-
tween the scalesand differences in responses to the four
tasks. The importance of looking at the assessors’
interpretationof these scales wasstressed earlier. There
are two ways in which this can be tackled: factor
analysing the scales to examine their dimensionality,
and relating the assessors’ ratings to their detailed
observations. The latter have not yet been analysed
extensively, but some investigations of dimensionality
have taken place. Factor analyses for each topic pro-
duced two main factors which were similar for all four
topics. These could be described as cognitive and
attitudinal factors. The cognitive factor had high load-
ings on the scales Awareness of Problem, Working on
the Task, and Resolution of the Problem. The attitu-
dinal factor had high loadings on the Amount of Coop-
eration and Attitude scales.

The following results are examples from one of the
scales with a high loading on the cognitive factor —
Resolution of the Problem ( Assessors’ Evaluation), and
from one with a high loading on the attitudinal factor
— Social Interaction.

Table 1
Ratings of Amount of cooperation within Groups
Percent of groups rated as:
Topic 0 1 2 3
Numter Chains 2 10 42 46
Filling Trays 1 9 43 41
Class Tiip 1 8 36 54
Packaging 7 15 56 21

Thefirstquestionaddressed concernsthe extent to
which the age 11 survey was successful in its aim of
producing cooperative problem solving. The assessors’
written comments and their discussion at a debriefing
meeting held after the survey indicated that this was
the case. This was reflected in their ratings of the
amounts of cooperation for the four toplcs on a four
point scale ranging from 0 (low) to 3 (high). These
results are summarised in Table 1.

The two“everyday” toplcs, Class Tripand Packag-
ing, received respectively the highestand lowest num-
ber of ratings of 3 for cooperation. This was almost
certainly due to different task requirements: there was
pressure in Class Trip tomake decisions together, while
some groups made individual designs for Packaglng, al-
though most reached a common final decision. It was
encouraging to note the high cooperation ratings for
the most purely mathematical topic, Number Chains.

Further information is provided by the assessors’
categorisation of type of interaction within the group.

Four main types of group interaction had been {denti-
fied during the development. They could be placed on
a scale of dominance of the group leader, from leader-
less to authortarian. Groups taking Number Chains
were most likely to be non-authoritarian; again thisis
likely to be more a function of the task than of those
groups who took the topic. Of the four toplcs it is the
one where opinion, in contrast to logical argument, has
least validity. The Packaging task had most scope for
decisions to be made on the basis of opinion and
therefore to be made by those who wanted todominate.
Girls' groups were given a much higher proportion of
the top ratings for cooperation in 3 of the 4 tasks, but
boys' groups had more of the top ratings in Number
Chains. More girls' groups were classified as leaderless
or were chaired in two tasks, the other two being more
equable between the sexes in this respect.

Table 2
Ratings of Type of Group

Percentof groupsrated as:
Topie Leaderless Chaired Dominant Authoritarian Other

Group  Leader Leader
Number Chains 55 21 13 2 9
Filling Trays 49 3 12 3 13
Class Trip 44 pA) 18 4 1n
Packaging 34 1?7 27 6 16

The assessor’s evaluation was an overe!l summary
rating of the extent to which ¢ group resolved or solved
a problem. Table 3 contains the distribution of ratings
which were given by the assessors (0 low, 3 high):

Table 3
Assessor’s Bvaluation

Percent of groups rated as:

0 1 2 k)
Tople
Number Chains 12 30 N 21
Filling Trays 7 42 k]| 20
Class Tiip 1 14 61 24
Packaging 3 29 63 6

The “eveiyday” tasks appear to have been easler
than the more obviously mathematical problems, al-
though assessors were teluctant to give a top ating to
the design task, Packaging.

Pupils selected for the group survey were due to
take the special written test described eardier. Thelr
score on this test gave an indication of the extent to
which the pupils in a group had been of similar ateain-

126



ment as requested. The test scores also provided a
comparison of the small group sample with the main
sample, some of whom had taken the same questions
that appeared in the special test.

The resultshowed that the mean success rate of the
questions in the small group sample test was signifi-
cantly higher than that of the same questions taken by
the main sample (51.3%) t0 48.0%). Thisfindingis not
all that surprising since two of the pupils in each group
had been selected by the school and not randomly. So
far as ability mix was concemed about two thirds of the
groups had test scores within a range of 15 percentage
points. There wasan occasional extreme mix ( e.g. 8%,
10%, 49% success).

Each of the test scores and the mean test score for
a group was conelated with the assessor’s evaluation
and cooperation ratings for agroup. Thisis summarised
in Table 4.

Table 4
Correlations of Groups® Mean Test Score with
Assessors’ Ratings
Topic Cooperation Evaluation
Number Chains 0.50 0.64
Filling Trays 0.10 0.44
Class Trip 0.41 048
Packaging 0.21 033

Test score was not expected to correlate highly
with amount of cooperation so it is interesting to note
the relatively higher correlation for Number Chains,
while cooperation v/as not assoclated with attainment
for Packaging and Filling Trays. It should be noted that
the assessors had no knowledge of the pupils® test scores
(neither did their schools) nor were they informed of
the school’s estimates of pupil ability.

Conclusion

The results of the age 11 survey suggest that high
rates of cooperative problem solving were achieved by
groups of three pupils of the same gender and, mostly
similar attainment. The amount and type of Interac-
tion was task dependent, the most ccoperation being
observed in groups taking the non-practical mathe-
matical task.

The points on each rating scale were described in
rather gencral terms for the assessors in the age 11
survey, but some were related more specifically to each
topic for assessors of the older pupils. This may facili-
tate more differentiated rating between scales than was
achieved at age 11 which resulted in two main factors

only: cognitive and attitudinal.

Findings for the more detailed data which were
obtained will be reported later.
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WIDENING THE PERSPECTIVE OF PROGRAM EVALUATION

David Nevo

Different educators mean different things when
they use the word evalvation, and the evaluation litera-
ture provides multiple perceptions of evaluation. The
well-known definition suggested by Ralph Tyleralmost
forty years ago, and still used by many, perceived
evaluation as “the process of determining to what
extent educational objectives are actually being
realized.”(Tyler, 1950, p. 69) Thisdefinition matched
the general tendency in education to assoclate evalu-
ation with testing and limited its scope to the measure-
mentofstudents’ achievements. Such anapproach was
also in congruence with the common sense of politi-
ciansand the general public who, on various occasions,
requested that educators be accountable for their deeds
and provide evidence of their effectiveness in the form
of data on improvement in students' performance.
Many evaluations of educational programsstill focuson
changes in students’ achievement as a major variable
for the assessment of the program. Even when some of
them collect data related to the process of implement-
ing the program being evaluated, it is used mainly asa
means for interpreting the findings about students’
performance, rather than asa criterion for assessing the
quality of the program.

But evaluators experienced many problems in
measuring the “really important” impacts of programs
(¢.g. long-range impacts). They alsofind it quite diffi-
culttoestablish a causal relationship between students’
participation In a new program and their achlevement
by means of implementing a true or even quasi-experi-
mental design, as has been suggested by Campbell and
Stanley (1966) and other 1esearch methodologists.
Evaluators have also realized that the richness of a
program or a project cannot be exptessed only by its
impact on students’ behaviors, nor can the full range of
thelr clients’ information needs be served by data only
on students’ test scores.

The evaluaton literature has been suggesting for
some time many attempts to extend tre scope of infor-
mation that should be collected regarding each pro-
gram that Is being evaluated. Stal:e (1967) In his
Countenance Evaluatdon Model sujgested that two
sets of Information be collected reganding the program
being evaluated: descriptive and judgmental. The
descriptive setshouldfocuson intents and observations
regarding antecedents (prior conditions that may affect
the outcotnes of the program), transictions (the proc-
cssof implementing the program), and outcomes of the
program such as students’ achievements but alswo other
outcomes. Thej:dgmental setof informationin Stake's
model {s comprised of standards and judgments by

relevant audiences regarding the same antecedents,
transactions, and outcomes.

Guba and Lincoln (1981) extended Stake’s ap-
proach and applied it to the naturalistic paradigm.
They suggested that the evaluator collects five kinds of
information as follows: 1) descriptive information re-
garding the program, its settings and its surrounding
conditions; 2) information responsive to concems of
relevant audiences of the evaluation; 3) information
about relevantissues; 4) information about values; and,
5) information about standards relevant to the worth
and merit of the assessments.

Stufflebeam, together with a prominent group of
evaluators (Stufflebeam, et al., 1971) analyzed various
types of decisions and decision-making settings. They
endorsed Stufflebeam’s CIPP Evaluation Model, sug-
gesting thatevaluation focus on four sets of information
regarding the program being evaluated: the goais of the
program, its design or strategy, its process of implemen-
tation, and its outcomes.

The notion thata wide range of information should
be collected regarding each educational program has
been supported by many otherauthorsinthe evaluation
literature published in recent years (¢.g. Meckenule,
1983; Nevo, 1983; Dorr-Bremme, 1985; Colley and
Bickel, 1986; Glasman and Nevo, 1988). Thiswasalso
the perspective of ourevaluationstudy of anelementary
school computer assisted instruction (CAT) mathemat-
ics program (the TOAM program). Nevertheless, in
planning the evaluation study, we had to work hard to
convince our clients that*hard data®on studentachieve-
ment is not the only thing that could be useful to them
in making decisions about the program. And since
similar difficulties have also been experienced in other
evaluations, we would like to reemphasize the impo-
tance of widening the perspective of program evalu-
ation, to point out some possible methodological solu-
tions, and to discuss the utility of such an approach on
the basis of our experience.

The Program and Its Evaluation Deslgn

The TOAM program iIs an Israeli adaptation of 2
CAl mathematics program inftially developed at Stan-
ford University In the catly sixties by Suppes and
assoclates (Suppes, et al., 1968). The program was
adapted to the local mathematics curriculum and has
been used in Grades 2 to 6. Participating students used
the computer twice a week, each time foe 20 minutes,
where they had an opportunity to practice Individually
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on a graded sequence of exercises and were provided
withfeedback regarding theirperformance. The teacher
Isalso provided with a diagnostic summary of the whole
class at the end of each period. The computer in this
program is used only during 40 minutesa weck outof a
total of about fourhours of weekly mathematicsinstruc-
tion. The computer is used only for practice and
diagnosls while most of the instruction I5 done within
the regular class by means of other teachirg methods.

The evaluation was conducted within the frame-
work of the city of Tel Aviv, where the local depart-
ment of education decided to introduce the TOAM
program into schools with a high proportion of cultur-
ally disadvantaged students. The purpose of using the
program was to help low-achieving students without
hindering the progress of advanced students. TOAM
computers had been used for some years in the schools
of Tel Aviv when the local department of education
decided to fund a one-year evaluation to examine the
usefulness of the program and how it could be im-
proved.

In light of our perception regarding the scope of
evaluation (Nevo, 1983), and on the basis of interac-
tion with our clients and other stakeholders in the
program, three major questions were identified as re-
flecting what might be their main information needs.
The following evaluation questions were agreed upon
to br; addressed by the evaluation:

a. Are the radonale and the structure of the
TOAM program based on acceptable educa-
tional approaches providing a reaonable
chance to affect its target population?

b.  Is the program being implemented as
planned and in an efficient way?

¢.  Does the TOAM program have an impact
on students’ achievement in mathematics
and on their attitudes towards studying

mathematics?

Four sources of information were used to address
the first question. They were: major documents of the
program; interviews with the program personnel; a re-
view of theliterature on mathematics educationand on
computer assisted Instruction, Including some meta-
analysis studies; and experts’ opinions on the program,
obtained from four experts especially for this evalu-
ation.

The second evaluation question was addressed by
meansof: administrative reports of the program; struc-
tured observations In mathematics classess and com-
puter practice scssions (46 obeervation hours tn 9
schools); Interviews with teachers and computer pet-
sonnel; and questionnairesadministered tostudents(n
= 241),tcachers (n = 191) and principals (n = 16).

For the third evaluation question data were col-
lected on students’ achievement and thelr attitudes
toward mathematics. Data on TOAM computer scores
were analyzed fora total of 5254 students in Grades 2 to
6 in 19 schools. Standardized paper-and-pencil tests
were administered to 273 TOAM students in Grades 4
to6and to214 studentsin comparison groups. Attitude
questionnalres were administered to 123 TOAM 6th
graders and to 118 students in similar comparison
classes. Students in comparison groups were selected
on the basis of similar socio-economic background to
that of the TOAM group but random assignment of
students to groups was not feasible in this study.

Major Findings of the Evaluation

A detailed presentation of the data analysis proce-
dure and findings of this evaluation can be found
elsewhere (Nevo, 1984; Metzer, 1986; Nevo, in press).
In this paper only a summary of the major findings will
be presented as a basis for our discussion on the scope of
evaluation. Following are major findings regarding
each evaluation question:

Are the rationale and the structure of
the TOAM program based on accept-
a reasonable chance to affect its target
poprlation?

a. TOAM is based on a behavloristic appoach
emphasizing the relationships among
stimulus, response, and reinforcement. This
approach was highly criticized in the litera-
ture and by the experts used in this evalu-
ation as an approach of limited value appro-
priate mainly for leaming simple tasks.

b.  Anextensive review of the literature on
CAl and mathematics education showed
that the use of computers in instruction can
be useful when used in conjuction with
regular class Instructon, and with close
cooperation between the teacher and the
computer.

c.  Previous studies, conducted by the organizna-
tion which developed and operated the
TOAM program around the country, which
showed the effectiveness of TOAM in im-
proving students’ achlevements In mathe-
matics were all based on TOAM computer
tests rather than on standardized paper and
pencil tests.

Is the program being implemented as
planed and in an efficient uay?

a.  Review of administrative reports and direct
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observations in schools showed that the
operation of TOAM within the schools was
well organized and implemented according
to formal instructions and with almost no
complaints from participating schools.

The bi-weekly computer practice sessions
were implemented by special TOAM in-
structors; the participation of class teachers
in those sesslons was very limited. One third
of the teachers indictated in their question-
naires that they do not attend regulady the
computer practice sessions with thelr
students. Our sample observations showed
that in more than half of the the sessions
teachers were absent. There were no
regulations regarding teacher presence in
computer practice sessions of thelr students.

More than 80 percent of the teachers indi-
cated in their questionnaires that they used
the computer reports, provided at the end of
each practice session, in planning their
lessons. However in our structured observa-
tions in 32 fourth and sixth grade lessons we
succeeded in tracing some kind of reference
to computer reposts in only one third of the
classes.

The teaching style of teachers in classcs
participating In the TOAM program was
found (in classtoom observations and
teacher questionnaires) to be similar to the
typlcal teaching style of teachers in regular
classes in Israeli schools and included very
little work in small groups and individual
work of students. However, the tendency to
use “non-conventional” teaching methods
was slightly stronger among teachers who
had participated in the program for more
than one year.

Teachers seemed to be pleased with the
otientation training that they got when they
joined the TOAM Program, but many of
them (30 to 50 percent) asked for additional
guidance in teaching gifted students,
working in small groups and dealing with
individual differences in heterogencous
classes. More than 50 percent of the
teachers did not get any in-service training
during their first year In the program except
a one day otientation when they joined the

program.

a.  Analysis of TOAM computer test scores in
participatiflg schools showed that the
percent of students reaching the expected
minimal requirement level for their grade at
the end of the year was significantly higher
than an estimated level of non-participating
students. However, a high percentage (33
to 85) of participating students in various
classes did not reach the minimum require-
ments determined by the TOAM program
by the end of the year .

b. The analysis of the TOAM computer test
scores also showed that the progress of high
level students was significantly greater than
the progress of low level students. Thus, the
gap between low achievers and high achiev-
ers seemed to increase by virtue of the
TOAM program.

c.  Standardized paper-and-pencil tests admini-
stered to 4th and 6th grade students partici-
pating in the program and to non-partici-
pating students with similar backgrounds
showed no statistically significant difference
between the overall mean scores of both
groups. However, in two out of the six sub-
scores of the fourth grade test, a significant
difference in favor of the TOAM group was
found. No significant differences in sub-
scores were found in the sixth grade, but a
significant difference was found among the
groups in the percentage of students who
got high scores on the entire tests (more
than 75 percent correct answers).

d.  Regarding students’ attitudes towards
mathematics, “math anxiety” was found to
be significantly lower in the TOAM group
in the sixth grade compared to the compati-
son group, but no significant differences
among the groups were found regarding
other sub-scales of the attitude question-
naire.

c. Teachers and principals expressed overall
positive attitudes towards the program and
thought that TOAM had a positive impact
on sttents’ achicvement, ¢specially on

good students.
Summary and Discussion
In spite of the fact that during the planning phase

of the evaluation our clients showed a strong preference
for information on students' ackievement, that would

Does the TOAM program have an demonstrate the frpact of the TOAM program, such
i pact on students’ achlevernant and information tuzned out not to be useful when the
on their attitudes tovards studying evaluation study was concluded. Since, as we men-
mathematics? tioned earlier, the use of an experimental design within

the framework of this study was not {e:asible, there were
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some limitations on the inference that could be made
from our data on students’ achievement in the TOAM
groups and the comparison groups. However, it seemed
clear that there Is no strong evidence to support the
claim that TOAM has a significantimpacton students’
achievement, and that such a claim {s unwarranted at
least considering the way the program hasbeen actually
implemented. The connadictory findings for the
computer tests and the paper-and-pencil tests were
interesting. So were the findings that showed that
TOAM, which was funded within the frrmework of
special support todisadvantaged students, seemed tobe
increasing the gap between low achievers and high
achievers.

But the important question was, what could be
done with those findings regarding the impact of
TOAM? Soon it became clear that the answer was:
“Really not much!” Nobody would make a decision to
discontinue the TOAM program in the Tel Aviv
schools, since there was no available alternative on the
market that could offera complete set of courseware in
mathematics for elementary school classes. It wasalso
apparent that no one would shift funds from a CAI
program to other educational projects at a time when
the whole educational system seemed to be “hocked”
on computers and percelved the introduction of com-
putersinto the school asa major cffort to mode mize the
educational system. Actually, if one would be willing
to decide to discontinue funding of the TOAM pro-
gram he could do so on the ground of a simplistic
rationale and poor implementation as was found In our
evaluation.

When we submitted our final evaluation report it
was apparent that although the original charge of the
evaluation was formative as well as summative, its
major contribution could be only in its formative mode.
TOAM was there to stay, and the only decisions that
could be made about it would be related to its improve-
ment. But not much advice could be derived from the
test results, atleast not as much ascould be derived from
the other findings.

Our findings regarding the rationale of the pro-
gram and its structure (first evaluation question) sug-
gested cleatly that TOAM was based on a simplistic
approach that has been highly criticized by experts on
CAl and mathematics education as well as by the
research literature. Our study also showed (second
evaluation question) that teachers were not getting
sufficient training and guidance to incorporate the
work of their students with the computer into the
whole process of teaching and leaming mathematics.
On the basis of these findings it was quite simple to
develop recommendations regarding the improvement
of the rationale of the program, the structure of Its
courseware and its use In the xhool. Among othet
things we recommended that the organization develop-

ing and administering the TOAM program seek advice
from the current literature and additional speclalists in
CAI and mathematics education to update {ts course-
ware and renew its conceptions. We also recom-
mended that an extensive manual for TOAM teachers
be developed and tharan effective teacher training and
guidance program be developed and implemented.

Obviously, we must continue to seek evidence on
the impact of educational programs as part of our
evaluation practice. But, it is also very Important to
include In our evaluations activities directed toward
the assessment of the progrram rationale and its strategy
and process of operation. If we decide to follow this
advice, we will find that there are sufficient tools todo
s0; some of them old, and some of them quite new. In
this regard we should remind ourselves of observational
techniques (e.g. Simon and Boyer, 1976), content
analysis methods, use of experts’ opinions (e.g. Nevo,
1985), and the use of recently devzloped methods of
meta-analysis (e.g. Hedges and Olkin, 1985) for quan-
titauve synthesis of research literature.
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ASSESSMENT OF OPEN-ENDED WORK IN THE SECONDARY SCHOOL

Dylan Williams

*I don’t know what you what you mean by ‘glory’,”
Alice said. Humpty Dumpty smiled contemptuously.

*Of course you don't - till I tell you. I meant ‘there’s a
nice knock-doun argument for you'!”

“But ‘glory’ doesn’e mean ‘a nice knock-doun argu-
ment',” Alice objected.

*When I use a word,” Humpty Dumpty said, in a
rather scomful tone, "it means just what I choose it to
mean - neither more nor less”.

“The question is,” said Alice, “whether you can make
words mean so many different things.”

“The question is,” said Humpty Dumpty, “which is to
be master - that's all.” (Canoll, 1871)

What kind of acilvityl

There does not appear to be any broad consensue
about the meaningof - terms “open-ended activity”,
“problem”, and “investigation™ when applied to school
mathematics. For the purpose of this paper, therefore,
I shall use “investigating” to describe the entire spec-
trum of mathematical activity. This ranges from be-
coming aware of a domain to be explored, through
defining or posing a problem, solving the problem as
defined, to extending or reformulating the problem,
and then, possibly, going around the cycle again.
“Problem solving” is then a distinct phase in “investi-
gating”, as, for example, is “problem posing”. What
precisely constitutes “mathematical activity” is, of
course, ptincipally aquestion about the naturc of mathe-
matical knowledge; in other words, of eplstemology.

Manydistinctionsin the nature of knowledge have
been proposed. Some of these are Intended to apply
principally to the domain of mathematics, while others
are much more gencral  Sce the list below for some
examples.

Most of these distinctions appear to have some
commonality; they seem to be addressing different
aspects of the same kind of idea. Rather than inventa
new pair of words 1 shall use the term “conceptual
knowledge” asa generic term for the kind of knowledge
typified by the entries of the first column of the above
listand “procedural knowledge” for those in the second

column.

The emphasis in much recent research, especially
that done in North America, appears to have beenon
how procedural knowledge becomes transformed so
thatit also existsas conceptual knowledge. Thiscanbe
interpreted as reflecting the concem of research to
make the “traditional” teaching of mathematics more
effective (By “traditional” I mean teaching where
mathematical knowledge Is“laid out™ before the leamer,
and the leamer “makes sense” of it). Furthermore, the
main focus of this research has been “bottom up” in
that it has concentrated on relatively simple (but still
very complex!) domains such as young children’s
understanding of arithmetic. In contrast to this ap-
proach, it is possible to focus primarily on conceptual
knowledge, and concentrate on how knowlcdge that
exists initially as conceptual knowledge can become
“routinised” or “made automatic” so that It also exists
asprocedural knowledge. Leaming that takes place in
thisway highlights the distinction between procedural
knowledge that is “backed up” by conceptual knowl-
edge, and procedural knowledge that s mainlyisolated
in that domain. However, for a given actvity that we
mightuse forassessment, we cannot be sure that we are
assessing conceptual rather than procedural knowl-
edge. For example, solving a2 quadratic equation is,
essentially, a test of procedural knowledge if you know
the formula. I, on the otherhand, you don'tknow that
there exists such aformula, then the task is much more

“procedural”

“conceptual”
Katona (1942) meaningful apprehension
of relations
Maler (1945) productive thinking
Wertheimer (1959) structural understanding
Schefflee (1965) knowling that
Tulving (1972) scmantic memory
Greeno (1973) propositional knowledge
Skemp (1976) relational understanding
Piaget (1978) conceptual understanding
Anderson (1983) declarative knowledge
Hicbert & Lefevee (1986)  conseptual knowledge

senseless drill and
arbitrary associations
re-productive thinking
rote memory

knowing how to
episodic memory
algorithmic knowledge
instrumental understanding
successful action
procedural knowledge
procedural knowledge
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likedy to test your conceptual knowledge. Such ex-
amplesare notconfined to the traditional school mathe-
matics curriculum. For example if we have a cube, and
each face 13 to be painted either black or white, how
many distinct arrangements are there if rotations and
reflections are not to be counted as different? This {s
certainly a non-routine task for most, but if you know
the Polya-Bumside formula, it {sjust a matter of follow-

ing the steps.

Here 1 would like to introduce the idea thatcertain
mathematical tasks might act as “amplifiers”of the dif-
ferences between different students’ previous experi-
ence. If the items quoted above were given to 16-year
old students, it seems likely that the quadratic equation
item would tend to increase the effects due to differ-
ences in students’ past experience, while the cube-col-
outing task would tend to reduce those effects. Whether
there exist tasks that“reduce experience” sufficiendy to
be useful in this respect and whether such tasks can
reliably be selected are issues for debate, but I feel that
a focus on this kind of activity will provide us with
insights into the gencral processes of mathematics.
Mathematicshas often been viewed in the pastas“what
is left when all the context has been removed.” In this
sensc, | am proposing that by rendering useless as much
of a stuaent’s procedurai knowledge as we can, we can
leam much about the essence of mathematical think-

ing.

Here,lwanttomake clear that1am notadvocating
that the procedural knowledge thata student has {s not
important. What 1 amarguing is that by using tasks that
reduce its effect on student pedformance (and perhaps
only then), we can begin to look at more general
mathematical processes. However, these mathematical
processesare ustless without mathematical objectsupon
which to operate. Ultimately, therefore, 1 see the
assessmentof these processesascomplementary to more
traditional forms of assessment, rather than replacing
them. To heighten the contrast with the existing
paradigm further, this spproach can be applied, not to
relatively simple domains like arithmetic, but to refa-
tively complex domains like students’ attempts at solv-
ing complex mathematical problmes. This immedi-
ately raises two questions: how can we engender this
kind of activity and how do we assess them!?

What kinds of task?

Therelatonshipbetween ask and activity Isclearly
far from stralghtforward (See, for example, Christiansen
and Walther, 1986). Baverseld (1979) has pointed to
the differences that often exist between the matter
intended, the matter taught, and the matter learned.
Burton (1980), on the other hand characterises the
important distinction as being between punles and
problems. What is repeatedly stressed is the importance
of the student making the task het own. Any attempt to
understand when and how this happens cannot be

based on an analysis of the task alone, or on just the
cognitiveand meta-cognitive characteristics of the stu-
dent. Thisrealisation is manifestin the notions of belief
systemsasused by Schoenfeld (1985), situational analy-
sis (Balacheff, 1985; Depuis 1985), and perhaps most
significantly in activity theory (Christiansen and
Walther, 1986; Mellin-Olsen, 1987). Itis in connec-
tion with these non-cognitive factors that the idea of
an open-ended activity becomes important. Schoen-
feld (1985) has reported (ashave manyothers) that stu-
dents’ attempts at tasks are often distorted by their
beliefs. If they think that the teacher has a particular
answer in mind, the students will often not be thinking
mathematically, but will, instead, be trying to “guess
what'sin teacher’shead.” I will therefore use the term
“open-ended activity” for a task which presents a more
or less clearly defined starting point for a student, but
where the exact nature of the goal, and consequently
when the activity terminates, isunder the control of the
student.

To summarise, the stance that | am adopting here
is that there do exist tasks that generate activity in
students that reduce the effects of procedural knowl-
edge sufficiently to allow us to assume that that the
degree of success on those tasks is pimarily due to
conceptual knowledge; they are valid in that the
activity that they generate s, in essence, mathematical;
they can be presented to students in such a way as to
cause the students to “engage” and “make them their
own.” Here are some candidates:

How many Integral-sided triangles can be
made with longest side “n"?

How many integral-sided triangles can be
made with perimeter *n™?

How many ways are there of giving someone
*n" cents!?

What kind of assessment?

In the United Kingdom over the past few years,
these “open-ended” tasks have been Increasingly used
in the teaching of mathematics. A broad consensus
does seem to be emerging that any mathematics cur-
riculum which neglects these aspects of the leaming of
mathematics Is deficient in important respecits (HM,
1985). However, while there is much evidence of this
kind of activity in classrooms, very little rescarch has
been done on how these kinds of thinking might be
asessed or evaluated. The major approaches to assess-
ing mathernatical activity can be classifi s by the prin-
cipal variable used to evaluate the quality of the think-
ing involved. In the "cognitive demand” approaches,
the: central feature Is (adopting a metaphor from com-
petitivediving) the "degres of difficulty” of the task; or,
where there is 2 serdes of tasks, the hardest task suc-
cesfully attempted. If we persist with the diving meta-
phor, the other approaches can be thought of as assign-
Ing central status to the “marks for style.” The most
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important feature Is the extent of progress made on a
single task.

“Cognitive Demand” Approaches

In the literature from cognidve and developmen-
tal psychology, the work of Piaget (1956), Pascual-
Leone (1970) and Case (1985), offer us 2 number of
possible cognitive structures that might be used as the
basis of un assessment scheme. The major drawbacks of
these schemesare two-fold. In the first place, they tend
to have a relatively small number of levels; and,
secondly, they tend to be rather difficult to apply to the
complex mathematical tasks under consideration here.
This appears to be principally because the major re-
search instrument used for assessing the level of devel-
opment iends to be a graduated series of simple tasks
rather than a single complex task.

In geometry, the model proposed by Van Hiele
(1986) ciin be used to assign students’ geometric think-
ingtoon: of fivedifferentlevels. Here theemphasishas
moved slightly away from cogntive structures and a
little towardslevelsasexistinginthe organisation of the
thinking of the Individual. Thisideais more completely
realised inthe SOLO taxonomydeveloped by Biggsand
Collis (1982) which completely eschews the idea of a
“hypothctical cognitive structure™. SOLO s an acro-
nym for the Structure Of Learning Qutcomes; and, asits
name sugests, it concentrates on assessing the quality
of the leaming outcome, without speculating about
how it was achieved.

These last two models offer significantly more
scope for the assessment of complex nathematical
tasks, bo:ause they deal with complex rasks; however
they share two drawbacks. The first is that the degree
of resolution of the assessment instrument tends to be
small. The Van Hiele scheme gives about three levels
for the mathematical attainment of the age-16-cohort,
and the SOLO taxonomy gives about five. This s, of
course, a recurring theme; the more levels you get, the
l=ss reliable is the allocation of a given plece of work to
a particular level. The second drawback is that these
schemes do not appear to transfer in any simple way to
the kinds of activity being discussed here. 1t scems,
thereforc: that both the model offered by Case, and the
SOLO sixonomy offer considerable scope for the fu-
ture, but sppeartoodifficult totranslate intoassessment
practice at the moment.

“Bxtent of Progress” Approaches

Drawing on the work of Polya (1945), Schoenfeld
in the United States, and Mason and Burton In the
United Kingdom, have developed heurittic models of
the protlem.solving process (Sce, for example, Sch-
oenfeld, 1985; Mason, Burton & Stacey, 1982; Mason,
1984; Burton, 1984). These heuristic-based schemes
appear, in tum, to have informed the various schemes

that have boen developed in the UK for the lirge-icale
assessment of mathematical problem-solving, investi-
gation, and exploration. Examples of these are the
Department of Education and Science’s Work:ing Party
cnMathematics Draft Grade Criteria (SEC, 1985), the
amessment model proposed by the Oxford Certificate of
Eduational Achlevement (OCEA, 1987a; 1987b), and
all the assessment schemes proposed by the examina.
tionboardsfor the examinationof coursework in GCSE.
Other work in this same tradition of assessing mathe-
raatical process has centered on the work of Bell. Ina
series of studies (Bell 1976; 1979; Horton, 1979; Gal-
braith, 1981), Beli and others have examined students’
proof-explanationsand have elicited structures thatare
Guite general.

All these process-based schemes have tended to
regard the cognitive demand of the task asof secondary
importance, and, in effect,therefore, treated all tasks as
essentially equivalent. Consequently, these process-
based schemes would not distinguish between the same
process displayed in different problem-contxts, even
though the difficulty (as determined by, say, facility)
raight be very different. Cleardy then, whatis required
is a scheme that can combine the “cognidve demand”
approach with the “degree of difficulty” npproach.
Such a scheme Is probably a long way off, but what
follows is an outline of a way in which accountcan be
taken of the degree of difficulty of the task, 5o that the
process-based schemes referred to above can be used
with greater precision. As outlined above, the stance
adopted in this paper is explicitly constnuctivist in the
sense outlined by, forexample, Davis (1984) and Novak
(1986). All the students' actions are assuraed to be
*intelligent” within the frame of reference of the stu-
dent. Inassessing the activity we are seeking to locate
thatframe of reference, and as far as Is possible, assess it
on itsown terms. No account Is taken of the relation-
ship between the task intended by the teacher, and the
ictivity In which the student engages. All thatis im-
portant is how difficult the “mathematical tecrain™ was
to chart, and the quality of charting done.

‘fask variables

The tasks that have come to be most frequently
nssociated with open-ended activity in the UK canbe
charactetised as Data-Pattemn-Generalisation (DPG)
tasks (Wells, 1986, p11). Having defined a problem,
the student typlcally generates some data, organises the
data, looks for pattems, makes hypothess, vsts them,
und, If possible, proves them. The three main phases of
nctivity are therefore systematic generction of data,
deriving relationships,and making proofs. Inthispapet
1 will deal only with the first two of these. For detailed
tccountsof students’ proof-explanations see Bel1 (1976,
1979, 1980) and Galbraith (1981).
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Systematic generation of data

In the task called “Sending cards” (GAIM, 1988),
students are asked to Investigate how the number of
cards sent varies with the size of the group if everyone in
the group sends a card to everyone else. Most students
generate the data systematically here by Incrementing
the inde;endent variable (the number of people in the
group) by one each time, giving rise to the sequence 2,
6,12,20,30,...(i.e. twice the triangle numbers). Inthe
task “How many rectangles?” (SMILE, 1975) students
are asked to Investigate how many rectangles are cre-
ated if a number of horizontal and a number of verticzl
lines are drawn across a rectangle. This situation is
clearly more complex than that in “Sending cards”, in
that there are two independent variables: the number
of horizontal lines, and the number of vertical lines.
Mosi students who manage togencrate the data system-
atically do so by holding one of the Independent vari-
ables fixed, and incrementing the other.

Unfortunately, characterising the complexity of a
task by the number of independent variables breaks
down when we consider a tusk like “Four squares”
(GAIM, inpress). Here students are required to gener-
ate all possible colourings of a four-tegion map with four
colours, cach colour being used exactly once. However,
we can generalise the notion of the number of inde-
pendentvariables by intraducing the notionof asearch-
space. The scarch space of a task consists of all possible
combinations of the values of the Independent vard-
ables. The difficulty of carrying out a search is then
characterised by the efficiency of various scarch strate-
gies in exhausting the space.

At this point it is probably worth noting that this
idea of “scarch space” is different from the Idea of a
“state-space”in the problem solvingliterature. Scarches
of “state-spaces™are designed to reach one particular
state (the goal state). Inthiscase, the objectistolocate
every element of the scarch space. The strategy used
above for “Sending cards” can be termed a linear scarch
strategy, or a 1-dimensional Cartesian scarch strategy.
In the same way, the strategy used for “How many
roctangles” would be termed a 2-dimensional Cartesian
scatch strategy. Using a 4-d Carteslan scarch strategy
on “Four squares” will yicld all the elements of the
scarch space, but only at the expense of a considerable
number of “disallowed™ combinations. In face it will
yield 256 combinations of which only 24 are allowable
a rejection rate of over 90 percent! However, we (and
most students who attempt this activity) can do better
than this by using a “tree-like” scarch strategy This
strategy generates only sllowable combinations, and
generates all the possible combinations withzut repeat-
Ingany of them. Itis, infact, the most common strategy
employed by students who are successful in finding all
the comblinations.

To sum up then, “Four squares” Is exhausted by a
4.d Cartesian search strategy, but (¢ Is not efficlent,
while the tree-like search strategy is both efficient and
exhaisting. These strategies can also be thought of as
similar to the production systems used in, for example,
Anderson's ACT theory (Anderson, 1983). Wecango
on to consider tasks for which efficient strategles donot
exist. A pood example is the tak of finding all the
pentorninoes, in other words finding all the ways of ar-
ranging five squares if all the squares must join edge to
edge and commer to corner. Most recalcitrant of all are
those search spaces for which there is neither an effi-
clent nor an exhausting strategy.

Deriving reladonships

Having derived the data, the next stage is to look
for patterns within thatdata; and, where possible, tohy-
pothesise relationships. Clearly if the value of the
dependent variable is always one more than that of the
independent variable (e.g. the relationship between
the number of fences and fence-posts) that relation-
ships is going to be easier for students to discover than
in, forexample “Sending cards”. Anotheraspectof the
complexity of the mathematical relationship between
variables is the way that students choose to express the
patterns that they discover. Forexample, in "Sending
Card™, students scem to find it easier to describe the
sequence as “going up in even numbers”, than as “the
number of people times by the number of people minus
one”. The first is an example of a term-to-term rule,
while the second is a position-to-term rule. In genceral,
the term-to-term rule is “casier” and so more accessible
to students. This distinction has actually more to do
with how students tepiesent thelr discovery than with
the structure of the problem, and properly belongs In
the heuristic- or process-based side. However, 1 have
mentioned it here, because there are situations where
there {s no position-to-term rule, but there isa term-to-
term rule (See, for example, the Josephus problem in
Engel, 1983, p185). The following list s offcred as a
tentative hicrarchy. Itis not particularly “robust” since
very large numbers, for, say, an additive mapping might
be harder than small numbers with a lincar relation.
ship: additve, muldplicative, linear, quadratic, poly-
nomial, exponential, other (¢.g. Involving hef or ged).

Summary

This paper has presented a model for evaluating the
“degree of difficulty” of a class of mathematical activl-
tics which ¢an be vsed to complement heutdstic- or
process-based assessment schemes In order to give a
more accurate Indication of the “power” of the mathe.
matical thinking represented by a plece of wotk. The
model characterises this “degree of difficulty” by two
factors: the structure of the search space of the problem,
and the complexity of the mathematical relationthip
between the variables.
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